Advanced Calculus (2)

Divergence and Circulation
gl g aslal)

Definition: If  F(x,y,z) = f(x,y,2)i + g(x,y,2z)j + h(x,y,z)k then
we define the divergence of F written div F by:
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Example 1: Find the div F and curl F of the vector field
F(x,y,z) =x*yi+2vy3zj+3zk

Solution:

divF = 2xy + 6y?z+ 3

curl F=(0—-2y3)i+ (0 —-0)j+ (0 —x>k
wocurlF=-2y3i — x* k

Example 2: Find the div Fof F(x,y) = (x2 —y) i+ (xy —y?)j
of dg
divF = a+5

divF =2x+x—2y=3x—2y
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Definition: The Laplacian V?
The operator that results by taking the dot product with itself denoted by

V2 and is called Laplacian operator, then operator has the form
2oy (L irl i L) (L ip iy
Vi=Vv. _(6x l+0y]+az k)'(ax l+6y]+az k)
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Note: 1. If @(x,y,z), the Laplacian operator product the function
R0 N 020 N %@
dx? = 0y? 0z?
Rl 920 = 0%¢

: 2 _ :
Ifequation V@ =0 1e, —— + 972 + 5,z = O thatis known by

Vg =

Laplace equation.
2. V29 = div (V).

Example 3: If F(x,y,z) =sinxi+cos(x—y)j+zk

Find (1) the operator V2F (2) V. (VXF)
Solution:
ok 0% 0%
Vi=V.V =
dx? + dy? * 0z?
OF . 0°F ,
o = COSX — sin(x —y), oz = —Sinx- cos(x —y)
OF . 9°F
3 sin(x —y) , 37 cos(x—y)
oF 9%F
7z L 27 =0
V2F = —sin x-cos(x — y)-cos(x —y) = —sin x-2cos(x —y)
i j k
d d d
(2) VXF = P % = =

sinx cos(x—y) z
=(0—-0)i—(0—-0)j+ (—sin(x —y) —0)k
~ VXF=—-sinx—y)k
g o0 0 .
V.(V><F)=(al+@]+£k>.—sm(x—y)k=0
» V. (VXF)=0
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Example4: If F(x,y,z) =2xi+ j+4yk and
Gx,y,z) =xi+ yj—zk, find V. (FXQ)

Solution:
i j k
FxG=|2x 1 4y|=
X'y —z

= (—z—4y?)i— (—2xz — 4xy)j + 2xy — x)k
V.(FXG) = (i i+ij+i k)(—z—4y2)i—(—2xz—4xy)j+(2xy—x)k

0x dy 0z

w V.(FXG)=0+4x+0 = 4x



