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Extrema values

s $all) asdl)

Definition: A function f of two variables is said to be have a relative
maximum at a point (x,,y,) if there is a disk centered at (xq, V)
s.t. f(xg,y0) = f(x,y) for all points (x, y) that lie inside the disk.

Definition: A function f two variable is said to be have a relative
minimum at a point (x,,y,) if there is a disk centered at (xq,V,)
s.t. f(x0,¥0) < f(x,y) for all points (x, y) that lie inside the disk.

Theorem: If f has a relative extrema value at a point (x,,y,), and if the
first order partial derivative of f exists at the point, then

f(6y) =0 & fi(x,y)=0

Theorem: A point (x,, y,) in the domain of a function f(x,y) is called a
critical point of the function if £, (xo,y0) = 0 and £, (xo,yo) = 0.

Theorem: (The second partial test)
Let f be a function of two variables with continuous second order partial
derivatives in some disk centered at a critical point (x,, y,) and let

D = fix (%0, ¥0) fyy (X0, ¥o) — [fxy(xo'yo)]2 “

If D>0 & f,, > 0,thenfhasarelative minimum at (x,, y,),
If D>0 & f, <O0,thenfhasarelative maximum at (x,, y,),
If D <0 ,thenf hasa saddle pointat (x,, y,),

If D =0 ,then no conclusion can be drawn(zlics i =daial (Sa ),
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Example 1: Locate (22~) all relative extrema and saddle points of the
function  f(x,y) = 3x? — 2xy + y? — 8y

Solution: [i=6x—2y=0 ........... {2}
fy=—2x+2y—-8=0........... é}
e

From Eq (1) we have x = PRI

—2x+2y—8=0 ~-2 = —-x+y—4=0
Substitute Eq(3) in above equation, we obtain
y y 3y 2y 12
—(= —4=0 = —-S+—=4 3 —=4 y=—
(3)+y 373 3 Y=

~y=6 and x=2 = .~ (2,6)Iiscritical point

fix=6>0, f,,=2 & fi, =2
D = fxx(XOJyO)fyy(XOfyO) - [fxy(xo:YO)]Z
~ D=(6)2)—(-2)? =12-4=8>0

~ (2,6) is arelative minimum point.

Example 2: Find extrema values for the function

flx,y) =3x3+ y? — 9x + 4y

Solution: fi=9%x2=9=0 ....... {2}

From EQ(1)19x2—9=0 +9 =3 x2-1=0> x—1Dx+1)=0
ax =1

From Eq(2): 2y +4=0+2 = y+2=0 = y=-2

~ there are two critical points (—1,—-2) & (1,-2),
fex =18x, f, =2 & f,,, =0

Point(xo, ¥o) | fux (%0, ¥0) | fyy (X0, Y0) | fry(X0,¥0) | D Kind of point

(-1,-2) —18 2 0 -36 | not extrema value

(1,-2) 18 2 0 36 minimum
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Example 3: Locate all relative extrema and saddle points of the function
flx,y) =4xy —x* —y*

Solution: fi=4y—4x3=0 ... {2}

From Eq (1) we have

4y —4x3 =0

+4

=2 y—x3=0

Substitute Eq(3) in Eq.(2), we obtain

4x —4(x3)3 =0
x=0 = y=0,

Either:

Oor: 1—-x83=0=2x=+12y=+1,

critical points

+~ 4

L

&

= x—x=0=2 x(1-x%)=0

= (0,0) is critical point

~(1,1) &(—1,—-1) are

fox = —12x%, f,, =—12y* & f, =4
Point(xo, ¥o) | frex (%0, Y0) | fyy (X0, ¥0) | fry(X0,¥0) | D Kind of point
(0,0) 0 0 4 -16 saddle
(1,1) -12 -12 4 128 maximum
(-1,-1) -12 -12 4 128 maximum

Example 4: Find extrema values for the function
fl,y)=x*+y*2—xy+9

Solution:

22x)—x=0

fh=2x—y=0

fy =2y—x=0. oo eer . @

From Eq (1) we have: y = 2x
Substitute the value of y in Eq (2) , we obtain

2 4x—x=0 > 3x=0

~ x=0 = y=0 and (0,0) is critical point.

fox =2,

fiy=2 & fiy=-1 ,
D= fxx(xOJyO)fyy(xO'yO) - [fxy(xO'YO)]

D =(2)(2) — (—=1)? =3 > 0, -~ the point (0,0) is a minimum point.
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Example 5: Find extrema values for the function
flx,y)=x*+y2—6xy—8y+3

Solution: [,=2x—6y=0 ......... {2}
fy=2y—6x—8=0.... @

From Eq(1):2x—6y=0 +2 =2 x—-3y=0= x =3y {g}

Substitute the value of x in Eq. (2) , we obtain
2y —6(3y)—-8=0 = —-16y=8 +8= --2y=1
1 3 . . . -3 -1
ny=-—c Sx=-7, the critical point is (T , 7)
fex =2, fyy=2 & fxy=_6
2
D= fxx(xOJYO)fyy(xOIYO) - [fxy(xOIYO)]
D=(2)2)-(-6)>=4-36=-32<0,

= the point (_73 ) _—21) Is a saddle point, therefor, is not extrema value.

Example 6: Find extrema values for the function
flx,y) =3xy—x*—y*+x—4y—10

Solution: =3y—2x+1=0 {3}

3x -2y =4 X (2)
9y —6x = -3
6x —4y =8

S5y =

~y =1, Substitute the value of y in Eq (1) , we obtain
3(1)—2x+1=0=>-2x+4=0=> x=2

the critical pointis (2,1)

fox = =2, fyy:_2 & fxy:3

D = fux (%0, Y0) fyy 0, ¥0) = [fry 0, ¥0)|”
D=(-2)(-2)-(3)*=4-9=-5<0,

=~ the point (2, 1) is a saddle point, therefor, is not extrema value.
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Example 7: Find extrema values for the function
f,y)=x3+y2—-3x+2y—6

Solution: f,=3x2=3=0 ....... {2}

fy=2y+2=0....
From Eq(1):3x2—-3=0 =3 =2 x?2-1=0= x=+1

from Eq (2) , we obtain
2y+2=0 +2 y+1=0 = y=-1
s~ (=1,-1)& (1,-1) are critical points

foax = 6, fyy:2 & fxyzo

Point(xo, ¥o) | fux (X0, ¥0) | fyy (X0, ¥0) | fry (X0, ¥0) | D Kind of point

(-1,-1) —6 2 0 -12 saddle

(1,-1) 6 2 0 12 minimum

Example 8: Determine the smallest distance between the origin point and
the surface (bl ) z2 = x2y + 4.
Solution:

d=./x%+y2+ 72

d? = x?> +y% + z*
flx,y) = x* +y2+x?y + 4

fe=2x4+2xy=0 ........ {i} fy=2y+x*=0.... @

From EqQ(1):2x+2xy=0 +2 =2 x+xy=0=2 x(1+y)=0
Neither x =0 or y=-1

el Jua¥) A (9 Ailnal
d= [—x0)2 + 0 -0 + (2 2)?

from Eq (2) , we obtain y = —x;
if x=0 then y =0 and the critical pointis (0,0),

if y=-1 then x=+,/-2y , x=+2 and the critical point are
(2,1) & (-V2,-1)

fix =242y, fy=2 & fi, =2x

Point(xo, ¥o) | frx (%0, Y0) | fyy (X0, ¥0) | fry (X0, ¥0) | D Kind of point
(0,0) 2 2 0 4 minimum
(\/7,-1) 0 2 242 -8 saddle
(- V2, —1) 0 2 12 -8 saddle

z2=x*y+4 =2z=0+4andd =+0+ 0+ 4 = 2 is the smallest.
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Example 9: Determine the dimensions of a rectangular box, the sum of
edges(4=3bal) is 120cm and requiring the maximum volume of this box.

Solution: s 5 JSE o A Jes 3
V= Xyz ssllas) (San ana ) ga L g3l
x+y+z=120
z=120—x—y ‘
Note

v=xy(120 —x—y)
v = 120xy — x%y — xy?

Vv, =120y —2xy —y2 =0 ......... {2}
v, =120x —x* —2xy =0...... @}

From Eq (1): y(120—-2x—y) =0
Neither y=0 or y=120—-2x..... é}

from Eq (2) , we obtain: x(120 —x—2y) =0
Neither x =0 or x=120—2y ... e vur . %}
If y=120—2(120 —2y) = y = 120 — 240 4+ 4y = —3y = —120
=2>y=40
= x =40
Fromz =120 —x —y thenz =40
~v=2xyz = 40.40.40 = 64000

Exercise: Find three numbers their sum is 60 and their multiplied the
largest value.
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