2" |_ecture

Remark (1.4): It not necessary that the union of two topologies on X form a
topology on X as in the following example.
Example (1.6): Let X = {a, b, c}, and let t; = {@, {a}, X} and 1, = {@, {b}, X}.
Now 7, Ut; = {@, {a}, {b}, X}
7, Ut is not a topology on X , because {a}, {b} € 7,Ut,; while
{a}U{b} == {a, b} $E T1UT1.
Definition (1.2): Let (X, 7) be a topological space. If E c X, we say that the point
x € X is a limit point of E iff

VY openG 3 x; (GNE){x} # 0.

.
Definition (1.3): The set of all limit points of E is called the derived set of E,

denoted by d(E) or E'.
Example (1.7): Let X = {a, b, c,d, e} and
T ={0,{a},{b,d},{a,b,d},{b,c,d, e}, X} is atopology on X
If A=1{a,b,d}, B=1{a,b,c}. Find d(4).
Solution:
a € X : The open sets containing a are
{a}, {a,b,d}, X
We have
({a}N4) —{a} = ({a}N{a,b,d}) — {a}
={a}—{a}=0



= aé&d(A)
b € X : The open sets containing b are
{b,d}, {a,b,d}, {b,c,d, e}, X
Now ({b,d}N{a,b,d}) — {b} = {b,d}\{b} ={d} # O
Since {b,d} c {b, c, d} it satisfies the relation
Also {b,d} c {b, c, d, e} hence it satisfies the relation too.
= bed(4)
¢ € X : The open sets containing c are
{b,c,d, e}, X
Now ({b,c,d,e}N{a, b,d}) — {c} = {b,d}\{c} = {b,d} # @
The relation is true for X o {b,c,d,e} = c € d(A)
d € X : The open sets containing d are
{b,d},{a,b,d}, {b,c,de}, X
Now ({b,d}NA) —{d} ={b,d} —{d} = {b} # O
The relation is true for the open set {a, b,d}, {b,c,d, e}, X D {b,d}
= ded(h)
¢ € X : The open sets containing e are
{b,c,d, e}, X
Now ({b,c,d,e}N{a,b,d})\{e} = {b,d} —{e} ={b,d} # O
The relation is true for X o {b, ¢, d, e}
= e €d(4)
d(A) ={b,c,d, e}
Remark (1.5): If one of the open set satisfies the condition of limit point (in above

definition) all the open sets containing it satisfy also condition.



Example (1.8): Let (X, ) be the weak (indiscrete) topological space and E c X.
Find d(E).

Solution:

We have 7 = {0, X}

Let x € X be any point

We have only open set containing x is X

Now (XNE){x} # @ always except E = QUE = {x}

{ 0) if E=¢
d(E)=<{ X—{x} if E={x}
X if E={xy}
Theorem (1.2): Let A, B be subsets of a topological space (X, 7) then
(i) d(®) = 9.
(ilAc B = d(A) cd(B).
(iii) x e d(E) = x € d(E — {x}).
(iv) d(AUB) = d(A)Ud(B).
Proof:
(i) SinceVx €X,VopenG 3 x;(GNO)\{x}=0
= x¢€d(@),VxeX
= d(@) =0
(if) We need to show that d(4) < d(B)
Let x € d(A) = x is a limit point of A
= VopenG 3 x, (GNA\{x}# 0
SinceAc B
= x is a limit point of B

= x € d(B)



Hence d(A) c d(B).

(iii) Since
((6NE) - (x}) — {x} = (GNEN{}IN{x)¢
= (GNE)N{x}N{x}°)
= (GNE)N{x}°
= (GNE)\{x}

Thus if x € d(E) = x € d(E — {x})

Ac AUB} N d(A) c d(AUB)}
B c AUB d(B) c d(AUB)

= d(A)Ud(B) c d(AUB)  ...coiiiiinnnn. (1)
Now we have to prove that d(A)Ud(B) c d(AUB)
Letx € d(A)Ud(B)
= x &€ d(A) Ax & d(B)
= x is not a limit point of A and x is not a limit point of B
= Jopen Gy 3 x; (GINAN\{x} =0 AT openG, 3 x; (G,NB)\{x} =0
PutG = G;NG,
= JopenG 3 x; (GNA\{x} =0 AJopenG3x; (GNB)\{x}=0
= FopenG 3 x;[(GNA) — {x}JU[(GNB) —{x}] =0
= JopenG3x;[GN(AUB)]—{x} =0
=
=

(iv) Since

x ¢ d(AUB)

d(A)Ud(B) cd(AUB) . (2)
From (1) and (2) we get
d(AUB) = d(A)Ud(B)



