3" |ecture

Closed Sets and Closure Y g Ailall Cile ganall

Definition (1.4): Let (X,7) be a topological space and E c X we say that E is
closed iff d(E) C E.

Example (1.9): Let X = {a, b,c,d} and t = {@,{a}, {b,c},{b,c,d}, X}
Let E ={a,b,c}, F ={b,d} and H = {a, d}. Determined whether the sets E, F
and H are closed or not.

Solution:

E ={a,b,c}

a¢d(E)

b € d(E)

c € d(E)

d € d(E)

Now d(E) = {b,c,d} ¢ E

= d(E) ¢ E

= E is not closed.

F ={b,d}

c € d(F)

d € d(F)

= d(F)={c,d}¢ F

= F is not closed

H = {a, d}

d(H) =0 cH
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d(H) c H = H closed.

Corollary (1.1): A subset E c (X, 1) is closed iff E€ is open, i.e.
E closed & E°€ open

Proof:

Assume that E is closed. We need to prove that E€ is open.

Letx € EC = x & E, but E is closed

= JopenGy;x € G, C E€

= Vx €E°JopenG,;x € G, CE°

= E°= U {G,:x € G,}open

X€EEC
= E°¢isopen
Assume that E€ is open. We need to show that E is closed
Letx €ed(E),x ¢ E
= x €d(E),x €EES
But E€ isopen and ENE€ = @
= JopenG =E° 3 x;(ENES) —{x} =0
= x € d(E) = contradiction
=> Vx€ed(E),x€E =d(E)c E = E isclosed.
Corollary (1.2): If E is closed in (X, 7), then

Jopen G 3 x & E suchthatx € G Cc E€

Proof:
Assume that the requirement is not true
= ~(QopenG 3 x,G C E°) s true.
= VopenG 3x;G ¢ E€
= VopenG 3x;GNE # 0
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Sincex ¢ E

Vopen G; (GNE)\{x} # @

= x € d(F)

d(E) ¢ E

E is not closed.

Contradiction

The requirement is true.

Exercise (1.3): (Homework)

(1) Let X ={a,b,c,d,e}and t = {@,{a},{b,c},{a,b,c},{b,c,d, e}, X}. Find
(i) The open sets and the closed sets.
(if) The sets which are both open and closed.
(iii) The sets which are open but not closed.
(iv) The sets which are closed but not open.

(2) In atopological space if F is closed and d(F) c E < F. Then E is closed.
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