7t Lecture

Chapter Two
Lpadl) cilin ol gl g 20 ) g1
Bases and Relative Topologies

Definition (2.1): Let (X, ) be a topological space and 8 be a family of subsets of
X. We say that S is a base for 7 iff every element of 7 is equal to the union of a
number of elements of 5.

In other word: Bisabasefortiffv Get,3 B, €B,G = LiJﬁl- :

Example (2.1):

Let X ={a,b,c}and T = {@,{a}, {a, b}, X}.

Let B; = {{a},{b}} and B, = {{a},{a, b}, {c}} be two families of subsets of X
which of them (84, 8,) form a base for ?

Solution:

It =p

SinceX= U B;
Bi€B: hi

= [3; is not a base for t
1fB =p,
SinceG= U p;,VGET

Bi€B2
= [, isabase fort

Example (2.2):
Let X = {a,b,c,d, e} and t is the discrete topology on X. Then
B = {{a},{b},{c},{d},{e}} is a base for 7.
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Theorem (2.1): Let 8 be a family subset of X. Then g is a base for a topology on
X iff the following conditions satisfied

() X=U{B:B €p}

(i) VBB, €B,VxEPNB,IBEP x€BC PN,

Subbases duiad) ac) gl

Definition (2.2): Let (X, t) be a topological space. We say the family ¥ of subsets
of X is a subbase iff the finite intersection of elements of ¥ form a base for 7.

That is: ¥ is asubbase for ¢ iff N ¥, is a base for z.
finite

Example (2.3):
Let X ={a,b,c,d}and ¥ = {{a, b}, {b, c}, {d}}.

Determine wither ¥ is a subbase or no.

Solution:

= firOitellUi - firOite{{a, b}, ? {b, C}’ {d}}
= {{(1, b}r {b}, {b, C}, {d}, ®}

Now

B =UQR = {{a, b},{b},{b,c},{d},D,{a,b,c},{a,b,d},{b,d},{b,c,d},{a,b,c, d}}
= {0,{b},{d},{a,b},{b,c},{b,d},{a,b,c},{a,b,d},{b,c,d}, X}
Since f =t isatopology on X
=) isabasefort

= Y is asubbase for t
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Remark (2.1):
The family ¥ is a subbase < U[ N {k; : k; € ¥}] for a topology.

finite
The Relative Topologies dpeadl) L gl gl

Definition (2.3): Let (X, ) be a topological space and X* c X. The topology on

X™ is called the relative topology (denoted by 7*) and defined as follow:
T={G":G"=X"NG,G €1}

Example (2.4):

LetX ={a,b,c,d, e} and

T ={0,{a},{a, b}, {c,d},{b,c,d},{a,c,d} {a,b,c,d},{b,c,d, e} X}}.

Let X* = {a, d, e}, the topology on X* ist* = {@,{a},{d},{a,d},{d, e}, X"}

(X*, %) is the relative topology.

25



