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Multiple Integrals 

 التكاملات المضاعفة
 

Double Integrals and Reverse the order of integration  

(    )التكاملات الثنائية وقلب ترتيب التكامل

 

Example 1: Reverse the order of integration 

∫ ∫ 𝒅𝒚

𝒙

𝟎

𝒅𝒙

𝝅

𝟎

 

Solution:    x = 0, x = π   
          and   𝑦 = 0, 𝑦 = 𝑥   
 

∴ ∫ ∫ 𝒅𝒚

𝒙

𝟎

𝒅𝒙 = ∫ ∫ 𝒅𝒙

𝝅

𝒚

𝒅𝒚

𝝅

𝟎

𝝅

𝟎

 

 

Example 2: Reverse the order of integration 

∫ ∫ 𝒅𝒙

𝟏

√𝒚

𝒅𝒚

𝟏

𝟎

 

Solution:    y = 0, y = 1   
          and   𝑥 = √𝒚, 𝑥 = 1   
 

∴ ∫ ∫ 𝒅𝒙

𝟏

√𝒚

𝒅𝒚 = ∫ ∫ 𝒅𝒚

𝒙𝟐

𝟎

𝒅𝒙

𝟏

𝟎

𝟏

𝟎

 

 

 

Example 3: Reverse the order of integration 

∫ ∫ 𝒅𝒚

𝒙

𝟏

𝒅𝒙

𝟐

𝟏

 

Solution:    x = 1, x = 2   
          and   𝑦 = 𝟏, 𝑦 = 𝑥   
 

∴ ∫ ∫ 𝒅𝒚

𝒙

𝟏

𝒅𝒙 = ∫ ∫ 𝒅𝒙

𝟐

𝒚

𝒅𝒚

𝟐

𝟏

𝟐

𝟏

 

(𝜋, 𝜋) 

x

𝜋 

0 𝜋 

y

(𝜋, 𝜋) 

x

ء

𝜋 
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y

ء
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x

ء

1 

0 1 

y

ء

(1,1) 

x

ء

1 

0 1 
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2 

1

1 

1

1 

1
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y
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Example 4: Reverse the order of integration 

∫ ∫ 𝒅𝒚𝒅𝒙

𝒙

𝒙𝟑

𝟏

𝟎

 

Solution:    x = 0, 1 = 1   
          and  𝑦 = 𝒙𝟑, 𝑦 = 𝑥   
 

∴ ∫ ∫ 𝒅𝒚𝒅𝒙

𝒙

𝒙𝟑

𝟏

𝟎

= ∫ ∫ 𝒅𝒙𝒅𝒚

√𝒚𝟑

𝒚

𝟏

𝟎

 

 

 

Example 1: Evaluate  ( )قدر او خمن  the double integral, then reverse the 

order of integration (اقلب حدود التكامل) and evaluate it.  

∫ ∫ 𝒙𝒚
𝒙

𝟎
𝒅𝒚𝒅𝒙

𝟏

𝟎
 

Solution: 𝑥 = 0, 𝑥 = 1  and 𝑦 = 0, 𝑦 = 𝑥   

∫ ∫ 𝑥𝑦
𝑥

0
𝑑𝑦𝑑𝑥

1

0
= ∫

𝑥𝑦2

2
|

0

𝑥

𝑑𝑥 = ∫
𝑥3

2
𝑑𝑥 =

1

0

1

0

𝑥4

8
|

0

1

=
1

8
 

Reverse the order of integration 

∫ ∫ 𝑥𝑦
1

𝑦
𝑑𝑥𝑑𝑦

1

0
= ∫

𝑦𝑥2

2
|

𝑦

1

𝑑𝑦 = ∫ [
𝑦

2
−

𝑦3

2
] 𝑑𝑦

1

0

1

0
  

y2

4
−

y4

8
|

0

1

=
1

4
−

1

8
=

2−1

8
=

1

8
  

 

Example 2: Evaluate  the double integral, then reverse the order of 

integration  and evaluate it.  

∫ ∫ 𝒙

𝟒

𝒙𝟐

𝒅𝒚𝒅𝒙

𝟐

−𝟐

 

Solution:  𝑥 = −2, 𝑥 = 2  and  𝑦 = 𝑥2, 𝑦 = 4   

∫ ∫ 𝒙

𝟒

𝒙𝟐

𝒅𝒚𝒅𝒙 = ∫𝑥𝑦|
𝒙𝟐
4

2

−2

𝑑𝑥 = ∫ 𝑥[4 − 𝒙𝟐]

2

−2

𝟐

−𝟐

𝒅𝒙 

= ∫[4𝑥 − 𝑥3]𝑑𝑥 = 2𝑥2 −
𝑥4

4
|

−2

22

−2

= 𝟖 − 𝟒 − [𝟖 − 𝟒] = 𝟎 

(1,1) 

x 

1 

 

0 

 
1  

y 

(1,1) 

x

 

1 

 

0 

1 
1 

1 

y 

1 

1 

(1,1) 

(1,1) 

1 

1 

-2 2 

4 

𝑦 = 𝑥2 
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Reverse the order of integration 

 ∫ ∫ 𝑥

√𝑦

−√𝑦

𝑑𝑥𝑑𝑦 = ∫
𝑥2

2
|

−√𝑦

√𝑦4

0

𝑑𝑦 = ∫ [
𝑦

2
−

𝑦

2
]

2

−2

4

0

𝑑𝑦 

= ∫ 0  𝑑𝑦 =

4

0

0 

 

Example 3: Evaluate the double integral 

 ∫ ∫ 𝒆𝒙𝟐𝟏
𝒚

𝟐

𝒅𝒙𝒅𝒚
𝟐

𝟎
 

 

Solution: 𝑦 = 0, 𝑦 = 2  and 𝑥 =
𝒚

𝟐
, 𝑥 = 1   

 ∫ ∫ 𝒆𝒙𝟐𝟏
𝒚

𝟐

𝒅𝒙𝒅𝒚 = ∫ ∫ 𝒆𝒙𝟐𝟐𝒙

𝟎
𝒅𝒚𝒅𝒙

𝟏

𝟎

𝟐

𝟎
 

∫ ∫ 𝒆𝒙𝟐

𝟐𝒙

𝟎

𝒅𝒚𝒅𝒙

𝟏

𝟎

= ∫𝒆𝒙𝟐
 𝒚|

0

2𝑥
𝑑𝑥 = ∫ 2𝑥𝒆𝒙𝟐

𝑑𝑥 =

1

0

1

0

𝒆𝒙𝟐
|
0

1
= 𝑒 − 1 

 

Example 4: Evaluate  the double integral and reverse the order of 

integration  and evaluate it 

∫ ∫ 𝒅𝒚

𝟐𝒙+𝟐

𝟎

𝒅𝒙

𝟐

−𝟏

 

Solution: 𝑥 = −1, 𝑥 = 2  and 𝑦 = 2𝑥 + 2   

∫ ∫ 𝒅𝒚

𝟐𝒙+𝟐

𝟎

𝒅𝒙

𝟐

−𝟏

= ∫𝑦|0
2𝑥+2𝑑𝑥 = ∫(2𝑥 + 2)𝑑𝑥 =

2

−1

2

−1

 

= 𝑥2 + 2𝑥|−1
2 = 4 + 4 − [1 − 2] = 9 

Reverse the order of integration 

∫ ∫ 𝒅𝒙

𝟐

𝒚−𝟐
𝟐

𝒅𝒚

𝟔

𝟎

= ∫𝑥|𝒚−𝟐
𝟐

2 𝑑𝑦 = ∫ (2 −
𝒚 − 𝟐

𝟐
) 𝑑𝑦 =

6

0

6

0

 

2𝑦 − ( 
𝒚𝟐

𝟒
− 𝒚)|

𝟎

6

= 12 − (9 − 6) = 9 

 

-2 

4 

𝑥 = −√𝑦 𝑥 = √𝑦 

2 

1 

(1,2) 
2

2 

4 

2 1- 

(2,6) 

6 

2 

0 1 

4 

2 1- 

(2,6) 

6 

2 

0 1 
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Example 5: Evaluate  the double integral and reverse the order of 

integration  and evaluate it 

∫ ∫ 𝒅𝒚

√𝒙

𝒙𝟐

𝒅𝒙

𝟏

𝟎

 

 

Solution: 𝑥 = 0, 𝑥 = 1  and 𝑦 = 𝑥2,   𝑦 = √𝒙   

∫ ∫ 𝒅𝒚

√𝒙

𝒙𝟐

𝒅𝒙 =  ∫𝑦|
𝒙𝟐
√𝒙𝑑𝑥 = ∫(√𝒙 − 𝒙𝟐)𝑑𝑥 =

1

0

1

0

𝟏

𝟎

 

=
𝑥

3
2

3

2

−
𝑥3

3
|

0

1

=
1
3

2

−
1

3
=

1

3
 

Reverse the order of integration 

∫ ∫ 𝒅𝒙

√𝒚

𝒚𝟐

𝒅𝒚

𝟏

𝟎

= ∫𝑥|
𝒚𝟐
√𝒚𝑑𝑦 = ∫(√𝒚 − 𝒚𝟐)𝑑𝑦 =

1

0

1

0

 

𝑦
3
2

3
2

−
𝑦3

3
|

0

1

=
1

3
2

−
1

3
=

1

3
 

 بعض الرسومات المهمة للتكاملات المضاعفة

            

 

                                                                
 

 

 

     

   

 

𝒚 = ±√𝒙 

𝑦 = √𝑥
3

 

𝒚 = 𝒆𝒙    𝒂𝒏𝒅    𝒚 = 𝒍𝒏𝒙 

𝒚 = 𝒙 

𝒚 = 𝒙𝟐 

𝒚 = 𝒙𝟑 
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1 

 

0 

 
1  

y 

(1,1) 
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1 
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1  

y 


