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Theorem 2¢24. Ivery subgroup of a eyclie group is eyelie.

Proof. Let ((a), *) be a eyelie group generated by the clement a and let (7, %)
be one of its subgroups, If /1 == e}, the theorem iy trivially true, for ({e}, *)
is the eyclic subgroup generated by the identity element. We may thus suppose
the set H # {e}. If a™ € H, where m £ 0, then a™™ is also an clement of H;
hence, I must contain positive powers of a. Let n be the smallest positive integer
such that a” € I{. We propose to show H = (a").

To establish the inclusion I € (a®), let a® be an arbitrary element in the
set M. The division algorithm implies there exist integers ¢ and 7 for which

I3 qn | or, N<r<un
Since both a® and a* are elements of H,
a" = a7 " = gF x (@) € H.

If r > 0, we have a contradiction to the assumption that " is the minimal
positive power of a in /{. Accordingly, r = 0 and k = ¢qn. Thus, only powers
of a® lic in I, indieating H C (a™). :

On the other hand, since the set H is closed under the group operation, any
power of a™ must again be a member of /. Consequently, (a”) € H. The two
inclusions demonstrate that H = (a®).

Corollary. If (H, *) is a subgroup of ((a), *) and H » {e}, then H = (a")
where n is the least positive mteger such that a™ € H.

We shall return to a further discussion of cyclic groups at the appropriate
place in the sequel. For the moment, though, let us indicate another useful
method for manufacturing new subgroups from given ones.  For this, some
special terminology is required.

Definition 2-22. l.ct ((7, *) be o group and /7, K be nonempty subscts of
G. The product of Il and K, in that order, is the set

H+*K={h+k|heH keK).

A brief comment on notation that should be made is that the usual custom
is to write the product f7 * 11 merely as 112 and, if one of the sets consists of o
single element a, simplifly {a} * I to a * 11,

At first sight, the reader might reasonably conjecture that whenever (H, *)
and (K, *) are both subgroups of (G, *), then (/I * K, *) will also be a subgroup.
The group of symmetries of the square, however, shows that such a simple
outcome is not to be expected. Here, it is enough to consider the subgroups
having clements I = {Ryg0, Dy} and K =: {Ry40, V). A quick check estab-
lishes that there is no subgroup whose members comprise the product set

H*K = {R3g0* R3go, Rsco*V, D1 * Rago, Dy * V} = (Rae0, V, D1, R270}.
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In fact, the set H * K isn’t even closed under the group operation. One necd
not be dismayed by this state of affairs, for an additional assumption on the
subsets H and K readily overcomes the difficulty.

Theorem 2-25. If (H,*) and (K, *) are subgroups of the group (G, *)
such that H * K = K * H, then the pair (H * K, *) is also a subgroup.

Proof. Tnnocuous as the equality i » K = K * I appears, it is nonetheless the
source of some difficulty. This notation does not mean each element of If
commutes with each element of K; all it significs is that whenever A and /
are arbitrary members of II and K, then there exist clements A € I, k' € K
for which h * k = k’ * k’. Bearing this in mind, let us proceed with the proof
proper.

Plainly, the product set I * K is nonempty, for e = e*e € H * K. Now,
let a and b be any pair of clements in /{ * K. Thena = h*kand b= hy * k,
for suitable choice of h, hy € H and k, ky € K. As usual, our aim in what
follows is to show that the product a * b~} lies in / * K. This is achieved
through first noting

a*b™ = (h*k)* (hy*x k)™ = h* ((k*k7") *hT").
Since K is closed under #, the clement & * k7' belongs to K and consequently
(k*kTH*h7'€e K+ H. -
By virtue of the condition K * H = H * K, there cxist elements hy € H and
k, € K satisfying
(Iu * kl_l) * hl—‘ = h2 * kz.
We may thus conclude that -

a*b ™ = hw(hgtky) = (h*hy) *kye H »K,

for the closure of the set H insures h * hy also is a member of it. To complete
the proof, it suffices to invoke Theorem 2-17.

Corollary. If (I, *) and (K, *) are subgroups of the commutative group
(G, *) then (I * K, *) is again o subgroup.

The utility of Theorem 225 lies in the fact that it permits another character-
ization of the subgroup generated by a union of sets. What happens is this:
if the pair (I * K, *) forms a subgroup of (@, *), it must in fact be the sub-
group generated by 1 U K; in symbols,

(H*K,* = (HUK),*).
Let us briefly outline the argument involved. To start with, the two inclusions

H=H+ccH*K and K=e¢e*KcH=*K
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indicate H UK € H * K. We have already observed that the subgroup gen-
crated by H U K is the smallest subgroup to contain this union. Thus, whenever
(H * K, *) is a subgroup, it follows that (H U K) S H * K. On the other
hand, the set (H U K) by definition must contain all products of the form h * k
with 4 € H, k € K. This results in the reverse inclusion H * K € (H U K) and
the subsequent equality H * K = (H U K).

The significant point in this discussion is that we have gained a great deal of
insight into the structure of the group generated by the union If U K, where
(I, *) and (K, *) are both subgroups of the group (G, *). To be specifie, in
the event the condition I * K = K * I holds, cach member of (I U K), *) is
expressible as the product of an clement of H with an clement of K. This
statement obviously applies in the ease where the parent group (€7, *) is com-
mutative.

Example 2-34. l'or purposes of illustrating the above remarks, let us return
again to the commutative group (Z,,, +,2) and the two subgroups ({0, 6}, +2)
and ({0,4, 8}, +12). To obtain the smallest subgroup which contains {0, 6}
and {0, 4, 8}, it suffices merely to compute the product of these subsets:

{0,6} +12{0,4,8} = {0+4,20,0+,24,0+4,28,6+,20,6-+,24,6+,28}
= {0,4,8,6,10,2).

Hence, the subgroup of (Z,2, +,2) generated by the union {0, 6} U {0, 4, 8} is
jUSt’ ({O’ 2’ 41 6) 8; 10} ’ +l2)'

PROBLEMS

1. In cach of the following cases, establish that (/7, ) is a subgroup of the group
((l', )

a) Il = {1,—1}, G = {1,—1,1 —i}, where 32 = —1;
byl = {2*|n€Z), G=Q—{0};

ey H =Q - [0}, G =R — {0);

Ay = {(1+2n)/(0 + 2m) | n, m € Z}, G =Q— {0].

2. Prove that ({0, 4,8, 12}, Fs) is a subgroup of (Z14, 4-16), the group of integers
modulo 16.
3. In the symmetrie group (S,, »), let /1 denote the set of permutations leaving the
integer n fixed:
I = {f€8.|f(n) = n}.

Show that the pair (//, ) is a subgroup of (S,, ¢).

4. Prove that if (//, *) is a subgroup of the group (G, *) and (K, *) is a subgroup of
(11, *), then (K, *) is also a subgroup of (G, *).

5. Let (I, *) be a subgroup of the group (G, *). We say that two elements a and b
of G are congruent modulo I{, written ¢ = b (mod H), if and only if a* b~V € /1.
stablish that congruence modulo // is an equivalence relation in G.
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Observe that in the additive group of integers (Z, 4), where the subgroups arc
of the form ((n), +), n a nonnegative integer, this relation reduces to congruence
modulo n.

. Suppose that (7, *) is a group and ¢ € G. Let C(a) denote the set of all elements

of 7 which commute with a:
Cla) = {x€Gla*z = z*a}.

Prove that the pair (C(a), *) is a subgroup of (G, *), known as the centralizer
of ain G. Also verify the equality, cent @ = N.eo C(a).

. Given ((7, *) is a finite group, prove that

n) there exists o positive integer nsuch that ¢” = ¢ forall a € G,
b) if /1 is a nonempty subset of G which is closed under the operation *, then
(I, *) is a subgroup of (@, *).

. In the commutative group (G, *), define the set I/ by

Il = {a€ G|a* = eforsome k€ Z}.

Determine whether the pair (/7, *) is a subgroup of (G, *).

. Let (G, *) be a group and a, b € G. Establish the following facts regarding the

order of an element.

a) The elements a, a=! and b* a * b~! all have the same order.

b) Both the products a * b and b * a have the same order. [/fini: Write a* b =
a* (b*a)*a! and use (a).]

¢) If a is of order n, then a' = &/ if and only if © = j (mod n).

. Determine the cyclic subgroup of (Ss, <), the symmetric group on five symbols,

generated by the eycle (1 3 5 2 4).

. Prove that a group of even order contains an element a ¢ e such that a2 = e.

[Hint: 1f a % o' for all @, the group contains an odd number of elements.]

. Let (11, *) be a subgroup of the group (G, *) such that H  G. Prove that the

subgroup generated by the complement G — I/ is the group (G, *) itself.

. Suppose (G, *) is a group and S is a nonempty subset of G. If the elements of S

all commute, show that the subgroup generated by S, ((S), *) is a commutative
group.

Given a group (G, *) and @ = Il C G, verify that the following statements are
equivalent:

a) (I1,%*) is a subgroup of (G, *).

by H*HC Hand I-'C .

) H+H-'ci.

. If (11, %) is a subgroup of the group (G,*) and § = KC G, prove H*KC H

implies K € /1.

. Let (/1, *) and (K, *) be subgroups of the commutative group (G, *) with orders

n and m, respectively.  Assuming // N K = {e}, verify that the order of the
group (/1 * K, *) is nm.



2-5 NORMAL SUBGROUPS AND QUOTIENT GROUPS 75

17. Consider the group of symmetries of the square. Use Theorem 2-25 to obtain
the subgroup generated by /I U K, where Il = {R\g0, Ri¢0}, K = {R3s¢0, D1}.

I8, Let (G, *) bhe a group of order n, where n is odd.  Prove that cach element of ¢
ix o square (i.e., if r € G, then £ = y? for some y in G).

2-5 NORMAL SUBGROUPS AND QUOTIENT GROUPS

Although we have derived some interesting results concerning  subgroups,
this concept, if unrestricted, is too general for many purposes. To obtain
certain highly desirable conclusions, additional assumptions that go beyond
Definition 2 19 must be imposed.

Thus, in the present section, we narrow the field and focus attention on a
restricted class of subgroups which we shall refer to as normal subgroups.
I'rom a conceptual point of view, such groups are “normal” in the scnse that
they make the resulting theory so much richer than would otherwise be the
case. While not every subgroup need be of this type, normal subgroups oceur
nonetheless with considerable frequency. It will soon become apparent that
for the major part of our work, the significant aspect of this class of subgroups
resides in the fact that they permit the construction of algebraic structures
known as quotient groups.

Having already divulged some of the content of this section, let us now
procced to develop these ideas in detail. As a starting point, we prove a secquence
of theorems leading to the conclusion that each subgroup induces a decomposi-
tion of the clements of the parent group into disjoint subsets known as cosets.

Definition 2-23. Lect (H, *) be a subgroup of the group (G, *) and let a € G.
The set
a*Il = {a*h|h el

is called a left coset of H in G. The clement a is a representative of a * H.

“In a similar fashion, we ean define the right cosets H * a of H, The right
cosets of the same subgroup are in general different from the left cosets. If the
group operation * of (G, *) is commutative, then clearly a * H = H * a for all
a € (. In the subscquent discussions, we will generally consider only left
cosets of a subgroup. It is obvious that a parallel theory for right cosets may
be developed.

Before proceeding to an example, we shall make several simple observations.
First, if e is the identity element of (@7, *), then

exll = lexh|heH) = h|heH = H,
so that I itself is a left cosct of I, NMorcover, since e € H, we have

a=a*ececaxll
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that is, every clement a of G belongs to some left coset of H, and more specific-
ally, to the coset a * H. We shall make use of this fuet in a little while.

We note further that there is a one-to-one correspondence between the
elements of Il and those of any coset of . Indeed, if a * H is a left coset of H,
we may define o mapping f: I/l — a* If by f(h) = a * h. This function maps
onto a * H, since every clement of a * I is of the form a * h for some choice
of h e If. In addition f is a one-to-one function, for if @ * hy = a * hy, where
hy, he € H, the cancellation law for groups yiclds hy = hy. That is, f(hy) = f(hg)
implics hy = hy. If the group (@, *) has a finite number of elements, we may
therefore conclude that any two left cosets of /I have the same number of
clements, namely, the number of elements in /.

Example 2-35. Rcturning once again to the group of symmetries of the
square, let us select the subgroup (S, *), where 8 = {R3g0, V}. The task of
computing the left cosets of S is straightforward, since we have the operation
table for this group at our disposal (see Example 2-24).

Rgo* S = {Roo * R3e0, oo * V} = {Rgo, D2},
Rigo*S = {Riso* R3eo, Riso* V} = {Ruse, H},
Raz0 % 8 = {Ra70* Rygo, R270* V} = {R2q0, D1},
R3go * S = {R3e0 * R3eo, R3e0* V} = {R360, V},

H*S = {H* R0, H*V} = {H, Rigo},
VS = {V* Ry, V*V} = {V, Ryao},
Dy*S = 1Dy* Rygoy, Dy * VY — {Dy, Ryga},
Dy * S = {Dy* R3g0, D2 * V} = {Dg, Rgo}.

From a quick inspection, the reader will observe that there are only four
distinct cosets,

{Rgy, D3}, {Rigo, I}, {Rg70, D1}, and {R3go, V} = 8.

These cosets are disjoint and their union is the underlying set of elements of
the whole group. As we shall see, this is always the case. Also, for this sub-
group the notions of left and right cosets do not agree, since

Dy *8 = (Dy, Ryz0) # (D1, Roo} = S* Dy.

Theorem 2-26. If (/I, *) is a subgroup of the group (@, *), thena*H = H
ifandonly ifa e I.

Proof. Suppose first that a * H = H. As we have just remarked, the fact that
the identity e is 1 member of ¥ implies that the clement a belongs to a* 11,
and thus by hypothesis to /1 also. On the other hand, ifa € I, then a « 1 C 1,
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since the set H, being the set of elements of a subgroup, is closed under the
group operation *.  The opposite inclusion is obtained by noting that each
clement b € I may be written as

h=as(@""'*h).

Here, a=! * h € I, since both a, h € H and (H, *) is a subgroup of (G, *).
This implies that k € a * H and consequently H Ca * H.

Our next theorem provides a simple criterion for the equality of two left
cosets, when a representative of each is known.

Theorem 2-27. If (//, *) is u subgroup of the group (G, #), then
a*H=0>b+*H,

if and only if a~ ' *b € H.

Proof. Assume that a * H = b* H. Then, if a * h, is an arbitrary element of
a* H, there must exist an hy € H such that a * by = b * hy. From this we
conclude that

a~lxb=hy*hy!,

and, since the product h, * h; ! belongs to H, that a~' *b e H.
Conversely, if a~! * b € H, then by Theorem 2-26 we have

(@ '*b)*H = H.
This implies that any element &y € H can be expressed as
hy = (a—' *b) * hy

for some hy € H, from which we infer that a * hy = b * h,. Thus each product
a * h, in the coset a * H is equal to an element of the form b * k3, and con-
sequently lies in the coset b * /. Since this statement also holds, with @ and b
interchanged,

a*H = b*H.

Remark. When working with right cosets, the requirement a™' *+b € H must
be replaced by a* b~ € H; thatis, H*a= H+*bifandonly if a* b~ ' € H.

As an immediate consequence of the last theorem, we see that any clement a
of the left coset a * [T determines this coset. Forifa, €a* H, thena; = a * h,
for suitable , € H. Thusa™"' * a; € H, so that by the theorem,a * H = a, * H.
This means that ecach element of a coset can be thought of as a representative
of that coset. In a certain sense we are being prejudiced whenever we denote
a coset by a * 11, for someone clse might choose to eall it b * If where b # a,
buta~'*bell
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We arc now in a position to prove a fundamental result concerning cosets to
the effect that if two left cosets have an clement in common, then they are
precisely the same set.

Theorem 2-28. If (I1, *) is a subgroup of the group (G, *) then cither the
cosets a * H and b * H are disjoint orelsca*s H = b H.

Proof. Suppese that a* I and b * Il contain some clement, ¢ in common.
Since ¢ is in a * [, there exists an fiy € I such that ¢ = a * by, Similarly, we
have ¢ = b * hy for some element by € H. It follows then that

a*hy="b*hy, or a '*b=h; *h3

Since (71, *) is o subgroup, the product by * k', and thus a™' * b, must lic
in the set /1. One need only apply Theorem 2-27 to conclude

a*!l = b1l

We saw carlier that cach element ¢ € G is a member of some left cosct of
H in G, namely, the coset a* H; that is, 7 is exhausted by its left cosets.
Theorem 2-28 indicates that an element can belong to one and only one left
coset of H. Thus the set (7 is partitioned by I into disjoint sets, cach of which
has exactly as many elements as H. FFor case of future reference let us summarize
these rewarks in the following theorem. -

Theorem 2-29. If (I/, *) is a subgroup of the group (G, *), the left (right)
cosets of I in ¢ form u partition of the set G

Example 2-36. Consider (Z,2, 4-12), the group of integers moedulo 12. If we
take {0, 4,8} for the set H, then ({0, 4,8}, +,2) is evidently a subgroup of
(Z12, +12). The left cosets of H in Z, 5 are

O0+2H=1{0,4,8 =4+, H=8+12H,
142 = (1,59 =542 =9+, H,
244 1 = {2,6,10} = 6 +2 H =104, H,
31 12H= 13711} =7 4,2H=11+4,, H.
In this case, the coset decomposition of Z, relative to the subset H is just
Zia = 10,4,8 U {1,59 U {2,610} U {3,7,11}.

Suppose now that (G, *) is a finite group, say of order n, and (H, *) is a
subgroup of (€7, #) of order k. We can then decompose the set ¢ into & union
of a finite number of disjoint left cosets of H:

(= (a,*H)U(ag*H)U---U(a,* H).
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The number » of distinet left cosets appearing in this decomposition is called
the index of IT in (. Since each coset in the above decomposition has k elements,
the set. @ itself must have r - k clements; hence n = r- k or

order G = (index H) - (order H).

Thin establishes the following elassical result due Lo Lagrange,

Theorem 2-30. (lLagrange). The order and index of any subgroup of a
finite group divides the order of the group.

There is a corollary to Theorem 2-30 which is of some intrinsic interest.

Corollary. If ((/, *) iy u group of order n, then the order of any clement
a € (/ is a factor of n; in addition, a™ = e.

Proof. Let the clement a have order k. By definition, the cyclic subgroup
((@), *) generated by a must also be of order k. According to the conclusion
of Lagrange’s Theorem, k is a divisor of n; that is, n = rk for some r € Z,.
Hence,

completing the proof of both assertions.

From Lagrange’s Theorem, we are able to conclude that any finite group of
prime order has no nontrivial subgroups. Actually a stronger statement can be
made: .

Theorem 2-31. If ((7, *) is a finitc group of composite order, then (G, *) has
nontrivial subgroups.

Proof. 1f the group (@G, *) is not cyclic, any element a € G with a = e generates
a nontrivial cyclic subgroup ((a), *). Thus, it suffices to consider cyclic groups
of composite order. To this end, suppose G = (a) where the generator a has
order am (n,m 5 1). Then (a")™ = e, while (a®)™ » e for 0 < m’ < m.
From this, it is obvious that ((a®), *) is a nontrivial eyelic subgroup of (@, *)
with order m.

Corollary. Lvery group (@, *) of prime order is cyclic.

Proof. Consider the cyclic subgroup ((a), *) gencrated by any a € G, with
a # e. Now, the order of ((a), *) must divide the order of (G, *), a prime;
since (a) contains more than one element, order (a) = order 7, whenee (a) = G.

As a further application of Lagrange’s Theorem, we can now give a simplified
proof of Theorem 2-7:

Theorem 2-7. (Revisited). Any noncommutative group has at least six
elements,
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Proof. A group of prime order, being a cyclic group, is necessarily commutative.
Accordingly, any group having order 2, 3, or 5 will be commutative. Suppose
next that (€7, *) ix o group of order 4. By Lagrange’'s Theorem, each element
of ¢ distinct from the identity has order 2 or 4. If one of them has order 4,
then (@7, *) is a cyclic group of order 4 and thercfore commutative. On the
other hand, a group cach of whose clements other than the identity has order 2
must be commutative by Problem 6, Section 2-2. This argument establishes
that all groups of order less than 6 are commutative groups.

Incidentally, the implication of Lagrange’s Theorem cannot be reversed ; that
is to say, a group of order n need not have a subgroup of order k, where k is
a divisor of n. To be more specific, a group of order 12 ‘exists which has no
subgroups of order 6. The particular group we are referring to happens to be
a subgroup of the symmetric group (Sy, ») and has as its elements:

<|23 4>' (123 4)’ (123 4)'
1 2 3 4 1342 - \1423
(1234), <1234>, (1234)'
2 1 4 3 2 4 31 2 31 4
(1234>’ (1234>, (1234->'
341 2 32 41 312 4
(1234)’ <1234>, (1234>’
413 2 4 213 43 21

This permutation group does, however, have subgroups of orders 2, 3, and 4.

We shall introduce next a particularly important class of subgroups which
we shall refer to as normal subgroups.

Definition 2-24. A subgroup (H, *) of the group (G, *) is said to be normal
(or invariant) in (G, *) if and only if every left coset of H in G is also a right
coset of H in G.

Thus, if (H, *) is normal and a * H is any left coset of H in G, there exists
some element b € G such that

a*H = H *b.

Since a is in the left coset @ * H, this means that a is also a member of the
right coset. I{ * . The cosets H * b and H * g have the element a in common;
so the analog of Theorem 2-28 for right cosets implies that

H»*b=H=*a.
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In other words, if a * H happens to be a right coset of H, then it must be the
right cosct I * a. 'This observation allows us to reformulate Definition 2-24
as follows.

Definition 2-25. A subgroup (H, *) is normal in the group (@, *) if and
only if a* H = H * a for cvery a € G.

For a normal subgroup (H, *), we may thus speak simply of the cosets of
H in G without specifying right or left. The trivial subgroups are obviously
normal. More generally, every subgroup of a commutative group is a normal
subgroup.

We will sometimes speak of a simple group (in the technical sense), meaning
thereby that it has no normal subgroups other than the two trivial ones. For
instance, the finite cyclic groups of prime order are simple groups.

Definition 2-25 indicates that normality of a subgroup (H, *) guarantees a
weak form of commutativity relative to I{. Vor, if h € H, while it cannot in
general be concluded that @ * b = h * a for any a € (7, we do know that there
exists an element &’ € H such that

a*h=h"*a.

It would be gratifying to have a less cumbersome procedure than to compute
coscts for determining whether a given subgroup is in fact a normal subgroup.
Just such a criterion is given in the next theorem, and we shall have frequent
occasion to make use of it.

Theorem 2-32, The subgroup (H, *) is a normal subgroup of the group
(@, *) if and only if for cach clement a € G,

a*H+*a 'CH.

Proof. Iirst, assume that a* H * a~! < H for every a € G. We must prove
that in this case a* H = H *a. Let a* L be an arbitrary element of a * H.
Sincca*H*a 'CH,a*h*a"! = h, for some h; € H. Thus

_ a*h= (a*h*a" ) *a=h, *a.
The product k, * a lies in the right coset H * a, so we conclude that
a*HCH=*a.

We obtain the opposite inclusion, I/ * a C a * H, by a similar argument upon
observing that our hypothesis also implies

g '*H*a=a"'*H*(@"H ' CH.

Conversely, suppose a * H = H * a for cach a € G. Let a * hy * a™! be any

element in a* H * a=!. Then, since a * H = H * a, there exists an element
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hy € H such that .
a*h, = hy*a.

Consequently,
a* h| * a"' = (’lg *q)* a_' = hz,
which implicsa* [/ *a~' C II.

To demonstrate the convenience of this result, we now prove the following
assertion :

(cent G, *) is a normal subgroup of cach group (@G, *).

In terms of elements, it must be shown that if ¢ € cent G and a is arbitrary in
G, then a * c* a~! € cent G. But this is fairly obvious, since from the defini-
tion of the center of a group, a * ¢ = ¢ * a. It follows at once that

a*c*a '=c*a*a '=c*e=cecent G

Example 2-37. lLct us return to the noncommutative group (@, ») of order 6
presented in Example 2-22. The reader may recall that the elements of G are
functions fy, f2, ..., fs, while the group operation is functional composition.
For convenience, the operation table is reproduced below:

-

‘o

i J2 Ja Ja J5 Je

N Vh f2 fa Js Js Je
falfe f1 fe J5 fa f3
fa|fs Ja f1 f2 fe Ts
fa|fs fa fs fe f2 N1
Jo |fo Jo fa fa 1 [
Jae|Je fs fo S1 fa fa

If we take as H the subset {f,,fs, fo}, then it is casily verified that the pair
(H, ») is a normal subgroup of (@, ¢). The cosct breakdown for the subgroup
in question is .

Jee H= {fi,fe,fe} =H-fi  for k=1,4,6,
Jeo H = {f2,f3,fs} = H = fx for k=2,3,5.

On the other hand, the subgroup ({f1,f2},°) is not normal; a short com-
putation indicates why the criterion of Theorem 2-32 fails to be satisfied:

faofaofst = fsof2ofo =f5s & {f1,f2}.

The significance of normal subgroups—indeed, our main purpose for intro-
ducing them—is that they enable us to define new groups which are associated
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in a natural way with the original group. More specifically, we shall show that
the set of cosets of a normal subgroup is itself the set of elements of a group.

If (H, *) is a normal subgroup of the group (@, *), then we shall denote the
collection of distinct cosets of H in G by G/H :

G/H = {a+H |ae G}.

These are also right cosets, since the definition of a normal subgroup guarantees
thata* Il = H s aforceverya € G.
A rule of composition ® may be defined on G/H by the formula

(a*H) @ b*H) = (a*b)*H.

Since this definition is stated in terms of coset representatives, we must first
show that the multiplication of cosets under ® is unambiguously defined,
independent of the arbitrary choice of representatives from these sets. That
is, it must be shown that if

a*H=a,*H and b*H=b5b,*H,
then also
(a*b) *H = (ay * by) *H.
According to Theorem 2-27, it is enough merely to prove that the product
(@*b)~" * (@, *by)
is & member of H. Now, a*H = q,*H and b*H = b, * H imply both
a~l*q;, b1 +b, € H. Since (H, *) is normal in (G, *), we know that
zsHsz"'CH
for every z € G. In particular,
b='+«H*b=0b"'«H=* @b Y 'CH.
From this we conclude b~! * (a~! * a,) * b € H and, since H is closed, that

@*b)™'*(a*by) = (b7 * (a7 *a) * D)+ (b7 +by) €H.

The above argument shows ® to be a well-defined binary operation on G/H in
the sensc that the product of two cosets depends only on the cosets involved
and in no way on the representative elements chosen from them; any other
choice would have yielded the same product.

Having thus prepared the way, we now state and prove the principal result
of this section.



