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TEST YOUR KNOWLEDGE

Find the inverse Laplace transform of the following functions :

1. (i) 
720

7s
(ii)

40320
9s

(iii)
Γ ( / )

/
3 2
3 2s

(iv)
1

7s −

2. (i) 
s

s2 25+
(ii)

s

s2 49−
(iii)

8

642s −
(iv)

4

162s +

3. (i) 
60 6 2 4

7
+ +s s

s
(ii)

s

s

−
−

4

162 (iii)
01 0 9

3 242
. .

.

s

s

+
+

(iv)
s

a s b c2 2 2 2+

4. (i) 
6

4
3

5
9

7s s s−
+

+
+

− (ii)
2

2 1
4

5 7
11

1 5s s s+
−

+
+

+

5. (i) 
4

1

9

5

6

4 1

8

252 2 2 2s

s

s s

s

s+
−

+
+

+
+

+
(ii)

2
1 1

6

25

4

9

1

6 12 2 2( ) ( )s s
s

s

s

s s− +
+

−
−

−
+

−

6. (i) 
3

1

4

9 16

5

162 2 2 2s s

s

s s−
−

+
+

+
−

−
(ii)

5

3 27

6

5 9

5

36 1

9

52 2 2 2s s s s+
+

−
−

+
+

+
.

Answers

1. (i) t6 (ii) t8 (iii) t (iv) e7t

2. (i) cos 5t (ii) cosh 7t (iii) sinh 8t (iv) sin 4t

3. (i) 
1

12
1
4

1
2

6 4 2t t t+ + (ii) e– 4t

(iii) 
1

10
1
2

cos sin1.8 1.8t t+ (iv)
1
2a

bc
a

tcos

4. (i) 6e4t + 3e–5t + 9e7t (ii) e e e
t t t− − −

− +
1
2

7
5

1
54

5
11
5

5. (i) 4 9 5 3
2

8 5sin cos sin cost t
t

t− + + (ii) 2 6 5 4 3
1

6 6
sinh cosh cosh sinht t t

t+ − +

6. (i) 3
4
3

3 4
5
4

4sinh sin cos sinht t t t− + − (ii)
5
9

3
2

5

3

5

5
6 6

9

5
5sin sinh sin sin .t t

t
t+ − +

2.6. VALUE OF L–1(F(s – a)) IN TERMS OF L–1 (F(s))

By the first shifting theorem of Laplace transforms,
if L(f(t)) = F(s), then L(eat f(t)) = F(s – a).

∴ If L–1 (F(s)) = f(t) then L–1 (F(s – a)) = eat f(t).
Equivalently, L–1 (F(s – a)) = eat L–1 (F(s)).
Remark. In the formula, L–1 (F(s – a)) = eat L–1 (F(s)), if we replace a by – a, the formula takes the

form,
L–1 (F(s + a)) = e–at L–1 (F(s)).

For example, L− −
− +

F

HG
I

KJ
1

2 2
2

2 5

s

s( )
 = Le

s

s
t2 1

2 25
−

+

F

HG
I

KJ
 = e2t cos 5t.
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Theorem. Using the formula L–1 (F(s – a)) = eat L–1 (F(s)) prove that :

1. L
1

s a
e1 at−

−
F
HG

I
KJ

=

2. L
(b 1)

(s a)
e t , b 11

b 1
at b−

+
+

−
F

HG
I

KJ
= > −Γ

3. L
n !

(s a)
e t , n 0, 1, 2, . . . . . .1

n 1
at n−

+−
F

HG
I

KJ
= =

4. L
b

(s a) b
e sinh bt1

2 2
at−

− −
F

HG
I

KJ
=

5. L
s a

(s a) b
e cosh bt1

2 2
at− −

− −
F

HG
I

KJ
=

6. L
b

(s a) b
e sin bt1

2 2
at−

− +
F

HG
I

KJ
=

7. L
s a

(s a) b
e cos bt.1

2 2
at− −

− +
F

HG
I

KJ
=

Proof. 1. We have L− F
HG
I
KJ

=1 1
1

s
.

∴  L L− −

−
F
HG

I
KJ

= F
HG
I
KJ

=1 11 1
1

s a
e

s
eat at. .

∴ L
1

s a
e1 at−

−
F
HG

I
KJ

= .

2. We have L−
+
+F

HG
I
KJ

= > −1
1

1
1

Γ ( )
,

b

s
t b

b
b .

∴   L L−
+

−
+

+
−

F

HG
I

KJ
= +F

HG
I
KJ

=1
1

1
1

1 1Γ Γ( )

( )

( )b

s a
e

b

s
e t

b
at

b
at b

∴  L
(b 1)

(s a)
e t , b 11

b 1
at b−

+
+

−
F

HG
I

KJ
= > −Γ

.

3. We have L−
+

F
HG

I
KJ

= =1
1 0 1 2

n
s

t nn
n!

, , , , ......

∴  L L−
+

−
+−

F

HG
I

KJ
= F

HG
I
KJ

=1
1

1
1

n

s a
e

n

s
e t

n
at

n
at n!

( )

!

∴    L
n !

(s a)
e t , n 0, 1, 2, . . . . . .1

n 1
at n−

+−
F

HG
I

KJ
= =
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4. We have L−

−

F

HG
I

KJ
=1

2 2

b

s b
btsinh .

∴ L L− −

− −

F

HG
I

KJ
=

−

F

HG
I

KJ
=1

2 2
1

2 2

b

s a b
e

b

s b
e btat at

( )
sinh

∴  L
b

(s a) b
e sinh bt1

2 2
at−

− −
F

HG
I

KJ
= .

5. We have L−

−

F

HG
I

KJ
=1

2 2

s

s b
btcosh .

∴  L L− −−
− −

F

HG
I

KJ
=

−

F

HG
I

KJ
=1

2 2
1

2 2

s a

s a b
e

s

s b
e btat at

( )
cosh

∴  L
s a

(s a) b
e cosh bt1

2 2
at− −

− −
F

HG
I

KJ
= .

6. We have L−

+

F

HG
I

KJ
=1

2 2

b

s b
btsin .

∴   L L− −

− +

F

HG
I

KJ
=

+

F

HG
I

KJ
=1

2 2
1

2 2

b

s a b
e

b

s b
e btat at

( )
sin

∴ L
b

(s a) b
e sin bt1

2 2
at−

− +
F

HG
I

KJ
= .

7. We have L−

+

F

HG
I

KJ
=1

2 2

s

s b
btcos .

∴  L L− −−
− +

F

HG
I

KJ
=

+

F

HG
I

KJ
=1

2 2
1

2 2

s a

s a b
e

s

s b
e btat at

( )
cos

∴  L
s a

(s a) b
e cos bt.1

2 2
at− −

− +
F

HG
I

KJ
=

ILLUSTRATIVE EXAMPLES

Example 1. Find the inverse Laplace transform of the function 
12

(s 4)
.

3−

Sol. L L− −

−

F

HG
I

KJ
=

−

F

HG
I

KJ
1

3
1

3

12

4
6

2

4( ) ( )s s

= L L6
2

6
24 1

3
4 1

2 1
e

s
e

s
t t− −

+
F
HG
I
KJ

= F
HG

I
KJ

!

(∵  L–1 (F(s – a)) = eat L–1 (F(s)))
= 6e4t t2.
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Example 2. Find the inverse Laplace transform of the following functions :

(i)
3s 1

(s 1)4

+
+

(ii)
k 1

5
k

2s k=
∑ +

λ
.

Sol. (i) L L− −+
+

F

HG
I

KJ
= + −

+

F

HG
I

KJ
1

4
1

4

3 1

1

3 1 2

1

s

s

s

s( )

( )

( )

  = L Le
s
s

e
s s

t t− − − −−F
HG

I
KJ

= −F
HG

I
KJ

1
4

1
3 4

3 2 3 2

(∵  L–1 (F(s – a)) = eat L–1 (F(s)))

  = L Le
s s

t− − −F
HG
I
KJ

− F
HG
I
KJ

L

N
M

O

Q
P

3
2

2 2
6

31
3

1
4

! !
 = e

3
2

t
1
3

t .t 2 3− −L
NM

O
QP

(ii) L L1 1−

= =

−
∑ ∑+

F

H
GG

I

K
JJ =

+
F

HG
I

KJk

k

k
ks k s k1

5

2
1

5

2
1λ

λ  =
=

−
∑
k 1

5

k
k te .

2
λ

Example 3. Find the inverse Laplace transform of the following functions :

(i)
s 3

(s 3) 42

+
+ +

(ii)
3s

s 2s 82 + −
.

Sol. (i) L
( )

L–1s
s

e
s

s
t+

+ +
F

HG
I

KJ
=

+
F

HG
I

KJ
−3

3 4 22
3

2 2  = e–3t cos 2t.

(∵  L–1 (F(s – a)) = eat L–1 (F(s)))

(ii)
3

2 8

3

1 9

3 3 3

1 92 2 2

s

s s

s

s

s

s+ −
=

+ −
= + −

+ −( ) ( )
 = +

+ −
−

+ −
3 1

1 9

3

1 92 2

( )

( ) ( )

s

s s

∴ L L− −

+ −

F

HG
I

KJ
= +

+ −
−

+ −

F

HG
I

KJ
1

2
1

2 2

3

2 8

3 1

1 9

3

1 9

s

s s

s

s s

( )

( ) ( )

= +
+ −

F

HG
I

KJ
−

+ −

F

HG
I

KJ
− −3

1

1 9

3

1 9
1

2
1

2
L L

s

s s( ) ( )

=
−

F

HG
I

KJ
−

−
F

HG
I

KJ
− − − −3

3
3

3
1 1

2 2
1 1

2 2e
s

s
e

s
t t. .L L

= 3e–t cosh 3t – e–t sinh 3t
= e–t (3 cosh 3t – sinh 3t).

Example 4. Find the inverse Laplace transform of the function

1

s 4s 13

s 4

s 8s 97

s 2

s 4s 292 2 2+ +
− +

+ +
+ +

− +
.

Sol.
1

4 13

4

8 97

2

4 292 2 2s s

s

s s

s

s s+ +
− +

+ +
+ +

− +

 =
+ +

− +
+ +

+ +
− +

1

2 9

4

4 81

2

2 252 2 2( ) ( ) ( )s

s

s

s

s
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=
+ +

− +
+ +

+ −
− +

+
− +

1
2 9

4
4 81

2
2 25

4
2 252 2 2 2( ) ( ) ( ) ( )s

s
s

s
s s

∴ L−

+ +
− +

+ +
+ +

− +

F

HG
I

KJ
1

2 2 2

1

4 13

4

8 97

2

4 29s s

s

s s

s

s s

=
+ +

F

HG
I

KJ
− +

+ +

F

HG
I

KJ
+ −

− +

F

HG
I

KJ
+

− +

F

HG
I

KJ
− − − −L L L L1 1 1 11

2 9

4

4 81

2

2 25

4

2 252 2 2 2( ) ( ) ( ) ( )s

s

s

s

s s

=
+

F

HG
I

KJ
−

+

F

HG
I

KJ
+

+

F

HG
I

KJ
+

+

F

HG
I

KJ
− − − − − −e

s
e

s

s
e

s

s
e

s
t t t t2

2
4

2
2

2
2

2

1

9 81 25

4

25
L L L L1 1 1 1

=
+

F

HG
I

KJ
−

+

F

HG
I

KJ
+

+

F

HG
I

KJ
+

+

F

HG
I

KJ
− − − − − −1

3
3

3 9 5

4
5

5

5
2

2 2
4

2 2
2

2 2
2

2 2
e

s
e

s

s
e

s

s
e

s
t t t tL L L L1 1 1 1

= − + +− −1
3

e sin 3t e cos 9t e cos 5t
4
5

e sin 5t.2t 4t 2t 2t

2.7. VALUE OF L–1 (e–as F(s)) IN TERMS OF L–1 (F(s))

By the second shifting theorem of Laplace transforms,
if L(f(t)) = F(s) then for any a ≥ 0,  L(f(t – a) ua(t)) = e– as F(s).

∴ If L–1(F(s)) = f(t) then L–1(e–as F(s)) = f(t – a) ua(t) for any a ≥≥≥≥≥ 0.
Remark. It may be recalled that for a ≥ 0, ua(t) is the unit step function defined as :

 u t
t a
t aa( )

.
=

<
>

R
S
T

0
1

if
if

∴ The function f(t – a) ua(t) can also be written as

f t a u t
t a

f t a t aa( ) ( )
( ) .

− =
<

− >
R
S
T

0 if
if

Example 5. Find the inverse Laplace transform of the function 2s 1

s e
.

2 2s

+

Sol.  
2 1 2 1

2 2
2

2
s

s e
e

s
ss

s+ = +− .  = e–2s F(s), where F(s) = 
2 1

2
s
s
+

.

     L–1 (F(s)) = L–1 
2 1 2 1

2
1 1

2
1

2
1 1

2
s
s s s s s
+F

HG
I
KJ

= +F
HG

I
KJ

= F
HG
I
KJ

+ F
HG
I
KJ

− − −L L L

 = 2(1) + t = t + 2 = f(t), say.

∴ L–1 
2 1

2 2
s

s e s
+F

HG
I

KJ
 = L–1(e–2sF(s))

 = f(t – 2) u2(t) = ((t – 2) + 2) u2(t) = t . u2(t) = 
0 2

2
if
if

t
t t

<
>

R
S
T

.

∴  L–1 
2 1

2 2
s

s e s
+F

HG
I

KJ
 = g(t), where g(t) = 0 2

2
if
if

t
t t

<
>

R
S
T

.
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Example 6. Find the inverse Laplace transform of the function 
e s
s 1

.
s/2

2

−

+

π

Sol.     
e s
s

e
s

s

s
s

−
−

+
=

+

π
π

/
( / ) .

2

2
2

21 1
 = e–(π/2)s F(s), where F(s) = 

s
s2 1+

.

 L–1(F(s) = L–1 
s

s2 1+
F

HG
I

KJ
 = cos t = f(t), say.

∴ L–1 
e s
s

s−

+

F

HG
I

KJ
π /2

2 1
 = L–1 (e–(π/2)s F(s))

= f t u t t u t−F
HG

I
KJ

= −F
HG

I
KJ

π π
π π2 22 2/ /( ) cos ( )

= sin t . u tπ
π
π/ ( )2 =

<
>

R
S
T

0 if t /2
sin t if t /2

.

Example 7. Find the inverse Laplace transform of the function 
3 (1 e )

s 9

s

2
−

+

− π

 .

Sol.  L–1 
3 1

9
3

9
3

9
3

9
3

92
1

2 2
1

2 2
( )−

+

F

HG
I

KJ
=

+
−

+

F

HG
I

KJ
=

+
F

HG
I

KJ
−

+

F

HG
I

KJ
−

−
−

− −
−e

s s
e

s s
e

s

s s sπ π π
L L L 1

∴ L–1 
3 1

92
( )−

+

F

HG
I

KJ
−e

s

sπ

 = sin 3t – L–1 
3

92
e

s

s−

+

F

HG
I

KJ
π

...(1)

 
3

9
3

92 2
e

s
e

s

s
s

−
−

+
=

+

π
π .  = e–πs F(s), where F(s) = 

3
92s +

.

L–1 (F(s)) = L–1 
3

92s +
F

HG
I

KJ
 = sin 3t = f(t), say.

∴ L–1 
3

92
e

s

s−

+

F

HG
I

KJ
π

 = L–1(e–πs F(s)) = f(t – π) uπ(t) = sin 3(t – π) uπ(t)

 = – sin (3π – 3t) uπ(t) = – sin 3t . uπ(t).

∴ (1) ⇒ L–1 
3 1

92
( )−

+

F

HG
I

KJ
−e

s

sπ
 = sin 3t – (– sin 3t . uπ(t))

 = (1 + uπ(t)) sin 3t.

2.8. VALUE OF L–1 F(s/a)) IN TERMS OF L–1 (F(s))

By the change of scale property,

if L(f(t)) = F(s) then for any a > 0, L F( ( ))f at
a

s
a

= F
HG
I
KJ

1
i.e. L(af(at)) = F

s
a
F
HG
I
KJ

.

∴  If L–1 (F(s)) = f(t) then  L–1 F
s
a
F
HG
I
KJ

F
HG

I
KJ

 = a f(at) for any a > 0.
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Example 8. Find the inverse Laplace transform of the following functions :

(i)
a

s
a

2
2

λ
F
HG
I
KJ

+
(ii)

s

s
7

9
2

F
HG
I
KJ

+

Sol. (i) Let  F( )s
a

s a
=

+2 2 .

∴   L–1 (F(s)) = sin at = f(t), say

∴  L L F− −

F
HG
I
KJ

+

F

H

G
G
G
G

I

K

J
J
J
J

= F
HG
I
KJ

F
HG

I
KJ

1
2

2

1a

s
a

s

λ
λ

 = λ f(λt) = λλλλλ sin λλλλλat.

Alternative method

L L L− − −

F
HG
I
KJ

+

F

H

G
G
G
G

I

K

J
J
J
J

=
+

F

HG
I

KJ
=

+
F

HG
I

KJ
1

2
2

1
2

2 2 2
1

2 2
a

s
a

a
s a

a
s a

λ

λ
λ

λ λ
λ( )

 = λλλλλ sin λλλλλat.

(ii) Let  F( ) =s
s

s2 9+
.

∴  L–1 (F(s)) = cos 3t = f(t), say

∴  L L− −

F
HG
I
KJ

+

F

H

G
G
G
G

I

K

J
J
J
J

=
+

F

HG
I

KJ
1

2
1

2

7
9

7
7

7 9
s

s

s
s

/
( / )

 = 7(7 f(7t))

= 49 cos (3(7t)) = 49 cos 21t.

WORKING RULES FOR SOLVING PROBLEMS

Rule I. If L–1(F(s)) = f(t), then L–1(F(s – a)) =   eatf(t).

Rule II. If L–1 (F(s)) = f(t), then

L–1 (e–as F(s)) = f(t – a) ua(t), a ≥ 0.

Rule III. If L–1 (F(s)) = f(t), then

L–1 F
s
a
F
HG
I
KJ

F
HG

I
KJ

 = a f(at), a > 0.
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TEST YOUR KNOWLEDGE

Find the inverse Laplace transform of the following functions :

1. (i) 
1

4 5( )s −
(ii)

4

2 7( )s +

2. (i) 
1

6 132s s+ +
(ii)

s

s s

+
− +

3

4 132

3. (i) 
s

s +F
HG

I
KJ

+1
2

1
2

(ii)
4

6 182s s+ +

4. (i) 
5

4 32s s− −
(ii)

9
1
2

2s s+ +

5. (i) 
s

s s

+
+ +

2

4 72 (ii) s

s s

+
+ +

10

8 202

6. (i) 
1

4

5

4 295 2( )s s s−
+

− +
(ii)

1

3

3

6 454 2( )s

s

s s−
+ +

+ +

7. (i) 
1

2 5
5 2

3 8

1

2 22 2s
s

s s

s

s s−
+ −

+ +
+ +

+ +

(ii)
1

6 10

1

8 16

3 2

4 20

3 7

2 32 2 2 2s s s s

s

s s

s

s s− +
+

+ +
+ −

− +
+ +

− −

8. (i) e

s

s−

2
(ii)

e

s

s− 3

3

9. (i) ( )5 1 5

2
s e

s

s+ −
(ii) 2 2 2

3
+ +s s

s es

10. (i) −
+

−e

s

sπ /2

2 1
(ii) −

+

−5

12
se

s

sπ

11. (i) 
se

s

s−

+

2

2 2π
(ii)

e

s

s−

+

2 3

2 1

π /

12. (i) e

s

s4 3

5 24

−

+( ) /
(ii)

( )
.

s e

s s

s+
+ +

−1

12

π

Answers

1. (i) 
1
24

4 4t e t (ii)
1

180
6 2t e t−

2. (i) 
1
2

23e tt− sin (ii) e t tt2 3
5
3

3cos sin+F
HG

I
KJ

3. (i) e t tt− −F
HG

I
KJ

/ cos sin2 1
2

(ii)
4
3

33e tt− sin

4. (i) 
5

7
72e tt sinh (ii) 18

2
2e

tt− / sin

5. (i) e tt− 2 3cos (ii) e t tt− +4 2 3 2[cos sin ]
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6. (i) 
1
24

54 4 2e t e tt t+ sin (ii)
1
6

63 3 3e t e tt t+ − cos

7. (i) 
1
2

5
3

95
6

25

3 95

95
6

5 2 6e e t t e tt
t

t/ cos sin cos+ −
L

N
M
M

O

Q
P
P

+
− −

(ii) e3t sin t + te–4t +3e2t cos 4t + e2t sin 4t + 3et cosh 2t + 5et sinh 2t

8. (i) (t – 1) u1(t) (ii)
1
2

3 2
3( ) ( )t u t−

9. (i) t . u5(t) (ii) t2u1(t)

10. (i) cos . ( )/t u tπ 2 (ii) 5 cos t . uπ(t)

11. (i) cos πt . u2(t) (ii) − −F
HG

I
KJ

cos . ( )/
π

π6 2 3t u t

12. (i) 4

3
316 4 3 2

3
π

e t u tt− −( ) ( )/

(ii) e t t u t
t− −

− + −
L

N
M
M

O

Q
P
P

1
2 3

2
1

3

3
2

( )
cos ( ) sin ( ) ( ).

π
ππ π

2.9. VALUE OF L–1 (F(s)/s) IN TERMS OF L–1 (F(s))

By the property of Laplace transforms of integrals,

if L F then L T T F
0

t
( ( )) ( ), ( ) ( ).f t s f d

s
s= F

HG
I
KJ

=z
1

∴ If  L (F(s)) f(t), then L
1
s

F(s) f(T) dT–1 1

0

t
= F

HG
I
KJ

=− z .

ILLUSTRATIVE EXAMPLES

Example 1. Find the inverse Laplace transform of the function 
1

s (s a )
.

2 2+

Sol.
1 1 1 1

2 2 2 2s s a s s a s( )+
=

+
F

HG
I

KJ
=  F(s), where F(s) = 

1
2 2s a+

.

  L–1 (F(s)) = L–1 
1 1 1

2 2
1

2 2s a a
a

s a a+
F

HG
I

KJ
=

+
F

HG
I

KJ
=−L  sin at = f(t), say.

∴ By the property of Laplace transform of integrals,

 L–1 
1 1

0 0s
s f d

a

t t
F T T( ) ( )F

HG
I
KJ

= =z z  sin aT dT = 
1

0a
a

a

t

−F
HG

I
KJ

cos T

= – 1
0

1
2 2a

at
at

a
(cos cos )

cos− = −

∴ L–1 
1

2 2s s a( )+
F

HG
I

KJ
= −1 cos at

a2 .




