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Chain rule
Al sasd

Theoreml: If x = x(t) and y = y(t) are differentiable at ¢, and if
z = f(x,y) is differentiable at the point (x,y) = (x(t),y(t)).

Then z = f(x(t),y(t)) is differentiable at t and % IS

given as
dz 0zdx | 0zdy or dz 7 dx Ly dy
dt  dxdt 9y dt at~ Xdr  Vat

where the ordinary derivative are evaluated at t and the partial derivative
are evaluated at (x,y).

: .. d :
Example 1: Use the chain rule to find —i for the function
z=x%y , x=t*, y=t

Solution: we must use the following rule

dz_azdx+azdy
dt Odxdt dydt

So,

0z _ ax _ 9 _ 2 W _
ax—ny,dt—Zt, and ay—x ,dt—l
Substitute above derivatives in rule

P ey 264321 U ). 2t + ()2
— = 2xy .2t + x°. - @ — = t t). 2t + (t

at dt

dz dz

— = 4t* + t* - ——=5t*

dt dt
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Example 2: Use the chain rule to find é for the function

z=.xy+y?, x = cos6 y = sinf

Solution: we must use the following rule

dz_azdx_l_azdy
dé 0dxdf dydo
62_1( 2)_% dx e
gx—zlxy+y y , dG__Sm
VA 1
_——= = 272 —_— =
3y 2(xy+y) 2 (x + 2y), 70 cos0

dz 1

de 2

1 1 1
y(xy +y*)" 2 (=sinf) + 5 G +2y) (xy + y2)72 cos 6

dz —sin?6 cos? 0 + 2sinf cos 8

_ = +
df  2./cosOsind + sin28  2+/cosOsind + sin28

Theorem2: (Two variable chain rule)

If x=x(u,v) and y=y(u,v) have first order partial
derivative at the point (u,v) , and if z = f(x,y) is differentiable at

the point (x(u,v),y(u,v)), then z

= f(x(u,v), y(u, v)) have first

order partial derivative at (u, v) given by

dz 0zdx 0zOdy

£_&6u+ay6u
dz 0zJdx 0zdy

%=£6v+ay6v

If there are three variables suchas w = f

(x,y,z) , then chain rule is

aw_awax+away+awaz
dou 0xodu dyodu 0z du
6W_6W6x+(3w6y+away
dv dxdv dyodv dyodu
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Example 1: let z = e , x=2u+v, vy ~ . Find 50 99
: .0 : .
Solution: To find ﬁ , we used the following formulation

0z 626x+626y
du 0xou dyadu

So,

0z X 0z

-z — y - — Xy
e

ox y dy xe

éf:= 2 QZ =:l

Jdu ou v

oz _  xy xy 1
o, = e (2) +xe’ (-)

L 97U cum
ou (%

1
+-—Qu+ v)e(zu“’)(%)
v

Tofind & , we used the following formulation

ov
0z 0z 0x N 0z dy
dv  dxodv 0dyov
So,
9z _ . xy 9z _ . xy
ax ye ay xe
Qf:: 1 QX =;__li
v ov 12
g—i = ye*’ (1) + xe*” (—:—2)

0z Ee(zu+v)(%) _

. 9z _ u+v)(3)
ov v

u
) (2Zu+v)e
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Example 2: let z = x2 + y? |, x =1 cosO , y =1 sinf .Prove
0z 0z
that Pl 27, 30 = 0
, . 0 : .
Solution: To find a—i , we used the following formulation
dz 0zJdx 0zdy

ar —oxor  ayor

0z 0z

0x x dy y
dx ay

— = cosb = =i
5 o sinf

% = 2x cosO + 2y sinf - % = 2(r cosB)cosO + 2(r sinf)sinb

0z , 0z _ 0z
— = 2r cos?0 + 2r sin®*0 - — = 2r [cos?0 + sin?0] | & — =
or or or

2r

To find g—z , we used the following formulation

92 _ 920x | 020y
90  9x 06  dyao

0z 2—2

ox = X oy~ Y

0x dy

= i — =7 7]

Y T sin@ 30 coS
0z

30 = 2x(—r sin@) + 2y(r cos0)

z
— — = 2r cosO(—r sinf) + 2r sinf(r cosH)

a0

0z

% = —2125ind cosh + 2r2sind cosd = 0
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Example3: If w =e*? | x=3u+v, y=3u—v, z=u*v

ow ow
fin — —
d ou’ ov

Solution: To find Z—‘Z , we used the following formulation

6W_6W6x+(3w6y+awaz
du 0dxodu Odyodu 0z du

ow _ xXyz ow _ xXyz — = xyz
= Yze 5y — xze 5, = Xye
9x _ oy _ 9z _
ou ou 3 ou Zuv
ow
e 3yze™Y? 4+ 3xze*Y? 4+ xye™V? (2uv)
u
: ) : :
To find a—:’ , we used the following formulation
ow 0W6x+away+aw 0z
dv dxdv dyodv 0z du
W _ ., exVZ W — xze*V7 ow
o VZ€ oy = xye*y?
]
g—j =1 6_3: =-1 9z _ 2
ov
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Example 4: If z = f(x,y) , x =s?—t?, y = 2st .Prove that

aZ 62_ 2 a_f
Sas t at 2( +t)6x

Solution: To find % , we used the following formulation
0z 6f d0x Lo af ay
ds 0x0s dy Js

dz df af 0z of of

—=—2s)+—(2t) - = 25— —

ds Ox dy ds =2 0x et dy
And

az_afax+afay
ot 0dxdt 0Jyat

0z af of 0z of _ of
— (=2t +— 2S _— 9+ L _J
5 ( ) (2s) - n Ztax+Zsay

oL alt]-o[u i) -

zaf 20f 5 Of _ 5 24 4279F
2s +25t +2t p ZStay—Z(s +t)ax

Example 5 : Supposethat w = xy +yz , y =sinx , z = e*

: . . . .. d
use an appropriate form (4wlic 420 ) of the chain rule to find d—:.

. aw ow  odwdy , dwdz
Solution: _—= -_— -_—
dx ox dy dx 0z dx

dw .
E=y+(x+z)cosx+ye

dw

i sinx + (x + e*)cosx + sinxe*
X
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Example 6 : If f is a differentiable function of two variables

z=f(x,y) , x=s*—t?, y=t?—s? . showthat
0z
t—+ a 0.
az_azax+azay
ds 0xds 0yads
dz Of af
& 52 +—( 25)
and
6z_6zax+6zay
gt OJxdt OJy ot
dz Of of
Frie a(—Zt) + @(Zt)
of of of of _
t aZS-F@(—ZS)]-I‘S[a(—Zt)+$(2t) =0
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