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Tangents Plane and Normal Lines on the Surface

gl e 4 gant) Cilagiivial) g dlaall iy gioall

Definition: Let f(x,y,z) =0 define a surface that is
differentiable at a point p(x,, v, Zo), then the tangent plane to f(x, y, z)
at p(xy, ¥o, 2o) is the plane with normal vector (non-zero gradient vector
) that passes through the point p(x,, vy, zo). In Particular the equation of
the tangent plane is

fx (x_xo)'l'fy (y_yo)+fz(z_zo):()

Let f(x,y,z) =0 define a surface that is differentiable at a point
p(xo, Yo, Zo),then the normal line to f(x,y,z) at p(xg, Vo, Zo) IS the line
with normal vector (non-zero gradient vector ) that passes through the
point p(x,, Yo, Zo). In Particular the equation of the normal line is

X—=Xo Y—Yo Z72

fx fy f2

Examplel: Find the tangent plane and the normal line of the surface
flx,v,2) =x*+vy*2+z—-9 at p(1,2,4).

Solution:
Vi (x0, Y0, Z0) = fx (X0, Y0, Z20)1 + [ (X0, Y0, Z0)J*+ [z (X0, Vo, Zo) K

(e y,z)=2x = f,(1,24)=2
fy(x: Y, Z) = Zy = fy(1:2:4) =4
f,(x,y,2z) =1 = f,(1,24)=1

Vf(1,24) =2i+4j+ k. So,Vf isnon-zero vector.

The tangent plane is
fx (x_x0)+fy (y_yo)"l'fz(z_zo)zo
2x—-1D)+4(y—-2)+ (z—4)=0
2x+4y+z=14 aall (g gical) Llilaa

And the normal line
X — X Y —Yo Z—2Zy

fx fy fz
xT_lzy_:Z—zl. 3 gand) asiical) Aalae
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Example2: Find the tangent plane and the normal line of the surface
4x* —9y? —9z2-36=0 at p(3V3,22).
Solution: let f(x,y,z) = 4x? —9y? — 922 — 36

f(x,y,2z) = 8x = f.(3V3,2,2) = 24/3
f,(x,y,2) =-18y = f,(3V3,2,2) =-36
f,(x,y,2)=-18z = f,(3V3,22)=-36
Vf(3v3,2,2) = 24+/3i — 36j — 36k . So, Vf is non-zero vector.

The tangent plane is
fx (x_xo)+fy V=Y +f(z2—-2)=0
24V3 (x—3vV3)-36(y—2)—36(z—2)=0
2V3x—-3y—3z=6 Cabaall (s giasal) Askaa

And the normal line
X—=Xo Y—Yo Z72

fx fy fz
x=3V3 _ y=2 _ z-2 3 gand) aiiveal Aalae
23~ -3 -3 pfsad

Example3: Find the tangent plane and the normal line of the surface
f(x,y,z) =z+In(x*+y?) at p(1,0,0).
Solution:

2

.fX(x’ y’ Z) = xZ_:CyZ 5 fx(l,0,0) - 2
2

f(y2) === = f£(100) =0

x2+y2

f(y,z) =1 = £(1,00) =1

Vf(1,0,0) =2i+k . So, Vf isnon-zero vector.
The tangent plane is
fx (x_x0)+fy (y_yo)"l'fz(z_zo) =0
2(x—1)4+2z=0
2x+z=2 aall (g gical) Llilaa

And the normal line
X — X Y —Yo Z—2Zy

fx fy f2
x7_1=z » ¥y=0 3 gaal) el Alslaa
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Example 4: Find the tangent plane and the normal line of the surface
x2—xy—yt—z=0 at p(1,1,-1).
Solution: let f(x,y,z) =x*—xy—y?—z

fo(x,y,2) =2x—7y = f11,-1)=1
fxyz)=—-x-2y = f,(11,-1)=-3
(6 y,2z) = -1 > £(1,1,-1)=-1

Vf(1,1,-1)=i—-3j—k . So, Vf is non-zero vector.
The tangent plane is
fx (x_xo)+fy (y_yo)'l'fz(z_zo) =0
x—1)-3(y-1)—-(z+1) =0
x—3y—z=-1 Cibaal) ¢ giual) Dilaa
And the normal line )
X—Xo Y= Yo Z7 2

fx fy fz
x—1=22=—(z+1) 3anl) adinal) Uslaa

Example 5: Find the tangent plane and the normal line of the surface
f(x,y,z) =2z—x* at p(2,0,2).
Solution:

fitty,2) ==2x = [,(2,02)=—4
fyxy,2)=0 = f£,(202)=0
fz(x,y,2) =2 = £(202) =2

Vf(2,0,2) = —4i+ 2k . So, Vf is non-zero vector.
The tangent plane is
fx (x_x0)+fy (y_yo)"l'fz(z_zo) =0
—4(x—2)+ 2(z-2)=0
_ 2x—z=2 Caall (g gicnal) Llilaa
And the normal line
X = Xo Y=Y Z—=2Z

f fy fz

3 gand) asiicual) Adalaa
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