4% |_ecture

Closure of a Set de ganall 3

Definition (1.5): Let (X,t) be a topological space and E c X, we define the
closure of a set E, denoted by E as follows:

E= N F, whereF is closed
V FOE

Example (1.10):

Let X ={a,b,c,d,e}and t = {@,{a},{b,c},{a,b,c},{b,c,d, e}, X}.
LetE ={d,e}, G ={a,e}and H = {d}. Find E, G and H.
Solution:

The closed sets in (X, 1) are X, {b,c,d, e}, {a,d, e}, {d, e}, {a}, D

E

N F , where F is closed
VY FOE

= XN{b,c,d,e}N{a,d,e}N{d, e} = {d, e}

G= (N F , whereF isclosed
VvV FOG
=XN{a,d,e} ={a,d, e}
H= N F,whereF isclosed
vV FOH
= XN{a,d,e}N{b,c,d,e}N{d, e} = {d, e}
Remark (1.6):

(1) Since VFﬂEF c F, Vclosed F. Thus E is the smallest closed set containing
-}

E.
(2) If E is itself closed then E = E.
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Theorem (1.4): If E is a subset of (X, t).Then
E =EUd(E)
Proof:
We have
EcE and d(E)cE
= EUd(E)cE s (D
We need to show that E ¢ EUd(E)
Letx € EUd(E)
> x¢€EAx¢g&d(E)
Since x € d(E)
= Jopen G, 3 x, (ENG)\{x} =0
= Vx & EUd(E),Jopen G, 3 x,(ENG)\{x} =0
> Vx¢g&EUd(E),x ¢ E
= E cEUd(E) e, (2)
From (1) and (2) we get

Theorem (1.5): (Closure Axioms) @iy il
If A, B are subsets of a topological space (X, t) then
i) 0=0 ANX=X.

(i) A cA.

(iii) (A) = A.

(vyAcB = AcB.

(v) (AUB) = AUB.
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Proof:
(i) Since @ is closed = @ = @.
Also X isclosed = X = X.

(i) WehaveA= N F,VF>2A

F closed

=5 N FoA=>ADAorAcA
F closed

(iii) Let E = A, since E isclosed = E =E

:EzE

(ivy Wehave A= N FandB= N F
V FDA V FOB

Since A c B then we have
B= N F> N F=A4

V FOBCA V FDA

= AcCB

(v) (AUB) = (AUB)Ud(AUB)
= AUBUd(A)Ud(B)
= (AUd(A))U(BUd(B))
= AUB
Exercises (1.4): (Homework)
(1) Disprove that (ANB) = ANB. (Give an example)
(2) LetX ={a, b, c,d} and
T ={0,{a},{b},{c} {a b}, {a,c},{b,c},{a,b,c}, X}
Let E = {a,d}, G = {b,d}and H = {b,c}. Find E, G and H.
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