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6th Lecture                                                                     

 

Exterior Set     خارجيةال المجموعة      

 

Definition (1.7): Let (𝑋, 𝜏) be a topological space and 𝐸 ⊂ 𝑋, we define the 

exterior of a set 𝐸, denoted by 𝐸𝑒 or 𝑒(𝐸) as follow:  

𝐸𝑒 = {𝑥 ∈ 𝑋 ∶ 𝑦 ∈ 𝐸𝑐∘
} , i.e. 𝐸𝑒 = 𝐸𝑐∘

 

-------------------------------------------------------------------------------------------------- 

Example (1.11):  

Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} and 𝜏 = {∅, {𝑎}, {𝑎, 𝑐}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑, 𝑒}, 𝑋}.  

Find the exterior of the sets 𝐴 = {𝑎, 𝑏, 𝑑}, 𝐵 = {𝑐, 𝑑, 𝑒}, and 𝐸 = {𝑏, 𝑒}. 

Solution: 

𝐴 = {𝑎, 𝑏, 𝑑}  ⇒  𝐴𝑐 = {𝑐, 𝑒} 

The open sets contained in 𝐴𝑐 is ∅  

⇒  𝐴𝑐∘
= ⋃

∀ 𝐺⊂𝐴𝑐 
𝐺 = ⋃ ∅ = ∅   

⇒ 𝐴𝑒 = ∅ 

We have  

𝐵 = {𝑐, 𝑑, 𝑒}  ⇒  𝐵𝑐 = {𝑎, 𝑏} 

The open sets contained in 𝐵𝑐 are ∅ and {𝑎}  

⇒  𝐵𝑐∘
= ⋃

∀ 𝐺⊂𝐵𝑐 
𝐺 = ∅⋃{𝑎} = {𝑎}   

⇒  𝐵𝑒 = {𝑎} 

We have  

𝐸 = {𝑏, 𝑒}  ⇒  𝐸𝑐 = {𝑎, 𝑐, 𝑑} 

The open sets contained in 𝐸𝑐 are ∅, {𝑎}, {𝑎, 𝑐} and {𝑎, 𝑐, 𝑑} 

⇒  𝐸𝑐∘
= ⋃

∀ 𝐺⊂𝐸𝑐 
𝐺 = ∅⋃{𝑎}⋃{𝑎, 𝑐}⋃{𝑎, 𝑐, 𝑑} = {𝑎, 𝑐, 𝑑}   
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⇒  𝐸𝑒 = {𝑎, 𝑐, 𝑑} 

-------------------------------------------------------------------------------------------------- 

Corollary (1.3): If 𝐴, 𝐵 are subsets of (𝑋, 𝜏). Then  

(i) ∅𝑒 = 𝑋 

(ii) 𝐴𝑒 ⊂ 𝐴𝑐 

(iii)  𝐵𝑒 = 𝐵𝑒𝑐𝑒

 

(iv)  (𝐴⋃𝐵)𝑒 = 𝐴𝑒⋂𝐵𝑒 

Proof:  

(i) ∅𝑒 = ∅𝑐∘
= 𝑋∘ = 𝑋 

(ii) 𝐴𝑒 = 𝐴𝑐∘
⊂ 𝐴𝑐  ⇒  𝐴𝑒 ⊂ 𝐴𝑐  

(iii)  𝐵𝑒𝑐𝑒

= ((𝐵𝑐∘
)

𝑐
)

𝑐∘

= (𝐵𝑐∘
)

∘
= 𝐵𝑐∘

= 𝐵𝑒 

∴  𝐵𝑒 = 𝐵𝑒𝑐𝑒

 

(iv)  (𝐴⋃𝐵)𝑒 = (𝐴⋃𝐵)𝑐∘
 

 = (𝐴𝑐⋂𝐵𝑐)∘  

 = 𝐴𝑐∘
⋂𝐵𝑐∘

= 𝐴𝑒⋂𝐵𝑒  

∴   (𝐴⋃𝐵)𝑒 = 𝐴𝑒⋂𝐵𝑒  

-------------------------------------------------------------------------------------------------- 

Boundary of a Set      المجموعةحدود        
 

Definition (1.8): Let (𝑋, 𝜏) be a topological space and 𝐸 ⊂ 𝑋, we define the 

boundary of a set 𝐸, denoted by 𝐸𝑏 or 𝑏(𝐸) as follow:  

𝐸𝑏 = (𝐸∘⋃𝐸𝑒)𝑐 

-------------------------------------------------------------------------------------------------- 

Note (1.1):  𝐸𝑏 = (𝐸∘⋃𝐸𝑒)𝑐 = 𝐸∘𝑐
⋂𝐸𝑒𝑐

 = 𝐸∘𝑐
⋂𝐸𝑐∘𝑐

 = 𝐸∘𝑐
⋂𝐸̅  = 𝐸̅ − 𝐸∘    

⇒  𝐸𝑏 = 𝐸̅ − 𝐸∘    
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-------------------------------------------------------------------------------------------------- 

Example (1.12):  

Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} and 𝜏 = {∅, {𝑎}, {𝑎, 𝑐}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑, 𝑒}, 𝑋}.  

Find the boundary of the sets 𝐴 = {𝑎, 𝑏, 𝑐}, 𝐵 = {𝑏, 𝑑, 𝑒}. 

Solution: 

𝐴 = {𝑎, 𝑏, 𝑐}  

The closed sets are 𝑋, {𝑏, 𝑐, 𝑑, 𝑒}, {𝑏, 𝑑, 𝑒}, {𝑏, 𝑒}, {𝑎}, ∅ 

𝐴̅ = ⋂
∀ 𝐹⊃𝐴 

𝐺,    where 𝐹 is closed 

 = 𝑋  

𝐴∘ = ⋃
∀ 𝐺⊂𝐴 

𝐺, where 𝐺 is open 

 = ∅⋃{𝑎}⋃{𝑎, 𝑐} = {𝑎, 𝑐}  

Hence  

𝐴𝑏 = 𝐴̅ − 𝐴∘  

 = 𝑋 − {𝑎, 𝑐} = {𝑏, 𝑑, 𝑒}  

We have  

𝐵 = {𝑏, 𝑑, 𝑒}  

𝐵̅ = ⋂
∀ 𝐹⊃𝐵 

𝐺,    where 𝐹 is closed 

 = 𝑋⋂{𝑏, 𝑐, 𝑑, 𝑒}⋂{𝑏, 𝑑, 𝑒} = {𝑏, 𝑑, 𝑒}   

𝐵∘ = ⋃
∀ 𝐺⊂𝐵 

𝐺, where 𝐺 is open 

 = ⋃∅ = ∅  

Hence  

𝐵𝑏 = 𝐵̅ − 𝐵∘  

 = {𝑏, 𝑑, 𝑒} − ∅ = {𝑏, 𝑑, 𝑒}  

-------------------------------------------------------------------------------------------------- 


