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Lagrange method
gl sy 4y ks

Theorem: Let f and g be functions of with continuous first partial
derivatives on some open set containing the constraint (x8) curve
g(x,y) = 0 and assume that Vg # 0 at any point on this curve. If f
has a constraint relative extrema, then this extrema occur (<a~) at a
point(x,,y,) on the constraint curve at which the gradient vectors

Vf(xs,¥,) and

Vi (%0, ¥0) = A Vg(x4,¥,)

Example 1: Find the extrema point of the function f=2z2 —x?2 —y?2 —1
subject to the constraint 2x + 2y — 3z + 1 = 0, use Lagrange method.

Solution: Let f=z2—-x?—y?—1and g=2x+2y—3z+1=0

Vf=xVg(x,y,z)

Vi(,y,2) = (0 y,2)i+ f,(x,y,2)] + f,(x, ¥, 2)k
= —2xi — 2yj + 2zk

vg(x'y’z) = gx(x’yiz)i +gy(x'y'z)j +gZ(x'y'Z)
= 2i +2yj — 3k

—2xi — 2yj + 2zk = A (2i + 2j — 3k)

—2x =27 ......... (1)
-2y =2\ ......... (2)
2z = =3\ ......... 3)
FromEq.(1) weget x =—A ......... (4)
FromEq.(2) weget y=—A ......... (5)
From Eq.(3) weget z = —%7\ ........ (6)

Substitute (4),(5),(6) inconstraint 2x+2y—3z4+1=0
3
2(=2) + 2(=1) — 3 (—Ex) +1=0

2 2
fOA=—2 ().
Substitute above this value in Eq. (4),(5),(6) we obtain the following :
x=2 |, y=2 , z=3
The extrema point is p (2,2,3).

9 9 1
—2A=-2A+zA=-1 = —A4A+-A=-1> E?x=—1
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Example 2: Find the extrema points of the function f = xy, subject to
the constraint x? + y2 — 10 = 0, use Lagrange method.

Solution: Let f=xy and g=x*+y?—-10=0

Vi(x,y) =4 Vg(x,y)
yi+xj = X (2xi + 2yj)

y=2x\A = A= % ......... (1)
X=2yA > A= % ......... (2)
From Eq. (1) and Eq. (2) we get % = zi = 2x% =2y?
= x2=y% ... (3)

Substitute (3) in constraint x2+y?2—10=0
xX2+x2-10=0 = 2x*=10 =x=+V5
Therefore y = +/5 and the extrema points are

pl(— \/g, — \/g), | 9] (\/g, \/g)

Example 3: Find the nearest point in the plane 2x + 3y — z = 6 of the
origin, using Lagrange method

Solution: y
|OP|| = x* + y?+z? p
f =x%+y?+z2
g=2x+3y—-z—6=0
Vflx,y,z) =A Vg(x,y,z)

2xi + 2yj + 2zk = A (2i + 3j — k) 0
2x =2A > X= A ......... (1) X
2y=31 = y=:A ... @)

27= - > z=—>A..... (3)

Substitute (1),(2),(3) inconstraint g =2x+3y—z—6=0
22 +3(31) - (-32)-6=0 = 20+2a+:4=6

aOA=o 4)
7
Substitute the value of A in (1),(2),(3) we obtain
_ 6 9 =3
=7 YT 2T

The nearest point is p (g; _73)
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Example 4: Find the extrema point for the function
f =2x%+xy +y?— 2y, subject to the constraint 2x —y = 1, use
Lagrange method.

Solution: Let f=2x?+xy+y?—2y
g=2x—y—1=0

Vila,y) =4 Vg(x,y)
Ux+y)i+(x+2y—2)j=2r (2i—j)

4x +y =2\ .ol (1)
X+2y—2=—-\ ......... (2)
8x + 2y = 4A
—Xx—2y+2=A
7x +2 =5
5A—2
X =—
Substitute the value of x in Eq.(1) then
4 (51_—2) + y = 7 = y = 2 — 2077\—8 = y = 147\—30}\+8
_ —6A+38
- ._ 7 -
Substitute the value of x and y in constraint 2x —y =1
5 5A—2 —6A+ 8\ E)107&—4+67x—8_1
( 7 ) ( 7 ) - 7 B
= 19
16

Substitute the value of A in x and y we have x = 116 Yy = %
and the extrema point is p (1—96%)
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Example 5: At what points on the circle x> + y? = 1 does f = xy have
an absolute maximum and what is the maximum ?

Solution: Let f=xy
g=x*+y*=1

Vi(x,y) =4 Vg(x,y)
yi+xj =X (2xi + 2yj)

y=2xA = A:% ......... (1)
X
X =2yA = }\_5 ......... (2)
From Eq. (1) and Eq. (2) we get %:%5 2x% = 2y>2
= x=y% ... (3)
Substitute (3) in constraint g =x2+y%=1
1
x?+x2=1 = 2x*=1 =X =4—
1 \/E 1
1 2 — — —_
Ifx—\/_,Theny—x E>y—(\/_)5>y =-2y=t—
and
Ifx———theny =x? = y?2=(- )23y2= y=+

The extrema points are (\/_ \/1_) (\/15 —%) ( \/1_ \/1_)
f(x,y) = xy

at the point (\/_ \/_) =5

atthepoint(
atthepoint( — ,1) = f(_i’i):_l
atthepoint( — ——)s f(—%,_%)=%

the function f(x,y) = xy have two maximum points at

(\/ig\/%) ( \/1— \/_) the maximum value is = .
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Example 6: Find the extrema point for the function
f =49 —x? —y?  ontheline x + 3y = 10, use Lagrange method.

Solution: Let f =49 —x? —y?
g=x+3y—10 =0

Vix,y) =4 Vg(x,y)
—2xi —2yj = A (i +3))

—2x=A 2 A=-2x......... (1)
—2y=31 > A=-Zy ... )
From (1) and (2) we get —2x=—§ysx=§y ....... 3)

Substitute the value of x in constraint x + 3y = 10
Sy+3y=10 = Zy=10=> y=3and x=1
and the extrema point is p(1,3).

Example 7: Use Lagrange method to find the maximum value of f = xy,
subject to the constraint x + y — 16 = 0.

Solution: Let f =xy
g=x+y—-16 =0

Vi(x,y) =4 Vg(x,y)
yi+xj =X ({+])

y=2A...... (1)
X=X\ ...... (2)
From (1) and (2) weget x =1y ....... (3)

Substitute the value of x in constraint x+y—16 =0
x+x=16 = x=8>= y=8
and the extrema point is p(8,8).
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Example 8: Determine the dimensions(2\=:!) of a rectangular box, the sum
of edges (4=3ual) is 120cm and requiring the maximum volume of this
box.

Solution: Frist method
Let v=xyz....(*) (volume of rectangular box)

and

x+y+z=120 (given) =2 z=120—x-—y

Substitute the value of z in Eq. (*) z
v=xy(120—x—vy) Y

v = 120xy — x%y — xy?

v, =120y — 2xy —y%2 =0 ....... (1)
vy =120x = x> =2xy =0 ....... (2)
From Eq(1): y(120—-2x—y) =0

Neither y =0 or y =120 —2x ....... 3)

fromEq (2), we obtain: x(120—x—2y) =0
Neither x =0 or x =120 —2y.....(4)

Substitute the value of x in Eq. (3)

Theny =120 —-2(120 - 2y) = y=120—-240+ 4y = -3y = —120
> y=40, > x=40

Fromz =120—-x—y then z=40, ~v=xyz=40.40.40 = 64000

Second method (Lagrange method)
Let v=xyz and g=x+y+z—120

Vi(x,y) =2 Vg(x,y)
yzi+xzj + xyk =X (i +j + k)

yzZ=2A...... (1)

XZ=A ...... (2)

Xy =X ...... 3)
From(1)and (2)weget yz=xz = y=x ....... 4)
From(l)and ) weget yz=xy =2 z=x ....... (5)

Substitute the Eg.(4) and (5) in constraint x+y+z—120 =0
Xx+x+x =120 = 3x =120 = x = 40 thereforeand y = 40
z = 40.
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Example 9: Determine the dimensions of a rectangular box open at the
top (s4=¢ ¢sv), having a volume of (32) and requiring the least amount
(AeS J81) of material (25« ) for its construction (4 ss3),
Solution: Frist method

The volume of rectangular box equal to 32
32

1 — — —_ = *
e v=32 = xyz=32 SZ—xy ...... *)

And  f=xy+ 2xz+ 2yz
Substitute the value of z in above equation

32 32 64 64
f—xy+2x(;)+2y(;) = f=xy+ 7+? ”
64
f, = —==0..... (1)
64
f, = —on ....... (2)
From Eq (2) x=;—§ ........ (3)
Substitute the value of x in Eq.(1) we obtain
64 _ .. __ 64 1 64\ _ L s s
YT e YT 6425)1_6__43)](?)_ =V =
y? y? y'

~ y = 4, substitute the value of y in Eq.(3) we obtain x = 4
Now, substitute the value of x and y in Eq.(*) we obtain z = 2
So, the dimensions of rectangular boxare x =4,y =4, z = 2.

Second method (Lagrange method)
Let f=xy+2xz+2yz and g=xyz— 32

Vi(x,y,2) = A Vg(x,y,z)
(y+22)i + (x + 22)j + 2x + 2y)k = A (yzi + xzj + xyk)

y 42z = yz\ sx=y;zzz ...... (1)
x+2z=xz20 A= (2)
2x + 2y =xyA 2= Zxlezy ...... (3)

From (1) and (2) we get y;zzz = x:ZZZ = (y+22)xz = (x +22)yz

Xy +2xz=xy+2yz = XZ=YZ D X=Y...... (4)
From (1) and (3) we get y;—ZZZ = Zx;yzy = (y+22)xy = (2x + 2y)yz

Xy +2xz=2xz+2yz = xy=2yz = x=12223 Z=§....(5)
Substitute the Eq. (4)and (5)in constraint xyz—32 =10
xx>=322x=64 x=4 ,y=4,2=2
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