Advanced Caleulus Slaad¥) g Aalaty) Aiiall / dagl 1l 5 palaall

The Directional Derivative and the Gradient
Jlaady) g dalady) Adial)

Definition: If £ isafunction of x &y, then the directional derivative
of f inthe direction u = u;i + u,j ata point (x,,y,) is denoted by
D, f (xy,v,) and defined by

’ Dy, f (%0, ¥0) = fi (0, Yo)us + fy, (xo, yo) Uiz |

If u = cosOi + sinfj , then

Duf(XOf )’0) = fx(x0; yO)C059 + fy(xor yO)Sine

| =1

cosOi+sinfj

Where u = [ul - J(c0s0)2+(sind)>2

= c0s0i + sinf] = uyi + uyj

ﬁ=ai+bj+ck
A ai + bj + ck . .
Uu=—= = uqi + uyj + uzk

va? + b? + c?

Note

Example 1: Find the directional derivative of f(x,y) = e*” at a point
(—2,0) in the direction of the unit vector u = cosfi + sinfj that makes
an angle of (%) with positive Xx-axis.

Solution:
fe(x,y) = ye™ fy(x,y) = xe™
L(=200=0 ,  f(-20)=-2
And u, = cosb : u, = sinf

Dy f (x0,¥0) = fx (X0, Yo)uq + fy(xOrYO)uz

|
I
I
)

s o
~ D, f(=2,0) = 0.cos§ + (—Z)Sln§ =0-2. >
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Example 2: Find the directional derivative of f(x,y) = e inthe

direction 4 = —3i + 4j .
Solution:
fi(x,y) =ye™ f(x,y) = xe™¥
—3i+4j —3i+4j -3 4
= = _—l+§]

- V3+4 5 5

U = u—4
1_5 ' 2_5

-3 4
~Dyf = fiug + fyuz = D,f = (?)yexy + (E)xexy

Example 3: Find the directional derivative of the function
f(x,y,2z) = cosx + 2xz +y* — 5 inthe direction A = 2i +j — 2k at

a point (2,0,1) .

Solution:
T T
f(x,y,2z) = —sinx + 2z = fx (5,0,1) = —Sinz, +2(1) =1
T
fy(x,y,z) =2y = fy (5,0,1) =2(0)=0
=2 Zo01)=2(%)=
f‘Z(x’y'Z)_ X = f‘z(zr ) )_ (E)—T[

A 2i+j—2k 2i+j—2k 2., 1 (-2)
= —= = = —1
Al /22 + 12 +(2)? V9 33 3

.-.Duf(g,0,1)=1<§)+0(%>+n<%2>=§—§n

Definition: If f isafunction of x &y, then the gradient of f is
defined by

| Vf(x0,¥0) = fru(X0,¥0)i + f,, (X0, ¥0)J |

u

And relation between gradient and directional derivative
Dy f (%0, ¥0) = u. Vf (x0,¥0)

If £ isafunction of X,y & z, then the gradient of f is defined by

| Vf (%0, Y0, 20) = fr(X0, Y0, 20)i + £, (X0, Yo, Z0)j+/7 (X0, Yo, Z0) |
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Example 4: Let f(x,y,z) = x2 + y2 + 2xz , find Vf(1,0,2) .
Solution:
(x,y,z) =2x+2z = f.(1,02)=6
f(x,y,z) =2y = £,(1,02)=0

f2(x,y,2) = 2x = £,(1,0,2) =2
~ Vf(1,0,2) = 6i + 2k

Example 5: Find the gradient of the function

f(x,y,z) = e* — 2cosz + x%z at the point (2,1,5).

Solution:
fe(,y,z) =ye™ +2xz = [.(2,1,5) =e%?+20
fy(x,y,2) = xe* = £,(2,1,5) =2(e?)
f,(x,y,z) = 2sinz+x* = f,(2,1,5) = 2sin5 + 4
Vf(2,1,5) = (e? + 20)i + 2(e?)j+(2sin5 + 4)k

Example 6: Find the directional derivative and gradient of the function
f(x,y,2z) = e — sinxz inthe direction 4 =i —j + k ata point
(2,1,0) .

Solution:

(6, y,2z) = ye™ — zcosxz = f,(2,1,0) = o2
finy,2) =xe” = f,(210)=2(0) = 2¢’
f,(x,y,z) = —xcosxz = f,(2,1,0) = -2

A i—j+k i—j+k 1. Lot
u=—= = = —]— — B
Al /12 4+ (=1)? +(1)? V3 3 V3 3B

“ Duf(2,1,0) = e (%) -2 (ig) - (13)

VF(2,1,0) = e?i + 2e?%j — 2k

And

18



