Advanced Calculus (2)

Line Integral

hal Jalsil

Theorem:- Let f be continuous in region containing a smooth curve
(0! Ss) ¢, If ¢ isgivenby 7(t) = x(t)i + y(t)j

where a <t < b, then

[ fuy)ds = [7 Fex@®),y@) VEDOTP + DO dt

where ds = /[x(£)]% + [y(t)]? dt

If C isgivenby r(t) =x@)i+y(t)j+z(t)k,where a <t <b,
then

[ fey.2) ds = [ F(x(0,y(0),2(0) JEOT + GOT + ZOT dt

Example 1: Evaluate [ (x* —y + 3z) ds, where ¢ is represented by
the parametric equations x =t, y =2t, z=t,where 0<t<1

Solution:
x(t) =1, y(t) =2, z(t) =1

j (x2 —y+32)ds = j (t2 =2t +3t)J(DZ+ ()2 + (1)2 dt

fol(tz+t)\/€dt=‘/gjo1(t2+t)dt=\/€§+t2_z:
=6 [+3-0] =6 (=) =5 (3) -2

Example 2: Evaluate fc (1 + xy?) ds, from (0,0) to (1,2) along the
line segment ¢ that is represented by the parametric equations
x=3t, y=2t, ,where 0<t<4

Solution:
x(t) =3, y(t) =2,
j (1+xy?)ds = f [1+ (3)(2t)%]/(3)%2 + (2)%2 dt

=\/EJ4(1+121:3) dt=\/ﬁ(t+12tZ =V13(4 +3(0)" =
0

0
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Example 3: Evaluate [ (xy —z%) ds, from (1,0,0) to (—1,0,m) along
the line segment c that is represented by the parametric equations
x=cost, y=sint,z=t ,where 0<t<m

Solution:
x(t) = —sint, y(t) = cost, zZ(t) =1

f (xy —z3)ds = fn[cost sint — t3]/(—=sint)? + (cost)? + (1)% dt
c 0

m sin?t  t*]" 0 =n*
=\/§j (costsint — t3) dt = V2 ——| =2 =—=—|-0
. 2 4 2" 4

Example 4: Evaluate line integral [ 2y dx +x* dy, along the curve
y = x?% from (—2,4)to (1,1)

Solution:
y =x2, dy = 2x dx

1 1
j 2x% dx + x?* (2x dx) =f 2x% dx + 2x3 dx
-2 -2

—f1(22+23)d _2x3+x4 —2+1 (_16+8)— >
e T I B

Example 5: Evaluate line integral fC (x+2)ds, where ¢ is
3
represented by r(t) = ti + %tij + %tzk, where 0 <t<2
Solution:
1
x(t) =1, y(t) = 2t2, zZ(t) =t

1 2

2
f (x +2) ds=J (t+2)\/(1)2+(2t5) + (B dt
c 0

372
2 1 (1+ 4t +t*)?
=j(t+2)\/1+4t+t2dt=—( 3 )
0

2 2
2 0
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If c=c¢; +c¢c,++-+c, , such a curve is called piecewise smooth, we
defined a line integral along a pricewise smooth curve ¢ to be the sum of
the integrals along section:

fcf(x,yll)d5=jc f(x,y,z)ds+_[c f(x,y,z)ds+...+_[cf(x,y,z)ds

Example 6: Evaluate [ (x* —x%y)dx + (y* — 2xy) dy in a counter

clockwise direction (Aeludl jlae (S olaily)  around the square
path from A4(0,0), B(2,0), C(2,2), D(0,2).

Solution: A

ci:y=0 = dy=0 (0,2) C3< (2,2)
c,: x=2 = dx=0 ’

c;:y=2 = dy=0 A
c,:x=0 = dx=0 Cay “2

A

(0,0) Cq (2,0)
j (x3 — x3y)dx + (y? — 2xy)dy =
2
f (x3 — x3(0)) dx + ((0) — 2x(0))0
0
2
¥ j (8- 8y) (0) + (v2 — 4y)dy
0
0
+j (x3 = 2x3)dx + (4 — 4x)0
0 2
¥ j ((0) = (0))(0) + (2 — 2(0)y)dy
2
0

2 2 0
=f x* dx +f (y? — 4y)dy +f —x3dx+f y*dy
0 0 2 2

3

x4_2 y 2 x4_0 y30
- 7z 2 _— z
_4] T3 Zy] 4] T3
0 0 2 2

=4 + 8 8—-(0-4) (0 8)—0
= 3 —_ — + —3_
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Example 7: Evaluate [ x?ydx + x dy in a counterclockwise direction
(Aeludl @ ie  Se olail)  around the triangular  path  from
A(0,0),B(1,0),€(1,2).

Solution:

ci:y=0 = dy=0
c,:x=1 = dx=0
c3: y=2x,dy =2dx

X—X - x—1
Note: —¢ = ¥2Yo - I=
X1=X0  Y1—Yo 0-1

I
U

<
I
N
>

1 2 0 x4
=j0dx+jdy+j(2x3+2x)dx=()+y]g 7+x2
0 0 1

=0 + 240 (1 1)—2 5 _
= +_2+ = 5=

Example 8: Evaluate line integral . x? ydy which lies( &) in the first

quadrant arc (w8 ) of the circle x? + y? = 1 in the xy-plane and the
direction from A(0,1) to B(1,0). With the parametric representation
x =cosO, y=siné.

A -
Solution: 6=5
A(0,1)
0
f x%ydy = f cos?0sin 0 (cosO dO) =
C —_
0 cos*9]° 1 1 >X
39 si —_ e I[1—0l=—= B(1,0)
Lcos 0 sin 6 do 2 L 4[1 0] 2

2
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Example 9: Compute the value of fc xz dx + x dy — yz dz along the
oriented curve shown in the following figure which consisting of a
quarter (—a<i ) circle in the xz- plane, and line segments(a&2 ) in the xy-
plane and yz-plane, respectively(J sl ) .

Solution:
cl:x?+z°=1=2z=vV1—-x2%2 y=0
2 ZE0 v o xil_y0 gy =0

(=}
Jary

1-

(=]

X1—X0 Y1—Yo

c3:y=1,x=0

J xzdx+xdy—yzdz =

c

xzdx+xdy—yzdz+f xzdx +xdy—yzdz

c3

:f xzdx+xdy—yzdz+f
cl

c2

:leV1—X2dx +J:(1—y)dy+J:—de

Example 10: Evaluate line integral [ y? dx — x dy, along the curve
y? = 4x from (0,0) to (1,2).

1
Solution: Withrespecttox: y2 =4x = y=2/x , dy=xzdx

1

1 1 1 1 1
f 4xdx—x(x7dx)=f 4xdx—x§dx=j (4x — x2) dx
0 0 0

_ 2 2 %]1_2 2 6-2 4
CAr T TeT3T T3 T3
- y? y
With respecttoy :  y? =4x = x==, dx=3dy

2 3

2 2 2 2 3 2
2 Y _ Y _f y oY _f y _y
foy(zdy) (4)aly—0 Zdy 4dy—0(2 4)dy
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Example 11: Evaluate line integral fc —y dx + x dy, along the curve
y? = 4x from (4,4) to (0,0).

1
Solution: With respecttox: y2 =4x = y=2VJx , dy=x"2dx
0 1 0 1 1 0 1
j —2Vx dx + x (x"2 dx) =J —2x2 dx + x2 dxzf —x2 dx
4 4 4

-4 - (-4

With respect to y: yP=4x = x=2, dx=>dy

0 2 0 2 2 0 2
Yt Dyay= [ Ly Lay= (2
| v Gan+Cpay=| ~Fay+Zay=| T ay

0



