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at —at at —at
Sol. Li(sinh at) f¢)] = L {% f(t)} [ sinh at = %)
— l at _ l —at
—L[2e f@) ¢ f(t)}
1 at 1 —at . .
=5 L™ f@®) - 3 L™ f(@®) (By linearity)
= % F(s-a)- % F(s-(-a)) (By first shifting theorem)

=% [F(s - a) - F(s + a)].

Also, L(sin 3t) = 5 3 5 ZQL, $>0.
s“+3 s“+9
. . 1 3 3
L (sinh 2¢ sin 3t) = — 3 - 5 , 8>0+2, s>0+(-2)
21(s-2"+9 (s+2°+9

3

1 1
=5 - ,8>2
2(s“-4s+13 s +4s+13

12s

= §>2,
s* +10s% +169

1.7. UNIT STEP FUNCTION

Let a > 0. The function of ¢ taking value 0 if £ < a and 1 if A uy(t)
t >a, is called a unit step function and is denoted by u (¢).
0 if t<a 1 o—>
ua (t) = . :
1 if ¢t>a. :
< c >t
o} a

1.8. SECOND SHIFTING THEOREM

If fit) be a function of t for t > 0 whose Laplace transform F(s) exists then for any constant a
(20), the function f(t — a) u(t) has the Laplace transform e F(s).

Proof. t<a = ft-a)u,)=ft-a).0=0
and t>a = ft-a)u,)=ft-a).1=£t-a)

0 if t<a

fit—a)u,(t) = {f(t—a) i t>a
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Also, F(s) = L(£(t)) = j: e~ f(t)dt (D
Now L(f(t —a)u, () = j: e f(t—a)u, (t) dt

_ IO e flt—a)u, (t)dt+'rq e ft—a)u, (t)dt
_ J.ae’St.Odt+ r'e*sf £t —a)dt

0 a

=0+ Jm e st r(y)du, whereu =t —a
0

—e™0 r e~ f(u)du =e™* r' et £(t) dt
0 0
(By replacing u by ¢)
= e F(s) (By using (1))
L(f(t - a) u,(t)) = e F(s), where F(s) = L(f(t)).

Remark. The result of above theorem can be easily remembered as follows :
If L(f(t)) = F(s), then for any a > 0, L(f(t - a) u,(t)) = e F(s).
Example 3. Find the Laplace transform of the function t* u (t).
Sol. Let gt) =12 u,(@).
o gt)=(t-1)+ 1% u,(t) =t — 1) u,(t), where fit) = (¢ + 1)%
Now LE) =L+ D)=L + 2t + 1)

2! 1) 1 2

= L(#2) + 2L(¢) + L(1) =—3+2(—2)+—, (s>0) =2+2++8, s>0.
s s s s

By second shifting theorem,

Lg®) = L(fit — 1) uy(®) = e L(AA1))

s 2+2s+s?
=e s.—g, s>0.
S

Example 4. Find the Laplace transform of the following function of t :

0, O<t<m/?2
8 = sint, t>m/2.

Sol. Given function g(¢) can be written as

0, O<t<m/2
8= cos(t—zj, t>£.
2 2
or 2(t) = cos (t -gj Uy ()

gt)=f (t - g) Uy (t), where f(t) = cos ¢
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Now L(f#)=Lcost) =————=—> §50

s2+1%2 %41’
By second shifting theorem,
L(g(1) =L (f [t - gj . <t>)
—ns/2
—(n/2)s _© S
= L(f@) =———,s>0.
e (f@) 2.1
. . 0, 0<t<2 .

Example 5. Find the Laplace transform of the function g(t) = {t 59 by using

(i) definition (it) second shifting theorem. Verify that the results are same :

0, O<t<2
Sol. We have g(t) = {t, is9

() Lg)= j: e~ g(t)dt

= J-Oz e ™ g(t)dt + J:O e g(t)dt = J'Oz o 0dt+ J‘: ot s

® oo —st —st |7
—f 1.5 a :—1{ lim l—i}re—
) 2 -5 s

— S
e
=0+t¢.

t
—s T oo esT eZS 2

— S8
Yy o2y, L
- sl TSw sesT eZs 5‘2 TS o esT eZs

(Using L’Hospital’s Rule)

1 27 1 11 2 1 2s+1
s O_eT = O_eT _8628+82628_S2 e’ s>
.. 0, O0<t<2
@) 8) = {(t—2)+2, t>2

g(t) = fit — 2) uy(t), where fit) =t + 2

2

Now L) = Lt + 2) = L) + 2L(1)
!
= ;—+'1+2(§), (s>0)= 1:228,3>0

By second shifting theorem,
L(g®) = L(fit — 2) uy(t)) = e L(A¢))

1+ 2s 2s+1
=2 32 ,(s>0)=ﬁ,s>0.

1.9. CHANGE OF SCALE PROPERTY

Theorem. If f(t) be a function of t for t > 0 whose Laplace transform F(s) exists, then for any

positive constant ‘a’, the function flat) has the Laplace transform 1 F [i]
a a
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Proof. We have  F(s) = L(f(¢)) = j: et F(t)dt .
Now L(fat)= [ e flapyde= | e F % where z = at
0 0 a

-1 [ e fizrdz -1 [ e far
a Jo a Jo
(By replacing variable z by t)
1 F (i) )
a \a

1
L(f(at)) =~ F (E)
a a
Remark. The above theorem can be easily remembered as follows :

1
If L(f(t)) = F(s), then for any a (> 0), L(f(at)) = a F (E) .

Example 6. Find L(f(At)) where A is any positive constant and f(t) is a function of
tfort>0:
@O ft)=t",ne N @) fit) = e (110) fit) = sinh ¢
(iv) f(t) = cosh t W) f(t) =sin t (vi) ft) = cos t.
Sol. 0) ft) =¢",ne N

L(F®) =Lt =L 550
S

1 n! s
Bv ch f 1 ty, L(f(M)=—. ———,—>0
v change of scale property, L(f(At)) NG

n o
:%,s>0. (r A>0)
@) fit) =€t
L(f(#) =L(e") = , s>1
s—1
1 1 s
By ch f 1 ty, L(f(M)=—.——, —>1
y change of scale property, L(f(Af)) x -1 >
= 1 ,S> A
s—A
(#ii) fit) = sinh ¢
L(f(t))—L(sinht)—;(s>|1|)— ! s>1
s2 —(1)?’ s2-1’

1 i>1

1
By change of scale property, L(f(\t)=—. ————,
d A/ -1 &

=—,8>A\.
2 ’
S —7\,2
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(iv) fit) = cosh ¢

S

82—

L(f®) =L(cosh t) = ,s>1

s/A £>1

1
By change of scale property, L(f(\t))=—. ————,
! A/ -1 A

S

= ERPCE s> A.
(v) fit) =sin ¢t
L(f@®) =L(sint) = — ,$>0
s7+
By change of scalar property, L(f(\t)) = 11 s >0
Y ¥ rEELL A
A

(vi) flt) = cos t

S

s2+1

L(f(#)) =L(cos t) = ,s>0

s/h s

1
By change of scalar property, L(f(M)=—.——————, —>0
> L AsME+1T A

———,8>0.
sZ + )2

WORKING RULES FOR SOLVING PROBLEMS
Rule I. IfL(A(z)) = F(s), s > k then for any a, L(e* f(t)) = F(s —a), s > k + a.
0if t<a
1if t>a.

Rule III. If L(A()) = F(s), then for any a > 0, L(f(t — a) u(t — a)) = e L({f(t)).

Rule II. For a > 0, the unit step function u(¢ — a) is defined as u(t —a) ={

Rule IV. Tf L(Rt)) = F(s), then for any a(> 0), L(f(at)) =~ F( )
a

S
a

TEST YOUR KNOWLEDGE

1. Find the Laplace transform of the following functions of ¢ for > 0 :
@) etth k>-1 (i) et t4 (iii) et sinh ¢

(iv) e cosh 3t (v) e% sin ¢ (vi) e cos 2t.
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2. Find the Laplace transform of the following functions of ¢ for ¢ > 0 :

(i) e~ 4t t3/2
(iv) e~ 5 cosh 3t

(i) e~ 6t ¢7
(v) e sin 8t

(iii) e % sinh 6t

(vi) e3 cos 4t¢.

Find the Laplace transform of the following functions of ¢ for ¢t > 0 :

(i) e3 sin? ¢
(iii) sinh 3t cos? ¢

@) (¢ + 2)% et
(iv) cosh at sin at.

(v) e2 sin ¢ cos 3t.

Find the Laplace transform of the following functions of ¢ for t > 0 :

(i) et sin? ¢
(i11) e~ sinh bt

(i) 5e% sinh 2¢
(iv) cosh 4t sin 6t.

5. If the Laplace transform of the function f(¢) of ¢ for ¢ > 0 is F(s), then show that

Ll(cosh a?) f()] = % [F(s—a)+F(s+a)l.

Hence evaluate L(cosh 3¢ cos 2¢).

3 + 6 + 6 s
s+1D% (s+2° (s+3)*’
7. Find the Laplace transform of the following functions :

@ & -1 u@® (i1) (5 cos t) u(t).

> 0.

6. Show that L {(1+te 53} = 1 +
s

0, 0<t<m/2

8. Find the Laplace transform of the function : g(¢) = {cos tot> 2.

cos (t — 2m/3), t > 2m/3

9. Find the Laplace transform of the function : g(¢) = {0’ 0<t<9m/3.

0, 0<t<

10. Find the Laplace transform of the function g(¢) = {t ‘s

g by using (i) definition (ii) second

shifting theorem. Verify that the results are same.

Answers
T(k+1) .. 24
1. @ , (i) ——, s>2 (ii1) , §>2
(s — 1)k+1 (s - 2)5 s? -2
s 1 s—2
(v) ,8>6 ) ———, s>2 i) ———, s>2
s2 - 6s s2-4s+5 s2-4s5+8
3Jn ... 5040 6
2. () ——————=,s5> Gi) ——=%,8>—6 @it) ———, s>4
4 (s+4)°? (s +6)° s% +4s - 32
3
(iv)fi’s> (U)z;,s>_5 (Ui)zL,S>_3
s“+10s +16 s“ +10s + 89 s“ +6s+25
2 2
3. () 5 , $>3 (i) ——5 [2s® —2s+ D], s>
(s—3)(s“ —6s+13) (s-1)
2_ 2 2 +24%)
(i) £ | — £ —Gs 11 sl ) gss () 252200 5 al
2|(s-3)(s*-65+13) (s+3)(s“ +6s5+13) s* +4a

(v)

s2+45+20 s +4s+s’

s>—2






