Advanced Calculus (2)

Triple Integrals in Spherical Coordinates
4 S clfaanly A5 collsil)

Example 1: Convert the point (8, — = ——) from spherical to rectangular
coordinates.

Solution:  (p,0,0) = (x,y,2)
x=psin® cos§ =>x=28 sin(—g) COS(—%
:ox=—85in(§) cos(g) =>x=—8§ 73 = x=-6
y=psind sinf =y=28 sin(—z) sin(— z)
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:y=+8sin(§) sin(g) x—87 §=> y =23

z=p cos@ =>z—8cos(—z)=>z—8(l)=> z=4
T m
o (81 _51 _g) = (_6, 2'\/§ ,4)

Example 2: By using the spherical coordinate, find the volume of the
spherical with center origin point and radius equal to 6
Solution: -
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V=8jjfp2 sin® dp d@ d6 =
0
0 0

EEp36 ] _
82 )2 51, sin@ d@ d6 =
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8(6)3f—c05®]§ de = 8(6)3j de = (6)3 4(6)3n
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Example 3 By using the spherical coordinate, find the solid volume
above of the z = \/x2 + y2 , below the sphere x2 + y? + z? = 16

Solution: z = ,/x2+ y?

p cos@ = +/p? sin2@ cos2 6 + p? sin?@ sin? 6
p cos® =/ p? sin?@[cos2 6 + sin2 6 |

p cosP =+/p? sin?@

p cosP=p sin® =

[(0)2 - (36)2] de = (—f _ (6%3”
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=1=>tand =1

cos®

.®_T[
o —Z

m 1 Y
2 4 2

4
V=4jjjp Sln(Z)dpd(Z)dE)—élj
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%] sin® d@ do =
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—4%j—cos®] de = — (Tj——l)de—
0
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Example 4: Find the mas of the sphere with center origin points and
radius equal 2, and the density at (x,y) is §(x,y) = 1.

Solution: x%?+y?+2z%2=4 z
1. Based on rectangular coordinates.

2 Va—x2

Ja-x2-y2
= f j j 6dzdydx—

2. Based on cylindrical coordinates.

7 2
—8[[[ 5dzrdrd9=

3. Based on spherical coordinates
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M=8f”5p2 sing dp do de =
00 0

Example 5: By using the spherical coordinate, find the solid volume
, below the sphere

above of the cone (bs,ae) z2 = x2 + y?

x?+y*+2z2=9
Solution:
,02=X2+y2+22=9=> ,0:3
The intersection of cone and sphere
x2+y2+2z2=9..(1)
x2+y2=2z%2 ...(2)
Substitute Eq.(2) in Eq. (1) we get
22422=9= 222=9 =z =~

V2
Since
Z=pcos® =>%=3cos(2)=>cos(2)=>\/—1E
T
“9=7
Or

z? = x% + y?
p? cos?® = p? sin®@ cos? O + p? sin’@ sin? 6
p? cos?@ = p? sin®@[cos? O + sin? 0 ]
p? cos?@ = p? sin?*@
cos@ = sin®
sin @

=1=>tand =1
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%] sin® do do =
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