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or

Example 2. Find the inverse Laplace transform of the function ————.
s’ +s

1
s2+1

Sol.

o3

1 1 1 1
sP+s% S22+ s

1
2 1] =s_3 F(s), where F(s) =

Li(F(s)) = L ( 21+ 1] = sin ¢ = f{t), say
s

By the property of Laplace transform of integrals,
t
=—cost+cos0=1-cost.

t t
11 (EF(s)j:J. F(T) dT:J. sin TdT =-cos T
s 0 0 0

Again by using the same formula,

t
=t—sint.

L (l,lF(s))=J.t (1-cosT)dT=(T-sinT)
s s 0 0

L1 (iz F(s)) =t —gin ¢.
s
Again by using the same formula,

2

2
L1 (l-iF(s)):jt (T-sinT)dT = T—+cosT
S 32 0 2

t
=— +cost-1
2

1 2
L1 (—3 F(s))z% +cost—1
s

B 1) t?
L JCgE —?+cost—1.

Remark. The above problem can also be solved by the “method of partial fractions”.

2.10. VALUE OF L (F'(s)) IN TERMS OF L-'(F(s))

By the property of differentiation of Laplace transforms

if

L(A()) = F(s), then L(z f(t)) = — F'(s).
If L1 (F(s)) = fit), then F'(s) = L (— ¢ f(t)).
If L1 F()) =f(t), then L (F'(s)) = -t f(t).

Example 3. Find the inverse Laplace transform of the function

(s? +4)?
Sol s 1 2s 1 (s?+4)7! _ 1 _F(s), say
o J (32+4)2d3=§—[(sz+4)2d8_2' -1 2(s* +4) ’ '
s
F(s) = ———
(s) &%+ 47

Ry =L -—1 |-l 2 | Lgnoe :
Also (F(s)) ( 2(32+4)j 4s1112t f@), say
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By the property of differentiation of Laplace transforms, we have
L1 (F(s) = -t Ad).

1 1
Lt 5 =—t|—-—sin2t|=—¢si
((82+4)2J ( 4s1n ) 4ts1r12t

L_1 % zltsinZt.
(s +4) 4

25+6
Example 4. Find the inverse Laplace transform of the function (S2+Z'TIO)2
_ 25s+6 _ 2(3 + 3) 8 v-1 2s
Sol. L' =2~ |- =22 =¥ (1
° {(s2 165+ 10)2} {((s 132+ 1)2} 2+ 12 W
Now, we require the value of Lt % .
(s +1)
2s (s> +D7! 1
ds = =-— =F(s), say.
J(sz+1)2 -1 s?+1 Y
2s
F(s)= —5—=
=
-1 -1 1 .
Also L (Fs)=L" |- =—gint=f(t), say.
s?+1

By the property of differentiation of Laplace transforms, we have
L1 (F'(s) = —t Ae).

= L‘l[(f—sl)sz—t(—sint) = Ll[(Zz—sl)ZJ:tsint.
sTF s“+

(1) = L_l % :e_3ttsint.
(s“ +6s+10)

1
Example 5. Find the inverse Laplace transform of the function m.
1
Sol. Let Fls)=—F—.
s“+a

L 1(F(s) =L [%J 1 L‘{%) ~Lsinat = £0),say.
s +a a s +a a

Using, L' (F'(s))=-¢f(t), We get

’

L‘l[ 1 J =—t.lsinat.

a
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—2s 1
= L' —= _ |=——tsinat
((32+a2)2] a
= L= L sinat=g0),
(s +a?) 2a

Using formula for Laplace transform of integrals, we get

¢
Lt ; = T)dT .
[s (s* +a® )2] IO g

t
N L‘l[;J:J L Tsingrar =L
0 2a

(s +a?)? 2a a a

1 .
=— [- at cos at + sin at]
2a

_ 1 1 .
L! ((sz N a2)2J: 20’ [sin at — at cos at].

2.11. VALUE OF Ll(rF(s) de IN TERMS OF L' (F(s))

2

1 {_ T cos aT N sin aT

!

55

By the property of integration of Laplace transforms
it L(f(t)) = F(s) , then L (f (”) [ Fsas.

If L '(F(s)) = f(t), then L (J F(S)dS] f(t)

2s

+a

d a’ d 2, 2 - _2_
Sol.d—[log(1+s—2]]:£(log(s +a )—210gs)—82 B S—F(S), sa

S

2
[F(s)ds=1og [1+ “—2]
S

Also, L-1<F<s>>=L‘1( = —2J=2L‘1 LI S (1)
s?+a? s s2+a2 s

=2cos at —2(1) =2 cos at — 2 = flt), say.
By the property of integration of Laplace transforms, we have

! U F(S) ds) e

2
Example 6. Find the inverse Laplace transform of the function log [1 + a_2 .
s



56 LAPLACE AND FOURIER TRANSFORMS
2
-1 a
L log [1 + —2]
s

2 —
L_I(O—log[1+a2 Dz 2cosat —2
S t
2
_ a 2-2cosat
L l[log(1+s—2j]=f.

=)

_2cosat—-2

n

2
Example 7. Find the inverse Laplace transform of the function log (S ;)12 .
s f—
d s2+1 d 2s 2
Sol. —|log——— |=—(log(s* + 1 -2log (s—1) = -——=F(s), sa
ds(og(s—l)Zj gs log (s + D -2logls =) =577 =57
2
s“+1
F(s)ds=log—
J F -2
_ _ 2s 2 -1 S -1 1
Al L 1(Fs)=L"1 - =2L -2L
5 (i) [52+1 s—lj [32+IJ (S—lj

=2cost—2e =f{t), say.

By the property of integration of Laplace transforms, we have

I (j FKS)dS) e

9 o
L_l log S +12 _
S-1) .

11 0 log s2+1 __Zet—2c0st
(s—1? t

2 cost — 2¢’
t

L Tog s2+1) 2e*-2cost
(s—1? t |

Example 8. Find the inverse Laplace transform of the function cot™ (s + 1).

d . -1 1
Sol. —(cot™ " (s+1)= 1=- F(s), say.
° ds s+1D2+1 G+1D%+1 Y

JFwﬂk=cm4%s+D
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1 1
L'Fe) =L -— = |t L
Also, (Fs) ( (s + 1)2+1] [(s+1)2+1]

1

_e—t L—l 5
s“+1

=—etsint =flt), say.

By the property of integration of Laplace transforms, we have

1! U F(S)ds): @

oo _t 3
-1 [cot‘ ): _ e 'sint
t
1 1 e lsint
= L O-cot™ " (s+1)=———""—
e tsint

L (ot (s+1D)=

WORKING RULES FOR SOLVING PROBLEMS
t
Rule I. IfL ! (F(s)=f@®),thenL! (1 F(s)) = jo £(T) dT.
S

Rule IL. If L'} (F(s)) = f(t), then L™ (F"(s)) = — ¢ f(¢).

Rule IIL If 1! (F(s)) = £(£), then L ( j F(S)ds) e

TEST YOUR KNOWLEDGE

Find the inverse Laplace transform of the following functions :

1. @) 2 1 4s (@) SZ +16) 2. (i) R (1) R
" s tar " s(s® + 25+ 2) ‘ st _g? WAZ D)
@ (s* +a®)? (”) 9)2 D rn 2y i 2 425+2)7
. s+a .. s+1 ) a2 - 1+s
7. () log s+ b (ii) log T 1 8. (1) log [1 - 8—2] (i) log -
2, p2 241 (5 4+ 12 21
. _1 S . (i) log ————— i) 1
9. () zlog—5——= Z1dl (i) log st D) 10. (i) log 5+ 20613 (ii) log T

11. &) cot 1 E ) tan~ ! E
T s
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Answers
LG 1 e .. 1 cosdt 2 (i h 1 o o1
. @ 1 1 (i) 16 16 . (i) cosh t — (ii) e? — 2t —
L1 e % (a2 , 1 . ¢
3. (z)a—3— e [?t +at+1 @i1) E[l—(s1nt+cost)e

4. ()T(sinht—¢) (i) sinmt+ %tS _nt

1 . 1. . 1 _ .
5. (i) —tsinat (i) —tsinh3t 6. (i) tcosmt (i) —e ' tsint
2a 6 2
bt _ _-at t ot _ 1—et
7. G e te (i) e —e 8. (i) 2(1 - cos at) i) e
_ —t
9. ) cos at — cos bt (if) l+e ' —2cost
t t
-2t | -3t -t ¢
10. ) e +te t - 2e Gi) 2(e’ —cos t)
. in 92
11. G sin 1 Gi) s t'
t t
Hint

’

2 2

. S s“-m
6. () Use =- .
(sz +TC2] (s2 + n%)?

2.12. CONVOLUTION THEOREM

The convolution theorem is used to find the inverse Laplace transform of the product of two
functions with known inverse Laplace transforms of the factors of the product. Let F(s) and
G(s) be two functions with known inverse Laplace transforms f{¢) and g(¢) respectively. The
convolution theorem would help us to find the inverse Laplace transform of the product F(s)
G(s). In this theorem, we shall prove that the inverse Laplace transformation of the product

t
F(s) G(s) is given by the function .[o f(T) gt =T)dT oft. This integral is called the convolution
of the functions f and g and it is denoted by f * g.

(f * @)t) = jot £(T) g(t - T) dT.

Letz=t-T. .. dz=-dT

0 0
(F = 2)t) = L ft-2)g(z).—dz =— .L 2(2) f(t - 2) dz

= jot 22 flt—2)dz = jot g(T) f(t - T) dT (Replacing z by T)

= (g * H©)
f*g:g*f
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Statement. Let f(t) and g(t) be functions such that their Laplace transforms exist. Prove

that

L(f = g) = L(f) L(g).
Proof. It can be proved mathematically that the Laplace t
transform of the convolution of f and g (i.e., f * g) exists. \

By definition, L(f * g) = J.: e (f+g) () dt

0

L(fxg)= Jme_St U; f(T)gt-T) dT} dt T=0

\
S

- [ jt e~ F(T) g(t —T)dT dt
0 Jo 45°

=ﬂ e f(T) g(t —T)dTdt,
R

where R is the 45° wedge bounded by the lines T = 0 and V4
T = ¢ in the T¢-plane.
Let u=Tand v=t-T.
T=uand t=u+v
T ar
J_|ou v :‘1 0‘:
o o) Tl
ou Jdu
New variables transform the region R into the region O
R’ in the uv-plane defined by u >0, v > 0.
Lf*g) =] e fw g)|J|dudv
B
=r r e ™ e f(u) g(v)du dv (- |d]=]1] =1
0o Jo

_ ( j: e f(w) du j( j: e g(v) dvj

= L({H L(g).
L(f * g) = L(f) L(g).
Corollary 1. Let L(f) = F(s) and L(g) = G(s).
The result of the convolution theorem can be written as
L(f = g) = F(s) G(s).

= L1(FGs)Gs)=f*g
= L (R(s) G(s)) = j; £(T) g(t — T)dT.
If L' (F(s))=f(t) and L (G(s))=g(t),

then L (F(s) G(s)) = jot £(T) g(t — T) dT.
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This formula is used to find the inverse Laplace transform of the product of two
functions.

¢
Corollary 2. Since f # g = g * f, we can also write L (F(s)G(s)) = J;) g(T)f(t-T)dT.

ILLUSTRATIVE EXAMPLES

Example 1. Find the inverse Laplace transform of the function

(s+3)(s-2)°
Sol ! (1 1 F(s) G(s)
o (s+3)(s—-2) (s+3)\s—2) %7
1
where F(s) = 513 and G(s) = 5_2
L' (Fs)=L" (L] =e 3 =f@1t), say
s+3
and L (G(s)=L" [%j =e = g(t), say.
S —
By convolution theorem, we have
t
L1 (F(s) G(s)) = f + g = jo £(T) g(¢ - T) dT.
11 1 _ J‘t o~3T 2=T) g
(s+3)(s—2) 0
-5T | 2t -3t
e g €N 1 oy e e
—J.Oe dT—_ —5[e e]—5 5
0
. 1
Example 2. Use convolution theorem to evaluate L™ -5 7 |
s“(s* +a”)
1 1 1
Sol. —_— = | = = F(s) G(s), where
s%(s? +a?) (32)[32 +a2J
1 1
F(s) = 2 and G(s) = 2 g2
_ L (1
L1(F(s)) = L1 (—2) =t = fit), say
s
1 1 a 1 .
-1 =11 = — -1 —_— = =
and LG(s)) =L [32 +a2J = L [32 +a2J o sin at = g(t), say

By convolution theorem, we have

t
LYF(s) Gs) = frg=g * f= jo g(T) fit = T) dT
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L1
( %(s® +a® j

(l sin aT) t-T)dT

t

Q

( cos aT)

1
=—L2(cosat—1)——{—
a a

QIH-

—I 1naTdT——J. Tsin aTdT

_HT(_

1 .
=L(1—cosat)+icosat——3smat—O

a? a?

3

a

t 1 . 1 .
=— ——sinat= "3 (at - sin at).
a

a

Example 3. Find the inverse Laplace transform of the function

s s 1
Sol. a0t :(32 +n2j[32 +n2) = F(s) G(s),

where F(s) = and Gl(s) =

2 2

s“+m s” +

S

L‘I(F(s)):L‘l( — 2]=cosnt=f(t), say
+T

S

and L (G(s) =T ( 1 Q)ZEL-I[

S+TC T

By convolution theorem, we have

L (F(s) G(s) = f * g = jot £(T) gt —T)dT.
(s2 + n2)2 T

t
! (;J - jo cos 7T .+ sin (¢t — T) dT

ij [2sin 7t (£ = T) cos 7T dT
21

t
— I [sin nt + sin n(t — 2T)]1 AT =
n Jo

T T

=i tsinnt+icosm‘—0—icosnt
21 2 2

]

s2+m

:lsin it =g(),

cos aT) _J’t 1 (_ cos aT
o Y0 a
t cos at 1 sinaT t}
+0+—.
a a 0

(32 +n2)2 :

o]

say.

T
t
i {T sin 7t — cos T (¢t — 2T)}
T - 27 0
} = i t sin nt.
2n

61
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Example 4. Find the inverse Laplace transform of the function %
(s* +65+13)
s+3 5+3 1
Sol. (s® + 65+ 13)* :(52 + 65+ 13](32 +6s + 13] = F(s) G(s),
s+3 1
where F(s) = 2 165+13 and G(s) = m

s+3 -1 s+3 5
L (F(s) = L | 55— | =L | — 0 | _ 8t 1
) [s2+6s+13] ((S+3)2+4j ‘ [52"’4)

=e% cos 2t = f(t), say

and L1 (G(s)) = L! S S R S =e 31 !
s2 +6s+13 (s+3)2%+4 s2+4
5, sin 2¢
=3 % = g(t), say.

By convolution theorem, we have

t
L1 (F(s) Gs) =f* g = jo £(T) gt - T) dt.
3 ¢ 1
] — 5% | [ 63T cos2T. = e3¢-D gin 2+ — T) dT.
((82+63+13)2J Jy e cos 2T S sin 2t ) d
t
= %J. e 3 cos 2T sin 2(t - T) dT
)

e_3t t .
= —J. 2sin 2(t — T) cos 2T dT
4 Jo

873t t
f (sin 2t + sin (2¢ — 4T)) dT
4 Jo

-3t t

_ eT[(sin 28 T — cos (2t—4T)}

-4

0
3¢

= tsin2t+lc052t—0—lcos2t =l te-3t sin 2t.
4 4 4 4

Example 5. Find the inverse Laplace transform of the function

s> +a?)?’
Sol. &2 +sa2)3 = [32 ja2 J [32 -ia2 J [32 -iaZJ = F(s) F(s) G(s),
where F(s) = — ;2 and  Gls) = jaz.
L (F(s)) = L [32 jaz ] :%L‘l (32 jaQ J =% sin at = f{t), say

and L1 (G(s)) = L1 [32 ia2j = cos at = g(¢), say.
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By convolution theorem, we have

L1 (F(s) F(s)) = £ * f = jot £(T) (¢ —T) dT.

LU(F(s) F(s) = [ LsinaT.~ sin a(t - T) dT
0 a a

¢
= % 2sin aT sin (at — aT) dT
2a“ Jo

t

= 2% J- [cos (2aT — at) — cos at] dT
a 0

t

1 [sin (2aT - at)
2a? 2a
1

— T(cos at)}

0

[sin at sin (— at)
5 —tcosat———+0
2a° | 2a 2a

1 [sinat
22| a

Again, by convolution theorem, we have

1
—t cos at} = 2—3 [sin at — at cos at] = h(t), say.
a

L1 (F(s) F(s).G(s) =h g = J.Ot h(T) gt —T)dT.

s t 1
Lt (mj = Jo Pye] (sin aT - aT cos aT) cos a(t — T) dT

t
= 2% S (sin aT cos (at — aT) — aT cos aT cos (at —aT)) dT
a

t

=i 13 J.O (2sin aT cos (at —aT) —aT . 2 cos aT cos (at —aT)) dT
a
1 ¢t . .

= el J;) (sin at + sin (2aT — at) — aT(cos at + cos (2aT — at))) dT
a

1 X t t . t
= —3{sm at J dT + J sin (2aT — at) dT — a cos at J Tdt
4a 0 0 0

t
—a _[0 T cos (24T — at) dT}

¢ 9 |t

1
—(a cos at) —
(a cos at) 2

t
=— (sin at)T
4a 0

cos (2aT — at)
2a

0 0

—alT. sin (2aT - at)
2a

t .
B J't 1 sin (2aT — at) dT]:'

0o Y0 2a
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2a 2

1 . 1
—{tsmat—O——(cosat—cosat)—
a

3
T

—cos (2aT - at))

at? cosat 1

Y (¢ sin at - 0)

2a

)

. 1 1. . 1
t sin at — — at” cos at — — ¢ sin at — — (cos at — cos at)

_ L{
T 4q° 2 2 da

t .
= i l tsin at — l atz cosat|. = < 3 [Sln at — at cos at]-
4a® 2 8a

Step 1.
Step II.

Step III.

Step IV.

WORKING STEPS FOR SOLVING PROBLEMS

Write the given function as the product of two functions say F(s) and G(s).
Find the inverse Laplace transforms of the functions F(s) and G(s) and call

these functions as f{t) and g(¢) respectively.

side.

Write the result of convolution theorem as

L1 (F(s) G(s)) = j; F(T) gt — T)dT.

Substitute the values of AT) and g(¢ — T) and simplify the integral on the right

TEST YOUR KNOWLEDGE

1.

2.

Find the inverse Laplace transform of the following functions by using convolution
theorem :

1
O s-2)(s+4)
R
@) s2(s-1)
R S
@ 2 (s+1)?

1

@ i+

1
@) 2(42

s2(s2 —a?)

N S
@ s(s +1)°

82

(s +4)%
1
@) JERpE

@

S

@) ————
' (s + 25)?

s —4
W) s _3)(s+7)
1
s (s2 +1)

1
(1) P (s2+1)
1
(1) (2 +1)2

(ii)

s+2

(&) (82 + 45 + 5)2

@) s(s+ 2)3 '





