LAPLACE TRANSFORMS 7

8. Find the Laplace transform of the functions whose graphs are given :

4 () A ()
kT i
@  k . (ii)
|
5 ; > t 5 ; > t
9. Show that :
@) I: e dx:% i) j: sin a2 dx =%\/§
Answers
1. (i)i%,s>0 (ii)m%é/zg/g),s>0 (Tir) 5230,s>0
(iv)s_3,8>3 (v)s+10,s>—10 (vi)82_25,s>5
Wil) 55> 1 (viii) 1050 (ix) s2i36,s>0
2. Siz §>0 3. 358;4, §>0 4. ﬁ s>|al
5. ﬁ §>0 6. (i)%(Z—e_3s), s>0 (i) si2+"’s2s_:228, §>0

7. iz[l—se*s/z—e*s, s>0 8. (i)é(l—e_as), §>0
s

(ii)izu—e—’“)—ﬁe-ks , $>0.
S S

1.4. LINEARITY OF THE LAPLACE TRANSFORM

Theorem. If f(t) and g(t) be any functions of t for t >0 whose Laplace transforms exists and a
and b be any constants, then

Liaf(t) + bg(t)} = aL{f(t)} + bL{g(t)}.

Proof. We have L{f(t)}= j:e-sf f(Odi and Ligt)= j:e‘“ g dt.
Now  Liaf(®)+bg®)= j:e‘st laf (t) + bg(®)) dt

—a r e F(6) dt+b j: e g(t) dt

a

=aL{f(®)} +bL {g()}
L{af(t) + bg(t)} = aL{f(t)} + bL{g(t)}.
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ILLUSTRATIVE EXAMPLES

Example 1. Find Laplace transform of the function cosh at, t > 0 using linearity property.

eat + e—at ]

Sol. We have L(cosh at) = L[ 5

=L leat+le_“t =1L(e‘”)+lL(e_at)
2 2 2 2
1 1 1 1
=—. —. ,$>a,8s>—a
2 s—a 2 s—(-a)
= zs 5:5>|al ( L(e™)= 1 ,s>a)
s“—a s—a
L(cosh at) = 25 5s8>|al.
s“—a

Example 2. Find the Laplace transform of the following functions of t, t >0 :

@) 6t+9 G 22 -t+5 (iii) sin? t
(iv) sin 2t sin 3t (v) cos® t (vi) e* + 2 + 3 + sin? ¢.
Sol. ) L(6t + 9) = 6L(¢) + L(9) (By linearity)
1! 1
= 6(81+1)+;,s>0
6+ 9s
= ,8>0
&2

(i) L(2¢% —t + 5) = 2L(#%) — L(®) + L(5)

21 1! 5
:2(—3)——24'; ,S>O

S S
_ 2
=4 s;r5s ,s>0.
S
(iii) L(sin2 t):L(W) :L(l—lcoszt)
2 2 2
1 1 1(1) 1 s
=—L(1)—=L(cos 2t) == | = |- = 0
2 2 2(3) 2(sz+4 82
2

=——%5—— ,8>0.
s(s“+4)

(iv) L(sin 2¢t sin 3t)=L (% (2 sin 2t sin 3t))

=L(1cost—lcos5t) :lL(cost)—lL(cos5t)
2 2 2 2
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1 s 1 s
=§.[82+12j—§.(s2+52j3>|1|,8>|5|

_ 12s s
(s2+1)(s2+25)

(v) We have cos 36 = 4 cos® 6 — 3 cos 6.

>5.

= cos39=lcos39+§cose
4 4
cos3t=lcos3t+§cost,
4 4

1 3
L(cos® t) = 1 L(cos 3t) + 1 L(cos ?) (By linearity)

1 u +§ u 5>0
4(s?2+3%2) 4\s2+12)°

s 1 3
=—|= +— ,$>0
41s°+9 s°+1

_ S2+Ds S
s2+9) (2 +1)

> 0.
(i) L(e* +e? +¢% +sin? t)
At 2% 3 1 — COS 2t . .
=L*)+Le™)+L¢°)+L — (By linearity)
4t 2t 3y, 1 1
=L™)+Le*)+L#°) + 3 LD - 3 L(cos 2¢)

1 1 3! 1(1) 1 s
= + + +—=|=|-=|—=——=1,5>4,5>2,5>0
s—4 s-2 31 2ls) 2|s2 4292

1 1 6 1 s
+

= — s
s-4 s-2 st 25 2s2+4)

>4,

Example 3. Find the Laplace transform of the function sin (ot + ), t > 0.
Sol. L(sin (ot + 8)) = L(sin wt cos & + cos ot sin d)

= cos 0 L(sin wt) + sin & L(cos wt) (By linearity)

0} . s
=c0s d 5 5 +sin & 5 51> >0
s+ s“+m

[o cos d + s sin 8], s> 0.

s? + >
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WORKING STEPS FOR SOLVING PROBLEMS
Step I.  Simplify the given functions and write it as a linear combination of functions
with known Laplace transforms.
Step II. Apply linearity theorem.
Step III. Simplify the terms as far as possible.

TEST YOUR KNOWLEDGE

1. Find the Laplace transform of the following functions of ¢, ¢ > 0 :

@) 5t+9 @) t2+ 8t —15
@) 3 + 4 (v) t10 + ¢4 + 2.
2. Find the Laplace transform of the following functions of ¢, ¢ > 0 :
@) e® + ¢2 (i) e~ % + 2
(ii1) 3t + t3 (iv) e + % + 6.
3. Find the Laplace transform of the following functions of ¢, ¢ > 0 :
(1) sinh 4¢ + cosh 4t (i) t — sinh 2¢
(tii) sin wt + % (iv) cos (at + b).

4. Find the Laplace transform of the following functions of ¢, ¢ > 0 :

(i) sin? 2¢ (i) sin2 3t
(ii1) cos? 4t (iv) 7 cos? t.
5. Find the Laplace transform of the following functions of ¢, ¢ >0 :
(i) sin® ¢ (ii) sin® 2t
(tii) cos® 2t + 2 (iv) cos® 4t + ¢.
6. Find the Laplace transform of the following functions of ¢, ¢ > 0 :
() sin 3t cos 2t (ii) cos 5t sin 2t
(iit) cos 4¢ cos t (iv) sin 3¢ sin 7¢.

7. Find the Laplace transform of the following functions of ¢ :

3
(i) (sin t — cos £)%, ¢ >0 Gi) 1+ «/?+$,t>0
(iiz) sin at sin bt, t >0 (iv) cosh at — cos at, t > 0.
Answers
R DI i 2.8.15 o
. l 32 S’ 124 33 sz s )
(iii) i+i >0 @i )£!+%+z s>0
1224 34 S, 129 811 35 S,
1 2 2(s+1)
2. @ — 5 i) ——————,8>2
L R @) v DG-2
1 6 1 2 6
+—,8>3 ; +—=+—,5>0
(”L) s—3 34 s (Ll)) s+5 33 32 s
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1
. @ ,s>4
3 (L)S_4 s

T
(ii1) 5 5+
s“+m S —

,$>6

8

4. @) ————,
@ s (s? +16) 5

. s2+32
(@) —5———,s>
s(s“ +64)

6

R0 P —
D Einetee

s (s +28) 2

W T 136

s>0
3s2 +15

6. () ———,
' (s2 +1)(s2 + 25) 57

s (s2 +17)

i) —o5 5 —,S>
W) (2 9) (52 + 25)
2
-2 4
7. (i)%,s>0
s(s“+4)

i) 2abs

1.5. SHIFTING THEOREMS

,s>0
S +@-0> (% +@+b?) 57

11

82

(i) S

,$>2
s2(4-s%)

(iv) scosl;—azsmb 550
s“+a
18

@) —5——8>
s(s® +36)

2
(iv) M ,$>0
s(s“+4)
(i) ———2 550
(s% +4) (s® + 36)
s (s +112)
(s +16) (s® + 144)

(iv) +i2,s>0

252 — 42
@) 28—2 ,s§>0
(s“+9)(s“+49)
5 4282 ,8>0
(s* +16) (s + 100)

Jn  3Jn

—_—t
233/2 sl/2 ’

(tv)

(ii)1+ s>0
S

2a%s
(v) ——,s>|a|.
st—a*’

There are two shifting theorems. In the first theorem the variable s of the function L(f(%)) is
replaced by s —a and in the second theorem the variable ¢ of the function f{#) is replaced by

t—a.

1.6. FIRST SHIFTING THEOREM

If f(t) be a function of t for t > 0 whose Laplace transform F(s) exists for s > k then for any
constant ‘a’ the function e® f(t) has the Laplace transform F(s — a) for s > k + a.

Proof. We have F(s)=L(f)= j: e~ f(t)dt,s> k.

Replacing s by s — a, we get F(s —a) = J.: e r)dt,s—a> k.

- F(s—a)= j: et (e F() dt,s>k+a

Laplace transform of the function e® f(¢) is F(s — a) for s > &k + a.

Remark. The result of above theorem can be easily remembered as follows :
If L(f(t)) = F(s), s > k then for any a, L(e?t f(t)) = F(s - a), s >k + a.
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Theorem. Using first shifting theorem. Show that for t > 0 :

1. L(e“‘t):i, s>a

¢ .b. Tb+1)
2. L(ea t )=m,b>—l, s>a
!
3. L(eatt“)z(nﬁ,nzo,l,z ...... ,S>a
s—a
4. L(eat sinhbt)=(+b2, S>Ib|+a
s—a)’ -
5. L(e™ coshbt):(s_i);za_bz, s>|b|+a
. b
6. L(e® sin bt) = s_a)iibE’ s>a
s—a
7. L(e® cos bt) = s>a
s—a)2+b?’
Proof. 1. We have L(1)=l, $s>0.
s

By first shifting theorem,

Le™ .1)=

,8>a
s—a

L(eat)zi, s>a.
s—a

ro+1

by _
2. We have 1(t°)= o

,b>-1,5>0.

By first shifting theorem,

L(e™ tb)=%,b>—l, s>a.
s—a
!
3. We have L(t") = ——+,n=0,1,2,......;s >0,
s
By first shifting theorem,
!
L(eatt“):#,nzml,z ...... ;s>a.
. b
4. We have L(smhbt):z—bQ, s>|b].
S —_—
By first shifting theorem,
b

L(e® sinh bt) = , s>|b|+a.

(s—a)? -b?
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5. We have L(cosh bt) =

s
s>|b].
s?-p?’

By first shifting theorem,

L(e® cosh bt)=(s_i)+b2, s>|b|+a.
6. We have L(sin bt) :% ,8>0.
s“+b
By first shifting theorem,
. b
L(eat Slnbt)=(s_a)—2+b2, s>a,.
7. We have L(cosbt) =% ,$>0.
s“+b
By first shifting theorem,
s—a

L(eat COS bt) = m , S>a.

ILLUSTRATIVE EXAMPLES

Example 1. Find the Laplace transform of the following functions :

@t?ed t=20 (@) et (2cosb5t—3sinbt),t =0
(iii) e* sin 2t cos t, t 2 0 (iv) sinh tcost, t =0
(v) e (3 sinh 2t — 5 cosh 2t).
|
Sol. (i) We have L(t*) =s:‘%=sﬂ4, 5>0.

By first shifting theorem,
6
——,5>0+(-3) =
(s—(-3)*
(1) We have L(2 cos 5¢ — 3 sin 5¢)
= 2L(cos 5t) — 3L(sin 5¢) (By linearity)

s 5 2s-15
=2 -3 , $>0 =———,5>0.
(32 +52] (s2+52] ° s? +25

By first shifting theorem,
L(e™3 (2 cos 5t — 3 sin 5t))
(= — 2s-9
:2(3 ( 3)2) 15,s>0+(—3)= _ s ’
(s—(=3)“+25 s“+6s+34

L3 e 3) = T S>—3.

_6
(s+3)

s>-3.

(iiz) L(sin2tcost)=L (% (sin 3¢ + sin t))
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=1L(sin3t)+lL(sint)=l 8 +1 ;,s>0
2 2 2

s2+32) 2(s%2+12
1 1
=— 23 +— ,s>0.
21s*4+9 s°+1

By first shifting theorem,

L(e4tsin2tcost)=l 32 + 12 ,s>0+4
2|(s=4)+9 (s—-4)+1

1 3 1
=-|— +— ,$>4,
2(s“—-8s+25 s“—8s+17

el —et cost cost . e —e
(iv) sinh ¢ cost= cost =el | —= |-t | =21, v+ sinhat=———
2 2 2 2

Now L(C"Stj:lL(cost):l S s
2 ) 2 2(s2+12) 2%+

L(sinh tcost)=L (et ) cos? ot cos tj

>0.

2 T2
=L et.COSt -L e’t.COSt (By linearity)
2 2
= s—; — s—(—lg ,§>0+1,8>0+ (-1
2s=-D*+1D 2(s-C=1))"+1)
s—-1 s+1
=— -— , s>1
2(s* —25+2) 2(s“+2s+2)
2_
:S4 2, s>1.
s +4
(v) We have L(3 sinh 2¢ — 5 cosh 2t)
= 3L(sinh 2¢) — 5L(cosh 2¢) =3. 22 -5. 28 , 8> |2]
s -4 s -4
:6_5s,s>2.
s2-4

By first shifting theorem,

iyl),wzﬂ—l) =21_—5S,s>1.
(s+D“ -4 s“+2s-3

Example 2. If the Laplace transform of the function f(t) of t for t > 0 is F(s), then show

L(e™? (3 sinh 2t — 5 cosh 2t)) =

that

Li(sinh at) fit)] = é [F(s —a) - F(s +a)].
Hence evaluate L(sinh 2t sin 3t).





