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Surface Area 

 المساحة السطحية 

    Let 𝑓 and its first derivatives are continuous on the closed region  𝑅  in the 

𝑥𝑦 −plane, then the area of the surface over 𝑅 in given by: 

𝑆 = ∬ 𝑑𝑆

𝑅

= ∬ √[𝑓𝑥(𝑥, 𝑦)]2 + [𝑓𝑦(𝑥, 𝑦)]
2

+ 1    𝑑𝐴

𝑅

 

Or  

𝑆 = ∬
√[𝑓𝑥(𝑥, 𝑦)]2 + [𝑓𝑦(𝑥, 𝑦)]

2
+ [𝑓𝑧(𝑥, 𝑦)]2

𝑓𝑧(𝑥, 𝑦)
   𝑑𝐴

𝑅

 

 

Example 1: Find the surface area  ∬ 𝑥𝑧 𝑑𝑧  for the plane 𝑧 = 1 − 𝑥 − 𝑦. 

 

Solution:     

 𝑑𝑆 = √𝑓𝑥
2 + 𝑓𝑦

2 + 1  𝑑𝐴  

𝑑𝑆 = √(−1)2 + (−1)2 + 1  𝑑𝐴 ⇒ 𝑑𝑆 = √3  𝑑𝐴 

𝑆 = √3 ∬ 𝑥(1 − 𝑥 − 𝑦)𝑑𝐴

𝑅

 

𝑆 = √3 ∫ ∫ (𝑥 − 𝑥2 − 𝑥𝑦)
1−𝑥

0

1

0

𝑑𝑦 𝑑𝑥 

𝑆 = √3 ∫ 𝑥𝑦 − 𝑥2𝑦 −
𝑥𝑦2

2
]

0

1−𝑥
1

0
 𝑑𝑥 

𝑆 = √3 ∫ 𝑥(1 − 𝑥) − 𝑥2(1 − 𝑥) −
𝑥(1 − 𝑥)

2

2

1

0

 𝑑𝑥 

𝑆 = √3 ∫ 𝑥 − 𝑥2 − 𝑥2 + 𝑥3 −
𝑥(1 − 𝑥)

2

2

1

0

 𝑑𝑥 

𝑆 = √3 [
𝑥2

2
−

2𝑥3

3
+

𝑥4

4
−

𝑥(1 − 𝑥)
3

6
]

0

1

 

 

 

 

Example 2: Find the surface area of paraboloid  𝑧 = 1 + 𝑥2 + 𝑦2  that 
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                    lies above the unit circle i.e., 𝑥2 + 𝑦2 = 1 . 

Solution:     

 𝑑𝑆 = √𝑓𝑥
2 + 𝑓𝑦

2 + 1  𝑑𝐴  

𝑑𝑆 = √(2𝑥)2 + (2𝑦)2 + 1  𝑑𝐴 ⇒ 𝑑𝑆 = √4(𝑥2 + 𝑦2) + 1  𝑑𝐴 

𝑆 = ∬ √4(𝑥2 + 𝑦2) + 1 𝑑𝐴

𝑅

 

𝑆 = ∫ ∫ √4𝑟2 + 1
1

0

2𝜋

0

 𝑟𝑑𝑟 𝑑𝜃 

𝑆 =
1

8
∫

(4𝑟2 + 1)
3
2

3
2

]

0

12𝜋

0

 𝑑𝜃 = 

 

Example 3: Find the area of the surface  cut from the bottom )الاسفل) of 

the paraboloid  𝑥2 + 𝑦2 − 𝑧 = 0  by  plane 𝑧 = 4. 

                     

Solution:     

 𝑑𝑆 = √𝑓𝑥
2 + 𝑓𝑦

2 + 1  𝑑𝐴  

𝑑𝑆 = √(2𝑥)2 + (2𝑦)2 + 1  𝑑𝐴 ⇒ 

𝑆 = ∬ √4(𝑥2 + 𝑦2) + 1 𝑑𝐴

𝑅

 

𝑆 = ∫ ∫ √4𝑟2 + 1
2

0

2𝜋

0

 𝑟𝑑𝑟 𝑑𝜃 

𝑆 =
1

8
∫

(4𝑟2 + 1)
3
2

3
2

]

0

22𝜋

0

 𝑑𝜃 = 

 

 

 

 

 

 

Example 4: Find the surface area of the portion )الجزء) of the hemisphere 

(0,0,1) 

𝑥2 + 𝑦2 = 1 

4 
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𝑧  )نصف الكرة) = √25 − 𝑥2 − 𝑦2  that lies above the region 𝑅 bounded by 

the circle with radius  3 . 

Solution:  

𝑧 = √25 − 𝑥2 − 𝑦2   ⇒   𝑥2 + 𝑦2 + 𝑧2 = 25    

  

𝑑𝑆 =
√(2𝑥)2 + (2𝑦)2 + (2𝑧)2

2𝑧
  𝑑𝐴 

𝑑𝑆 =
5

𝑧
  𝑑𝐴 ⇒   𝑑𝑆 =

5

√25 − 𝑥2 − 𝑦2
  𝑑𝐴 

𝑆 = ∬
5

√25 − 𝑥2 − 𝑦2
 𝑑𝐴

𝑅

 

𝑆 = ∫ ∫
5

√25−𝑟2

5

3

2𝜋

0
 𝑟𝑑𝑟 𝑑𝜃 ⇒    𝑆 = −

5

2
∫

(25−𝑟2)
1
2

1

2

]
3

5
2𝜋

0
 𝑑𝜃 = 

 

 

 

Example 5: Find the surface area of the portion )الجزء) of the sphere with 

radius  4 which lies above  𝑧 = 1 , below 𝑧 = 2   

Solution:  

 𝑥2 + 𝑦2 + 𝑧2 = 16    

  

𝑑𝑆 =
√(2𝑥)2 + (2𝑦)2 + (2𝑧)2

2𝑧
  𝑑𝐴 

𝑑𝑆 =
4

𝑧
  𝑑𝐴 ⇒   𝑑𝑆 =

4

√16−𝑥2−𝑦2
  𝑑𝐴 

𝑆 = ∬
4

√16 − 𝑥2 − 𝑦2
 𝑑𝐴

𝑅

 

𝑆 = ∫ ∫
4

√16−𝑟2

√15

√12

2𝜋

0
 𝑟𝑑𝑟 𝑑𝜃 ⇒  
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