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Inverse Laplace Transforms

2.1. INTRODUCTION

We have already noted that the main purpose of studying Laplace transforms is for solving
various types of differential equations. During the process of solving a differential equation,
we shall also require to find a function when its Laplace transform is known. This is the
reverse process of finding the Laplace transform of a function. In the present chapter, we shall
learn to find the function whose Laplace transform is known.

2.2. INVERSE LAPLACE TRANSFORM OF A FUNCTION

Let f be a real valued function of the real variable ¢, defined for ¢ > 0. Let the Laplace trans-

form F(s) of fi¢) exists. Therefore the infinite integral Jm e S f(t)dt exists and equals F(s).
0
The function f(z) is called the inverse Laplace transform of the function F(s) and we write
L-YF(s)) = f8).
In other words, L~1(F(s)) is that function whose Laplace transform is the function F(s).
For example,

(i) Lt ( 1 ): e, because L(e%) =
s-a s—a

(i) L ( 28 )= cos 3t, because L(cos 3t) = —; °
s“+9 s°+9

2.3. EXISTENCE AND UNIQUENESS OF INVERSE LAPLACE TRANSFORM

A given function F(s) of s may or may not have its inverse Laplace transform. So far as the
uniqueness of inverse Laplace transforms, we have the following result :
If f,(t) and f,(t) be two continuous functions for t > 0 having the same Laplace transform
F(s) i.e. L'I(F(s)) = f,(t) and LX(F(s)) = f,(t), then f,(t) = f,(t) ¥V t>0.
We accept this result without proof.
Ilustration : The functions f,(¢) =1
1, 0<t<4
and folt) =15, t=4
1, t>4
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40 LAPLACE AND FOURIER TRANSFORMS

1
have the same Laplace transform " Here the above result is not applicable because the function

f,(#) is continuous for ¢ > 0 but the function f,(¢) is not continuous for ¢ > 0.

2.4. ELEMENTARY INVERSE LAPLACE TRANSFORM FORMULAE

In this section, we shall find some elementary inverse Laplace transform formulae.

1. We have L(l)zl,s>0
s
By definition, Lt (1)=1, s>0.
s
I'a+1
2. We have L(t“)zg,a>—1,s>0.
Sa+1
By definition, L! (r(i—rll)):ta,a>—1, s>0.
s
!
3. We have L(t")Z%, n=0,12..... ;8>0
s
.- !
By definition, L‘l[ :+1):tn’ n=0,1,2,...... 38>0.
s
4. We have L(e “t)— 1 s>a.
-a’
By definition, 1[ j , S$>a.
s—a
5. We have L(sinhat)=———— a eE s>|a
s?

By definition, L‘l( a ]:sinhat, s>|al.

6. We have L (cosh at) = — s>|a
s

b
_a2

By definition, L’l[ 2S 2J:L(coshat), s>|al.
s“-a

7. We have L(Sinat)Zﬁ, s>0
s“+a

By definition, L'l( 2a 2]:sinat, >0,
s“+a

8. We have L(cosat)= 28 5 s>0.
s“+a

By definition, L‘l( 25 2J:cosat, s>0.
s’ +a
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a
Remarksl.L‘l[r(aJrl)j:t“ = L‘l( ! ) t—;a>—1,s>0.

5o+l sotl =l"(a+1)
(1) !
L' =—|=——,a>0, s>0.
(s“] T’ ’
_1 n! _ 1 1 _t"
2 L (Sn+1)_tn = L (S,H_l) G 0,L2,..... ;>0

tn—l
Ll —=|= , neN,s>0.
sn (n—l)!
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WORKING RULES FOR SOLVING PROBLEMS
Rule I. If L(Ait)) = F(s), then L (F(s)) = f#).

Rule II. (i) L! (lj =1 Gi) Lt (M) =t a>-1

s sa+1

i) 11| o (o) 11| L] = e
Sn+1 s—a

() Lt a =sinh at (i) L7t 5 = cosh at
s? _ g2 2 _ g2

(vii) 11 —sin at wiii) L —2 | =cosat.
(32 +a’ j s? +a®

ILLUSTRATIVE EXAMPLES

Example 1. Find the values of :

@) Lt [2;5/22) ) (i) L1 (5?0)
Gii) L [L] (iv) L] ( 3 ]
s+5 sZ2-9
(v)L1(2S ] (vi)L_1(26 J
s“ +16 s +36
Sol. (i) We have L (r(“—:l)] _ja
S
5
L—l (r (55;/22)) _ té_l _ t3/2
S
(i1) We have L! ( ;:L+‘1 ) =t".
S
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1
(iii) We have L‘l( j=e‘”.

s—a
af 1 _11 1 -
s+5 s—(=5)
(iv) We have  L''| % |=sinhat.
s“—a
3 | = sinh 3t.
s2-9 s? - 32
(v) We have L1 28 5 |=cosat
s“+a

(vi) We have 1,1 [

6 6
Lt =L! = sin 6t.
[s2+36] [sz+62J

2.5. LINEARITY OF THE INVERSE LAPLACE TRANSFORM

Theorem. If f(t) and g(t) be any functions of t for t >0 such that L(f(t)) = F(s) and L(g(t)) = G(s)
and a and b be any constants, then

L (aF(s) + bG(s)) = aL1(F(s)) + bL71(G(s)).
Proof. We have L(f(#)) = F(s) and L(g(¢)) = G(s).
aF(s) + bG(s) = aL(At)) + bL(g(t))
= L(af(t) + bg(t))
L1(aF(s) + bG(s)) = af(t) + bg(t)
or L1(aF(s) + bG(s)) = aL1(F(s)) + bL1(G(s)).

_ 1 2 6
Example 2. Find the value of L’ (— +— —4].

s+3 s+6 g
Sol. -t o, 2,6
s+3 s+5 gt
-1

=L[

]+ oL1 (LJ L (%) (Using linearity)

1
s+3 s+5 s
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=1t _ +217! - +L1(—3! )
s—(-3) s—(-5) g3*1

= et + 2e75t + 3,

Example 3. Find the value of L! 23 +— 9 + ;Ls + ! .
4s* -16 s*+25 9s*+4 4s-1
9 4s 1
Sol. L! . + +
(432—16 s2+25 9s®+4 4s—1j

L —|+L! ZL +L? ;1_3 D P
4s° - 16 s“+25 9s“ +4 4s—-1
L —— A 25 . cA s . flp L

4 s“-2 5 s°+5 9 9 2) 4 1
s°+ s

1
:lcosh2t+gsin5t+écosgt+—e4 .
4 5 9 3 4

Example 4. Find the inverse Laplace transform of the following functions :

_4s-8 . 2s-5
D9 () 4s? 1 25
4s -8 s—2 s 8 3
Sol. (z =—4 =—4. +—.
ol. @ 9-g? (32—9) s2-9 3 's%2-9

! —43_2 Lt 4.0 ;8 23
9-s s°-9 3 s°-9

5
(if) 22-5 2| "7p |1 s 5 1
4s+25 4| 2 26| 2 2,25 4, 25
4 4 4

L_l 2s—-5 _L_]_ l S _1 5/2
2 - “T2 2 * T2 2
4s° + 25 2 s*+(5/2) 2 s* +(5/2)

1 -1 S 1 -1 5/2
2 [sz + (5/2)2] 2 (32 + (5/2)2]

1 5 1. 5
=—cos—t——sin—t.
2 2 2 2





