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Green's Theorem 

 مبرهنة كرين

 
Theorem: Let  𝑅 be a closed and bounded region of the 𝑥𝑦 −plane. Let 

the  boundary of  𝑅  contains  a simple closed curve  𝐶 . Let  𝑓(𝑥, 𝑦) and 

𝑔(𝑥, 𝑦) be functions of two variable which are continuous and have 

continuous first partial derivatives in 𝑅.  Then 

 

∮ [𝑓(𝑥, 𝑦)𝑑𝑥 + 𝑔(𝑥, 𝑦)𝑑𝑦] = ∬ [
𝜕𝑔

𝜕𝑥
−

𝜕𝑓

𝜕𝑦
]

𝑅𝐶

𝑑𝐴 

 

Where  ∮
𝐶

  is line integral counterclockwise direction. 

 

Example 1:  Use green's theorem to evaluate ∮ 𝑥2𝑦𝑑𝑥 + 𝑥 𝑑𝑦
𝐶

 along 

triangular  path  𝐴(0,0), 𝐵(1,0), 𝐶(1,2) to A. 

  

Solution:  𝑐3:  y = 2x, 𝑑𝑦 = 2 𝑑𝑥 

 
𝒙−𝒙𝟎

𝒙𝟏−𝒙𝟎
=

𝒚−𝒚𝟎

𝒚𝟏−𝒚𝟎
   ⟹     

𝒙−𝟏

𝟎−𝟏
=

𝒚−𝟐

𝟎−𝟐
 ⟹    y = 2x  

 

𝑓(𝑥, 𝑦) = 𝑥2𝑦 ,            𝑔(𝑥, 𝑦) = 𝑥  

  
𝜕𝑔

𝜕𝑥
= 1,    

𝜕𝑓

𝜕𝑦
=  𝑥2  

 

∮ 𝑥2𝑦𝑑𝑥 + 𝑥 𝑑𝑦
𝐶

= ∬[1 − 𝑥2]

𝑅

𝑑𝐴 

 

= ∫ ∫ (1 − 𝑥2)𝒅𝒚𝒅𝒙

2𝑋  

0

= ∫𝒚 − 𝒙𝟐𝒚|
0

𝟐𝒙
 𝒅𝒙

𝟏

𝟎

𝟏

𝟎

 

= ∫ (𝟐𝒙 − 𝟐𝒙𝟑𝟏

𝟎
)𝒅𝒙 = 𝒙𝟐 −

𝒙𝟒

𝟐
|

𝟎

𝟏

= 𝟏 −
𝟏

𝟐
=

𝟏

𝟐
       

 

 

 

x 

y 

1 

2 

C(1,2) 

B(1,0) A(0,0) 𝑐1 

𝑐2 𝑐3 

x 

y 

1 

2 

C(1,2) 

B(1,0) A(0,0) 
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Example 2: Evaluate ∮ 𝑦2𝑑𝑥 + 𝑥2 𝑑𝑦
𝐶

 along rectangular  path from 

 𝐴(0,0), 𝐵(2,0), 𝐶(2,2), 𝐷(0,2) to A. 
  

Solution:  

𝑓(𝑥, 𝑦) = 𝑦2 ,            𝑔(𝑥, 𝑦) = 𝑥2  

  
𝜕𝑔

𝜕𝑥
= 2𝑥,    

𝜕𝑓

𝜕𝑦
=  2𝑦  

∮ 𝑦2𝑑𝑥 + 𝑥2 𝑑𝑦
𝐶

= ∬[2𝑥 − 2𝑦]

𝑅

𝑑𝐴 

= ∫ ∫ (2𝑥 − 2𝑦)𝑑𝑦𝑑𝑥

2  

0

= ∫𝟐𝒙𝒚 − 𝒚𝟐|
0

𝟐
 𝑑𝑥

𝟐

𝟎

𝟐

𝟎

= ∫(𝟒𝒙 − 𝟒) 𝑑𝑥

𝟐

𝟎

=   𝟐𝒙𝟐 − 𝟒𝒙|
𝟎

𝟐
= 𝟎 

 

Second method (line integral) 
𝑐1:  𝑦 = 0   ⇒    𝑑𝑦 = 0   
𝑐2:  𝑥 = 2   ⇒   𝑑𝑥 = 0 
𝑐3:  𝑦 = 2   ⇒  𝑑𝑦 = 0 
𝑐4:  𝑥 = 0   ⇒    𝑑𝑥 = 0                   
 

= ∫ 0 
2

0

+ ∫ 4𝑑𝑦 
2

0

+ ∫ 4𝑑𝑥
0

2

+ ∫ 0
0

2

= 0 + 4𝑦]0
2 + 4𝑥]2

0 + 0 = 0 

 
 

Example 3: Evaluate ∮ (𝑥3 − 𝑥3𝑦) 𝑑𝑥 + (𝑦2 − 2𝑥𝑦)  𝑑𝑦
𝐶

 along 

rectangular  path from  𝐴(0,0), 𝐵(2,0), 𝐶(2,2), 𝐷(0,2) to A. 

 

Solution:  

𝑓(𝑥, 𝑦) = 𝑥3 − 𝑥3𝑦 ,            𝑔(𝑥, 𝑦) = 𝑦2 − 2𝑥𝑦  

  
𝜕𝑔

𝜕𝑥
= −2𝑦,    

𝜕𝑓

𝜕𝑦
=  −𝑥3  

∮ (𝑥3 − 𝑥3𝑦) 𝑑𝑥 + (𝑦2 − 2𝑥𝑦)
𝐶

𝑑𝑦 = ∬[−2𝑦 + 𝑥3]

𝑅

𝑑𝐴 

= ∫ ∫ (−2𝑦 + 𝑥3)𝑑𝑥𝑑𝑦

2  

0

= ∫ −𝟐𝒙𝒚 +
𝒙𝟒

𝟒
|

0

𝟐

 𝑑𝑦

𝟐

𝟎

𝟐

𝟎

= ∫(−𝟒𝒚 + 𝟒) 𝑑𝑦

𝟐

𝟎

=   −𝟐𝒚𝟐 + 𝟒𝒚|
𝟎

𝟐
= 𝟎 

𝑐4 

(2,0) (0,0) 

(2,2) (0,2) 

𝑐1 

𝑐3 

𝑐2 

𝑐4 

(2,0) (0,0) 

(2,2) 
(0,2) 

𝑐1 

𝑐3 

𝑐2 
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Theorem: Let  𝑅 be a region, then  the area of this region that satisfied 

the conditions of the Green's theorem which given by  

𝐴 =
1

2
∮ 𝑥𝑑𝑦 − 𝑦𝑑𝑥

𝐶

 

Proof: 

𝑓(𝑥, 𝑦) = −𝑦 ,            𝑔(𝑥, 𝑦) = 𝑥      ,      
𝜕𝑔

𝜕𝑥
= 1,    

𝜕𝑓

𝜕𝑦
=  −1  

∮ 𝑥𝑑𝑦 − 𝑦𝑑𝑥

𝐶

= ∬(1 + 1)

𝑅

𝑑𝐴 = 2 ∬ 𝑑𝐴 = 2𝐴

𝑅

 

∮ 𝑥𝑑𝑦 − 𝑦𝑑𝑥

𝐶

= 2𝐴    ⇒     𝐴 =
1

2
∮ 𝑥𝑑𝑦 − 𝑦𝑑𝑥

𝐶

 

    
 

Example 4: By using the line integral, find  the area of the region 

bounded by two curves  𝑦 = 𝑥3, 𝑦 = √𝑥    

 Solution:     

𝑥3 = 𝑥
1
2     ⇒      𝒙𝟔 = 𝒙 ⇒    𝒙(𝒙𝟓 − 𝟏) = 𝟎 

 𝒙 = 0    ⇒  𝑦 = 0 ⇒ (0,0) 

Or   𝒙𝟓 = 1 ⇒ 𝒙 = 1 ⇒  𝑦 = 1 ⇒ (1,1) 

𝐴 =
1

2
[∫ 𝑥𝑑𝑦 − 𝑦𝑑𝑥

𝐶1

+ ∫ 𝑥𝑑𝑦 − 𝑦𝑑𝑥
𝐶2

] 

1

2
[∫ 𝑥(3𝑥2𝑑𝑥) − 𝑥3𝑑𝑥

1

0

+ ∫ 𝑥 (
1

2
𝑥−

1
2) 𝑑𝑥 − 𝑥

1
2

0

1

𝑑𝑥] 

1

2
[∫ 3𝑥3𝑑𝑥 − 𝑥3𝑑𝑥

1

0

+ ∫
1

2
𝑥

1
2𝑑𝑥 − 𝑥

1
2

0

1

𝑑𝑥] =
1

2
[∫ 2𝑥3𝑑𝑥

1

0

− ∫
1

2
𝑥

1
2𝑑𝑥

0

1

] 

=
1

2
[( 

𝑥4

2
)|

0

1

− (
1

2
 
𝒙

𝟑
𝟐

𝟑
𝟐

)|

1

0

] =
1

2
[
1

2
+

1

3
] =

5

12
 

Other method ( double integral ) 

∫ ∫  𝑑𝑦𝑑𝑥 = 

𝑥
1
2

𝑥3

1

0

∫𝑦|
𝑥3
𝑥

1
2

1

0

𝑑𝑥 = ∫ 𝑥
1
2 − 𝑥3

1

0

𝑑𝑥 =
𝑥

3
2

3
2

−
𝑥4

4
]

0

1

=
2

3
−

1

4
=

5

12
 

1 

-1 

-1 

1 
(1, 1) 
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Example 5: Use Green's theorem to evaluate the line integral,  

               ∮
−𝑦

𝑥2+𝑦2
𝑑𝑥 +

𝑥

𝑥2+𝑦2
𝑑𝑦

𝐶
   where 𝑐 = 𝑐1 + 𝑐2 , 𝑐1: 𝑥2 + 𝑦2 = 𝑎2,  

               𝑐2: 𝑥2 + 𝑦2 = 𝑏2,   𝑎 < 𝑏 

 

 Solution:     

𝑓(𝑥, 𝑦) =
−𝑦

𝑥2 + 𝑦2
 , 𝑔(𝑥, 𝑦) =

𝑥

𝑥2 + 𝑦2
 

𝜕𝑔

𝜕𝑥
=

(𝑥2 + 𝑦2)(1) − 𝑥(2𝑥)

(𝑥2 + 𝑦2)2
=

𝑦2−𝑥2

(𝑥2 + 𝑦2)2
 

𝜕𝑓

𝜕𝑦
=

(𝑥2 + 𝑦2)(−1) + (𝑦)(2𝑦)

(𝑥2 + 𝑦2)2
=

𝑦2−𝑥2

(𝑥2 + 𝑦2)2
 

∮ [𝑓(𝑥, 𝑦)𝑑𝑥 + 𝑔(𝑥, 𝑦)𝑑𝑦] = ∬ [
𝜕𝑔

𝜕𝑥
−

𝜕𝑓

𝜕𝑦
]

𝑅𝐶

𝑑𝐴 

∮ [
−𝑦

𝑥2 + 𝑦2
𝑑𝑥 +

𝑥

𝑥2 + 𝑦2
𝑑𝑦] = ∫ ∫ [

𝑦2−𝑥2

(𝑥2 + 𝑦2)2
−

𝑦2−𝑥2

(𝑥2 + 𝑦2)2
]

𝑏

𝑎

2𝜋

0
𝐶

𝑟𝑑𝑟 𝑑𝜃 

 

=0 

Exercise 1: Verify(حقق ) Green's theorem  for 𝑓(𝑥, 𝑦) = 2𝑥𝑦, 𝑔(𝑥, 𝑦) =

−3𝑥𝑦  on the rectangle 𝑥 = 3, 𝑥 = 5, 𝑦 = 1, 𝑦 = 3  

                                                                                                     Ans. =-56 

  

Exercise 2: Use Green's theorem to evaluate the line integral 

∮ 𝑦2𝑑𝑥 + 𝑥𝑑𝑦
𝐶

,  on two curves  𝑦 = 𝑥2, 𝑦 = √𝑥     

 

 

 

 

 

 

 

 

a 

b 


