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TEST YOUR KNOWLEDGE

Find the inverse Laplace transform of the following functions :

720 ... 40320 ... T'(3/2) .
1. —_—
@) (@) 9 (772) 372 (iv) S 7
2. (@) i) — (i1i) — (v) —
s?+25 s“—49 s“ —-64 s +16
60 + 652 + s* s—4 01s + 0.9 s
3. (@) (i1) @@il)) ——— @) w555
s’ s2-16 s +324 a®s? + b%c?
4(,)6+3+9 G 24, u
- Ws 4 s+5 s-7 " 9s+1 Bs+7 1+5s
4 9s 6 8s 2 6s 4s 1
5. (G - + + ji + - +
® 2+1 s2+5 4s2+1 $2+25 @) (s-1)(s+1) s2-95 s2-9 6s2-1
3 4 s 5 5 6 5 9
6. () - + - @@1) + - +
s2-1 s2+9 s$2+16 s2-16 3s2+27 5s2-9 36s2+1 b5+s2
Answers
1. ()b (i) 8 (iii) t (iv) e
2. (i) cos 5t (i1) cosh 7t (ii1) sinh 8¢ (iv) sin 4t
1 g 1 4 15 B
. —t+—t"+ =t -4t
3. @) 12 1 2 @ii) e
(iii)icos18t+lsin18t (w) Cos—t
10 ' 2 ’ a
1 7 1
-t -Zt -2t
4. (i) 6e* + 35t + Qe (i) e 2 —%e 5 4+ 151 5
. . .t .. . 1 . t
5. (1) 4s1nt—9cosx/gt+3s1n—+800s5t (i) 2 sinh ¢t + 6 cosh 5¢ — 4 cosh 3t + — sinh ——
2 N
. 4 5 2 3 5 t 9 .
6. (i) 3sinht— — sin 3t + cos 4¢ — — sinh 4¢ @) — sm 3t + —=sinh —¢ - —sin — + —sin \/gt.
1 3 1 4 1 \/g \/g 6 6 Jg

2.6. VALUE OF L-'(F(s - a)) IN TERMS OF L' (F(s))

By the first shifting theorem of Laplace transforms,
if L(A(t)) = F(s), then L(e® f(t)) = F(s — a).
. If L1 (F(s)) = f(t) then L (F(s - a)) = e? f(t).
Equlvalently, L1 (F(s - a)) = et L (F(s)).

Remark. In the formula, L ! (F(s — a)) = e L1 (F(s)), if we replace a by — a, the formula takes the
form,

L1 (F(s + a)) = e2 L1 (F(s)).

For example, ! _8-2 | _ 2171 5| = e cos 5.
(s — 2% + 5% s% + 52
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Theorem. Using the formula L1 (F(s - a)) = e2t L (F(s)) prove that :

1. L! 1 =e?t
s—a

2. L! %]:&“t%b&
s—a
!
3. L ( n;n+1]:eatt“,n—0,1,2, ......
s—a

-1 s—a
7. L (m =e? cos bt
Proof. 1. We have L! (lj =1.
s

Ll( 1 ):eat.
s—a

2. We have LI(W)ztb,b>—1.
s +1
- [(r ® ;,131 ] et (NZI 1)) _gat b
Ss—a S
L-l((r(b—;i)ljzeattb,b>—1,
Ss—a

3. We have L‘l( e )zt",nzO,LZ, ......

45
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b
s -b?

-1 b _ at 7-1 b _ ,at
L [m =e®* Ll 32_b2 =e* sinh bt

L1 ((+b2) — e sinh bt.
sSs—a —

4. We have L1 [ ]= sinh bt .

5. We have L1 [ jz cosh bt .

s? -b?

-1 S—a _ at 1-1 S _ _at
L (m}—e L (82 _b2J_e cosh bt

L! ((s);zabz] =e? cosh bt .
s—a)” —

6. We have L1 [ Jz sin bt .

s +b2

-1 b _ at 1-1 b _at :
L (m =e®* Ll s2+b2 =e® sin bt

-1 b at _:
L (m =e? sin bt.

7. We have L [ ]= cos bt.

s +b?

-1 s—a at 7-1 s at
L [m]:e L [824_52]:8 cos bt

-1 s—a at
L ((s_a)—2+b2J =e? cos bt.

ILLUSTRATIVE EXAMPLES

12
(s—4)°"

Example 1. Find the inverse Laplace transform of the function

Sol. |12 - |=6L" 2 -
(s—4) (s—4)
2 2!
:664t Lfl (—]=6€4t Ll( j
33 s2+1

(+ L1 (F(s — @) = e L1 (F(s)))
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Example 2. Find the inverse Laplace transform of the following functions :

. 3s+1
2 (s+1)* (i1) Z::Z +k2
Sol. (i) L1 38*L |_j1[36+D-2

(s+1* (s+1)°

et 1 (33‘2): “tpt (i—l)
¢ st ¢ s3 st
(v L1 (F(s — @) = e L1 (F(s)))
3 21 2 3!
= L_ __L =
{2 (S3j 6 [34 ﬂ

5 5
B Lt A, L1 =Y o, e Kt
e D R B oKt

Example 3. Find the inverse Laplace transform of the following functions :

@ —3 i )3—8
i (s+3)2+4 w +2S_8‘
3 S
L L| 53| = e :
Sol. (i) [(8+3)2+4J ¢ [32+22J o cos
( L—l (F(S — a)) = eat L_l (F(S)))
» 83 85 _3s+3-3  3(s+1) 3

s2+25-8 (s+12-9 (s+12-9 (s+1)2-9 (s+1)°—
L_1 3s _ L_l 3(8 + 1) 3
2 - 2 - 2
s“+2s-8 (s+1D)*-9 (s+1D)*-9
_gptf st | g3
(s+1%-9 (s+1%-9
-1.t7-1 S “1.t7-1 3
=3¢ ' L (sz_szj_e ‘L [82_32)

= 3e~* cosh 3t — e sinh 3¢
= et (8 cosh 3t - sinh 3t).
Example 4. Find the inverse Laplace transform of the function

1 s+4 s+2
2 T2 + 2 :
s“ +4s+13 s° +8s+97 s° —4s+29
1 3 s+4 N s+2
Sol. 2 45413 % +85+97 s2—4s+29
1 s+4 s+2

= - +
(s+22+9 (s+4)?+81 (s-2)2+25
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1 s+4 s—2 4
= 2 - 2 + 2 + 2
(s+2)+9 (s+4)°+81 (s—2)"+25 (s—-2“+25
1 . 1 - s+4 b s+2
s“+4s+13 s“+8s+97 s —-4s+29

~1! —12 _1t —“24 41! —3‘22 + 170 —42
(s+2)+9 (s+4)° +81 (s=2)"+25 (s=2)"+25
—e 211 21 _e M 28 Lot 28 L2 1t 24
s“+9 s“ +81 s“+25 s“+25

1 911 3 —4f 1-1 S 2t 7-1 S 4 911 5
=—e "L |——|-e" "L | ——=|+e“ L | —— |+=e“ L | ——
3 [32+32] s? +9? s?+5%) 5 s +5%

4

= % e 2 sin3t— e * cos 9t + e cos 5t + % e?t sin 5t.

2.7. VALUE OF L™ (e F(s)) IN TERMS OF L™ (F(s))

By the second shifting theorem of Laplace transforms,
if L(f(?)) = F(s) then for any @ > 0, L(fit —a) u,(?)) = e * F(s).
If L-1(F(s)) = f(t) then L(e™ F(s)) = f(t - a) u_(t) for any a 2 0.
Remark. It may be recalled that for a > 0, u (¢) is the unit step function defined as :
0 if t<a
tat) = {1 if t>a.
The function fit — @) u (¢) can also be written as
0 if t<a

f(t_a)u“(t)={f(t—a) if t>a.

Example 5. Find the inverse Laplace transform of the function 2; +231 .
s
2s+1 o, 2s+1 95+ 1
Sol. g 25 € 2 2 5— =2 F(s), where F(s) = s;r )
S e S s
2s+1 a(2 1 4(1 (1
L‘l(F(s))=L—1( 82 )=L1(—+—2)=2L1(—)+L1(—2)
S S S S S

=2(1) +t=t+2=f¢), say.

2s+1
L [%} = L(e*F(s)

=t =2) uy®) =t -2) +2) uy(®) = ¢ . uy(®) = {2 g;ig

2s+1 0 if¢t<2
R i W -
L (32 e ] = 8(t), where g(t) = {t ift>2
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—-ms/2 s

Example 6. Find the inverse Laplace transform of the function —;
s+

S

e—ns/ZS s
Sol. ———=e ™ = = ¢"™2s F(s), where F(s) = 5.
s +1 st +1 s +1

L-1(F(s) = L1 {821 1] = cos t = f(t), say.

—ns/2
—1 [e 8] =11 (e—(n/Z)s F(s))

s2+1
-f (t - gj Uyo(t) = cos (t - gj Ugso (1)

- oo 0 ift<me
=S1miez. = .
“nr2 sint if t>m2

3(1-¢e"™)

Example 7. Find the inverse Laplace transform of the function 7.9
s

_1(3(1—e-"3)]:L_1[ 3 _3e-"5):L_1[23 )_L_l(sze-“)
s“+9 s“+9

s2+9 s2+9

Sol.
(0] 82 +9
3(1-e™) 3e™
L—l O 7 — . 3t_L_1 1
[ 7o j sin [82+9J (D
—Ts 3
e —ns 3 =e™ F(s), where F(s) = 2 .
s“+9

=e ™.
s2+9 s2+9

L1 (F(s)) = L1 [ 2:1 9] = sin 3t = f(t), say.
s

3e™ .
J =LY e™ F(s) = it — ) u(t) = sin 3(t — 1) u,(t)

L1
[32 +9

= —sin (3n — 3¢) u, (t) = — sin 3t . u ().
MJ = sin 3¢ — (— sin 8¢ . u_(£))

1 Lt
W= [ s2+9
= (1 + u, (b)) sin 3t.

2.8. VALUE OF L' F(s/a)) IN TERMS OF L (F(s))

By the change of scale property,
if L(At)) = F(s) then for any @ > 0, L (f(at)) = = F(i) ie. Liaflat)) = F(E)
a \a a

If L (F(s)) = f(t) then L-! ( (:D = a f(at) for any a > 0.
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Example 8. Find the inverse Laplace transform of the following functions :

S
82
(j +9

7

a
s 2
() +a?
A

Sol. (i) Let F(s)=

@) (i2)

a

s?+a?

L1 (F(s)) = sin at = f(t), say

L :L‘l(F(%D = A fikt) = A sin Aat.
S 2
—| +a
(7»)

Alternative method

s
s2+9

L1 (F(s)) = cos 3t = fit), say

(i7) Let F(s)=

5 |eq ((3/7§++9J = 7(7 f71))

=49 cos (3(7¢t)) = 49 cos 21t.

WORKING RULES FOR SOLVING PROBLEMS
Rule I. IfLY(F(s)) = fit), then L Y(F(s —a)) = e%ft).
Rule II. If L! (F(s)) = fit), then
L (e % F(s) = flt — a) u,(t), a > 0.
Rule III. If Lt (F(s)) = fit), then

Lt (F(ED =a flat), a > 0.
a
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TEST YOUR KNOWLEDGE

51

Find the inverse Laplace transform of the following functions :

1 4
1. @) @) ——=
(s—4) (s +2)7
1 s+3
2. () 5974 @) 50—
s? +6s+13 s —4s+13
. s ..
3. @) @) ———
1)2 s2 +6s+18
(s+—) +1
2
. 5 ..
4. ) - —— (i1)
S —48—3 s“+s+—
2
s+2 s+ 10
5. () 90—/ i) — > -7
O 2 as17 W st 20
1 5 1 s+3
@) + (i) +
(s—4P° s%-4s+29 (s-3)* s2+6s+45
1 bs -2 s+1
7. @) +
25-5 3s2+s5+8 s2+25+2
Gi) + 1 + 3s—2 N 3s+ 17
i
s2-6s+10 s2+8s+16 s2-4s+20 s?2-2s-3
e—s e—3S
8. ) 3 (@) —3
S S
_bBs 2
9. ) (5s+12)e ) 2+§s+s
s s° e’
—7s/2
" _ ... bse™™
10. () 241 @) — 21
—9s —-2ms/3
se e
11. @) (@)
s + n? s?+1
4-3s e ™
12. () —< iy Ere
(s +4)%2 s“+s+1
Answers
w1 4 4 1 6 o
1. —t ¢
D 9gt e T

2. () %e_St sin 2¢

3. () e 2 (cos t— % sin t)

4 () -2 e sinh VTt
S

5. (i) e~ 2 cos+/3t

(i1) e (cos 3t + g sin 3t)

@I1) %eiSt sin 3¢
(ii) 18¢ /2 sin %

(ii) e~ * [cos 2t + 8 sin 2]
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6. () ie‘” t* + e? sin 5t (i1) %e3t 3 +e 3 cos 6t
t —
7. @) 165”2 +e 6 écos 95 t - 25 sin 95 tl+etcost
2 3 6 3v95 6
(i1) €3 sin t + te™* +3e2 cos 4t + e sin 4t + 3e! cosh 2t + 5et sinh 2¢
. 1
8. ()(—1) u,® (if) 5 (& - 3)% us(t)
9. ()t.ug® (i1) t2u,(t)
10. (i) cost.uys (2) (i) 5 cos t . u(t)
11. (@) cos mt . uy(t) (it) — cos (% - tj SUomys (£)
12. () —3_ o164 (4 _ 332 (4
ENE

1
Li-m
i) e 2™ | cos 33 L o 93 }un(w.

0057(t—n)+ﬁsm7(t—n)

2.9. VALUE OF L' (F(s)/s) IN TERMS OF L' (F(s))

By the property of Laplace transforms of integrals,

if L(f®)) = F(s), then L ( J: f(T) dT) = % F(s).

If L™ (F(s)) =f(t), then L [1 F(s)) = Ef(T) dT.
S

ILLUSTRATIVE EXAMPLES

Example 1. Find the inverse Laplace transform of the function

s(s® +a?)
1 1 1 1 1
Sol. == == F(s), where F(s) = .
° s(s® +a?) 8[32 +a2j s (s), where F(s) s? +a?

1 1.__ 1
L‘I(F(s))=L‘1[ 3 QJZ—Ll( 2a 2J=—sinat=ﬂt),say.
s°+a a s“+a a

By the property of Laplace transform of integrals,

t

1 t t 1
1 [— F<s>)= [[fmar=[ 2 snarar- l(_ cos “T)
S 0 0a a a 0
1-cosat

=—i2(cosat—cos0)=
a

1 1 _1-cosat
s(s? +a?) a? ’

(12






