5t |ecture

Interior Set 5040 de ganal)

Definition (1.6): Let (X,t) be a topological space and E c X, we define the
interior of a set E, denoted by E° or i(E) as follow:

E°= U G, where G is open
V GCE

Example (1.10):

Let X ={a,b,c,d,e}and t = {@,{a},{c,d},{a,c,d},{b,c,d, e}, X}.

Find the interior of the following sets
A={ab,e},B={ab,c},C={ctand E = {a,c,d}

Solution:

A={a,b,e}

The open sets contained in A are @, {a},

A°= U G ,where G isopen
VGCA

= A° = @0U{a} = {a}
Now B = {a, b, c}
The open sets contained in B are @, {a},

B°= U G ,where G isopen
vV GCB

= B° = @¢U{a} = {a}
Now C = {c}
The open sets contained in C is @

C°= U G ,where G isopen
vacC

> C°=Up=0
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Now E = {a,c,d}
The open sets contained in E are @,{a},{c,d},{a,c,d}

E°= U G, where G isopen
V GCE

= E° = pU{a}U{c, d}U{a,c,d} = {a,c,d}
Remark (1.7): If is possible to find the interior of a set if its closure is given as in
the following theorem:

Theorem (1.5): For every subset E of (X, ) we have

C

E° =E°
Proof:
Letx € E° > x&E¢, Vx€EE°
Now E°NE =0
= (ENE)\{x}=0
= x ¢ d(E°) also x ¢ E€
= x & ECUd(E®)
> x ¢ E°
= x € E
=> E°CcES (1)

Now, let x € E¢°

= x ¢ E°

= x & EUd(E®)

= x&€E°N x & d(E°)

Since x € d(E€) = x isnot a limit point of E€
= Jopen G, 3 x; (ECNG)I\{x} =0
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dopen G, 3 x; ECNG, =
JdopenG,dx;G, CE
x €E°

L

E“ CE°
From (1) and (2) we get

Theorem (1.6): If A, B are subsets of (X, ). Then
(i) X=X, 0°=90
(if) A° is the largest open set in A

(iii) A° c A

(v yAcB = A°cB°

(V) A = A°

(vi) (ANB)° = A°NB°

Proof:

(i) X° =X
=@p°=0°=X

o =g

—Xc=x°=9

(i)A°= U G,, YopenG, Cc A
aeA

= UG, cA

a€eA

Since U G, DG,,a €A

a€EA

= A° is the largest open set in A

(iii) From (ii) we have A° c A
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(iv) A° = Ve lCJACB G,,VopenG, CB

A° c B’

) (@) = (@) =
(vi) We have
ANBcA = (ANB)°c A°
ANBc B = (ANB)° c B°
= (ANB)°c (A°NB°) (1)
We need to show that (A°NB°) < (ANB)°
Letx € (ANB)°
x s not an interior point of (ANB)

VY openG, 3 x,x € G, ¢ (ANB)

(&) = (&) = a°

VopenG,3x,x€G, ¢ AV VopenG, 3 x,x €EG, € B

xX¢EA V x&B°

x & A°’NB°

A'NBYC(ANBY e, @)
From (1) and (2) we get

=
=
=
=
=
=

(ANB)° = A°NB°

Exercises (1.5): (Homework)
(1) Prove that E = E<”".
(2) Disprove that (AUB)° = A°UB”. (Give an example)
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