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2nd Lecture                                                                     

 

Remark (1.4): It not necessary that the union of two topologies on 𝑋 form a 

topology on 𝑋 as in the following example. 

-------------------------------------------------------------------------------------------------- 

Example (1.6): Let 𝑋 = {𝑎, 𝑏, 𝑐}, and let 𝜏1 = {∅, {𝑎}, 𝑋} and 𝜏2 = {∅, {𝑏}, 𝑋}. 

Now 𝜏1⋃𝜏1 = {∅, {𝑎}, {𝑏}, 𝑋} 

𝜏1⋃𝜏1 is not a topology on 𝑋 , because {𝑎}, {𝑏} ∈ 𝜏1⋃𝜏1 while 

{𝑎}⋃{𝑏} = {𝑎, 𝑏} ∉∈ 𝜏1⋃𝜏1.  

-------------------------------------------------------------------------------------------------- 

Definition (1.2): Let (𝑋, 𝜏) be a topological space. If 𝐸 ⊂ 𝑋, we say that the point 

𝑥 ∈ 𝑋 is a limit point of 𝐸 iff 

∀ 𝑜𝑝𝑒𝑛 𝐺 ∋ 𝑥 ; (𝐺⋂𝐸){𝑥} ≠ ∅. 

-------------------------------------------------------------------------------------------------- 

Definition (1.3): The set of all limit points of 𝐸 is called the derived set of 𝐸, 

denoted by 𝑑(𝐸) or 𝐸′. 

-------------------------------------------------------------------------------------------------- 

Example (1.7): Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} and 

𝜏 = {∅, {𝑎}, {𝑏, 𝑑}, {𝑎, 𝑏, 𝑑}, {𝑏, 𝑐, 𝑑, 𝑒}, 𝑋} is a topology on 𝑋  

If 𝐴 = {𝑎, 𝑏, 𝑑}, 𝐵 = {𝑎, 𝑏, 𝑐}. Find 𝑑(𝐴).  

Solution: 

𝑎 ∈ 𝑋 : The open sets containing 𝑎 are   

{𝑎}, {𝑎, 𝑏, 𝑑}, 𝑋 

We have  

({𝑎}⋂𝐴) − {𝑎} = ({𝑎}⋂{𝑎, 𝑏, 𝑑}) − {𝑎}  

 = {𝑎} − {𝑎} = ∅  

 المشتقة



7 
 

⇒    𝑎 ∉ 𝑑(𝐴)  

𝑏 ∈ 𝑋 : The open sets containing 𝑏 are  

{𝑏, 𝑑}, {𝑎, 𝑏, 𝑑}, {𝑏, 𝑐, 𝑑, 𝑒}, 𝑋 

Now ({𝑏, 𝑑}⋂{𝑎, 𝑏, 𝑑}) − {𝑏} = {𝑏, 𝑑}\{𝑏} = {𝑑} ≠ ∅ 

Since {𝑏, 𝑑} ⊂ {𝑏, 𝑐, 𝑑} it satisfies the relation  

Also {𝑏, 𝑑} ⊂ {𝑏, 𝑐, 𝑑, 𝑒} hence it satisfies the relation too. 

⇒    𝑏 ∈ 𝑑(𝐴)  

𝑐 ∈ 𝑋 : The open sets containing 𝑐 are 

{𝑏, 𝑐, 𝑑, 𝑒}, 𝑋 

Now ({𝑏, 𝑐, 𝑑, 𝑒}⋂{𝑎, 𝑏, 𝑑}) − {𝑐} = {𝑏, 𝑑}\{𝑐} = {𝑏, 𝑑} ≠ ∅ 

The relation is true for 𝑋 ⊃ {𝑏, 𝑐, 𝑑, 𝑒}  ⇒ 𝑐 ∈ 𝑑(𝐴) 

𝑑 ∈ 𝑋 : The open sets containing 𝑑 are  

{𝑏, 𝑑}, {𝑎, 𝑏, 𝑑}, {𝑏, 𝑐, 𝑑, 𝑒}, 𝑋 

Now ({𝑏, 𝑑}⋂𝐴) − {𝑑} = {𝑏, 𝑑} − {𝑑} = {𝑏} ≠ ∅ 

The relation is true for the open set {𝑎, 𝑏, 𝑑}, {𝑏, 𝑐, 𝑑, 𝑒}, 𝑋 ⊃ {𝑏, 𝑑} 

⇒    𝑑 ∈ 𝑑(𝐴)  

𝑐 ∈ 𝑋 : The open sets containing 𝑒 are  

{𝑏, 𝑐, 𝑑, 𝑒}, 𝑋  

Now ({𝑏, 𝑐, 𝑑, 𝑒}⋂{𝑎, 𝑏, 𝑑})\{𝑒} = {𝑏, 𝑑} − {𝑒} = {𝑏, 𝑑} ≠ ∅ 

The relation is true for 𝑋 ⊃ {𝑏, 𝑐, 𝑑, 𝑒} 

⇒  𝑒 ∈ 𝑑(𝐴)  

∴    𝑑(𝐴) = {𝑏, 𝑐, 𝑑, 𝑒}  

-------------------------------------------------------------------------------------------------- 

Remark (1.5): If one of the open set satisfies the condition of limit point (in above 

definition) all the open sets containing it satisfy also condition. 

-------------------------------------------------------------------------------------------------- 
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Example (1.8): Let (𝑋, 𝜏) be the weak (indiscrete) topological space and 𝐸 ⊂ 𝑋. 

Find 𝑑(𝐸). 

Solution: 

We have 𝜏 = {∅, 𝑋} 

Let 𝑥 ∈ 𝑋 be any point  

We have only open set containing 𝑥 is 𝑋  

Now (𝑋⋂𝐸){𝑥} ≠ ∅ always except 𝐸 = ∅⋃𝐸 = {𝑥} 

𝑑(𝐸) = {

∅           𝑖𝑓       𝐸 = ∅

𝑋 − {𝑥}   𝑖𝑓      𝐸 = {𝑥}
       𝑋          𝑖𝑓      𝐸 = {𝑥, 𝑦}

 

-------------------------------------------------------------------------------------------------- 

Theorem (1.2): Let 𝐴, 𝐵 be subsets of a topological space (𝑋, 𝜏) then  

(i) 𝑑(∅) = ∅. 

(ii) 𝐴 ⊂ 𝐵 ⇒ 𝑑(𝐴) ⊂ 𝑑(𝐵). 

(iii)  𝑥 ∈ 𝑑(𝐸)  ⇒ 𝑥 ∈ 𝑑(𝐸 − {𝑥}). 

(iv)  𝑑(𝐴⋃𝐵) = 𝑑(𝐴)⋃𝑑(𝐵). 

Proof: 

(i) Since ∀ 𝑥 ∈ 𝑋, ∀ 𝑜𝑝𝑒𝑛 𝐺 ∋ 𝑥 ; (𝐺⋂∅)\{𝑥} = ∅ 

⇒  𝑥 ∉ 𝑑(∅), ∀ 𝑥 ∈ 𝑋 

⇒  𝑑(∅) = ∅ 

(ii) We need to show that 𝑑(𝐴) ⊂ 𝑑(𝐵) 

Let 𝑥 ∈ 𝑑(𝐴) ⇒ 𝑥 is a limit point of 𝐴 

⇒  ∀ 𝑜𝑝𝑒𝑛 𝐺 ∋ 𝑥, (𝐺⋂𝐴)\{𝑥} ≠ ∅ 

Since 𝐴 ⊂ 𝐵 

⇒  𝑥 is a limit point of 𝐵 

⇒  𝑥 ∈ 𝑑(𝐵) 
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Hence 𝑑(𝐴) ⊂ 𝑑(𝐵). 

(iii)  Since  

((𝐺⋂𝐸) − {𝑥}) − {𝑥} = ((𝐺⋂𝐸)⋂{𝑥}𝑐)⋂{𝑥}𝑐  

= (𝐺⋂𝐸)⋂({𝑥}𝑐⋂{𝑥}𝑐)  

= (𝐺⋂𝐸)⋂{𝑥}𝑐  

= (𝐺⋂𝐸)\{𝑥}  

Thus if 𝑥 ∈ 𝑑(𝐸) ⇒ 𝑥 ∈ 𝑑(𝐸 − {𝑥}) 

(iv)  Since 
𝐴 ⊂ 𝐴⋃𝐵
𝐵 ⊂ 𝐴⋃𝐵

}  ⇒
𝑑(𝐴) ⊂ 𝑑(𝐴⋃𝐵)
𝑑(𝐵) ⊂ 𝑑(𝐴⋃𝐵)

}   

⇒  𝑑(𝐴)⋃𝑑(𝐵) ⊂ 𝑑(𝐴⋃𝐵)          ……………… (1) 

Now we have to prove that 𝑑(𝐴)⋃𝑑(𝐵) ⊂ 𝑑(𝐴⋃𝐵)           

Let 𝑥 ∉ 𝑑(𝐴)⋃𝑑(𝐵) 

⇒  𝑥 ∉ 𝑑(𝐴) ⋀ 𝑥 ∉ 𝑑(𝐵) 

⇒  𝑥 is not a limit point of 𝐴 and 𝑥 is not a limit point of 𝐵  

⇒  ∃ 𝑜𝑝𝑒𝑛 𝐺1 ∋ 𝑥 ; (𝐺1⋂𝐴)\{𝑥} = ∅ ⋀ ∃ 𝑜𝑝𝑒𝑛 𝐺2 ∋ 𝑥 ; (𝐺2⋂𝐵)\{𝑥} = ∅ 

Put 𝐺 = 𝐺1⋂𝐺2 

⇒  ∃ 𝑜𝑝𝑒𝑛 𝐺 ∋ 𝑥 ; (𝐺⋂𝐴)\{𝑥} = ∅ ⋀ ∃ 𝑜𝑝𝑒𝑛 𝐺 ∋ 𝑥 ; (𝐺⋂𝐵)\{𝑥} = ∅ 

⇒  ∃ 𝑜𝑝𝑒𝑛 𝐺 ∋ 𝑥 ; [(𝐺⋂𝐴) − {𝑥}]⋃[(𝐺⋂𝐵) − {𝑥}] = ∅ 

⇒  ∃ 𝑜𝑝𝑒𝑛 𝐺 ∋ 𝑥 ; [𝐺⋂(𝐴⋃𝐵)] − {𝑥} = ∅ 

⇒  𝑥 ∉ 𝑑(𝐴 ⋃𝐵) 

⇒  𝑑(𝐴)⋃𝑑(𝐵) ⊂ 𝑑(𝐴⋃𝐵)                    …………… (2) 

From (1) and (2) we get  

𝑑(𝐴⋃𝐵) = 𝑑(𝐴)⋃𝑑(𝐵)  

-------------------------------------------------------------------------------------------------- 


