Advanced Calculus (2)

Green's Theorem
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Theorem: Let R be a closed and bounded region of the xy —plane. Let
the boundary of R contains asimple closed curve C . Let f(x,y) and
g(x,y) be functions of two variable which are continuous and have

continuous first partial derivatives in R. Then
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Where §.

$ L Cu)dx + G )dy) = || [52-ZJaa

is line integral counterclockwise direction.

Example 1: Use green's theorem to evaluate gﬁc x%ydx + x dy along

triangular path A(0,0),B(1,0),C(1,2) to A.

Solution: c3: y = 2x,dy =2 dx
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Example 2: Evaluate §. y®dx +x? dy along rectangular path from
4(0,0), B(2,0),C(2,2),D(0,2) to A.
AN

Solution:
fly) =y, glx,y) = x? (0,2) @
dg of { Cs
a = ZX, @ = Zy Ca i A C,
2 2 P s
yedx + x dy=ﬂ[2x—2y]dA >
i B (OIO) Cl (2'0)
2 2 2 2
= j j (2x — 2y)dydx = ijy—y2|§ dx = j(4x—4) dx = 2x? —4x|§ =0
00 0 0
Second method (line integral)
ci:y=0 = dy=0
c,: x=2 = dx=0
c;:y=2 =>dy=0
c: x=0 = dx=0
2 2 0 0
=j 0 +j 4dy +J 4dx+j 0=0 +4y]d+4x]9+0=0
0 0 2 2
Example 3: Evaluate ¢, (x*—x%y)dx+ (y*>—2xy) dy along
rectangular path from A(0,0), B(2,0),C(2,2),D(0,2) to A.
: A
Solution:
2
Fay=x -y, gGuy) =y —2xy O @
og of 4 -
=4, T—=-—x AcC
0x dy Ci 2
3 _ 43 2 _ — _ 3 >
3€c (x> —x’y)dx + (y* — 2xy)dy !J[ 2y + x°]dA 00 ¢ (2,0)
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=ff(—2y+x3)dxdy= f—z;cy+xZ dy=f(—4y+4) dy
00 0 0

0

= —2y’+4y[ =0
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Theorem: Let R be aregion, then the area of this region that satisfied
the conditions of the Green's theorem which given by

1
Azzixdy—ydx
C

Proof:
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f,y)=-y, glx,y) =x ax_l' oy 1
_(fxdy—ydx=ﬂ(1+1)d/1:2ﬂdA=2A
Cc R R
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fxdy—ydszA = Azzjéxdy—ydx
C C

Example 4: By using the line integral, find the area of the region
bounded by two curves y = x3, y = vx

Solution:
1

x3=x2 = x°=x>=> xx*-1=0

or x*=1=2x=1=>y=1=(11)
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21Jc, o
1 1
= -[ x(3x2dx)—x3dx+f
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2Jo 12 2(Jo

SERE

xdy — ydx]

° /1 1 1
x(zx Z)dx—xZ dx]




Advanced Calculus (2)

Example 5: Use Green's theorem to evaluate the line integral,

-y
$. szryzdx+ Ty ~_dy wherec=c, +c,,c:x%+y? =a?

c:x?+y2=b?% a<b

Solution:

fl,y) =

X

2 Y =y
x% +y?’ x% +y? f

09 (2+yH()—x(2x)  y*-a? <
ax (x? + y?)? B (x? + y?)? \J

of _*+yHED+MQy)  yiox?
ay (x? +y2)? (x2+y?)?

P ry)dx + g y)dy] = jf —g—@] i

C

—y 27'[ y _xZ

d d ] .f d
jg [xz + y? X+ x2 + y2 Y [(x2 + y?)2 (x2 + y2)z] rdr do
C

=0

Exercise 1: Verify(sis ) Green's theorem for f(x,y) = 2xy, g(x,y) =
—3xy ontherectanglex =3,x=5,y=1,y=3
Ans. =-56

Exercise 2: Use Green's theorem to evaluate the line integral
§. y*dx + xdy, ontwocurves y = x%, y = x



