8th Lecture

Theorem (2.2): If (X, 7) is a topological space and X* c X. Then (X*,t*) is a
topology.

Proof:
(1) Sinced et and INX* =0 = Pet”
AlsosinceX et and XNX*=X" = X" e’
(2) LetGyet", VAeEA
= G, =G, NX",VA1€eA

Now
G, = GNX*
B ALEJA A ALEJA( ANX7)
= X*
(U GHNUX")
= X et €
(ALEJAGA)H T* because ALEJAGA T
= UGyert”
A€/

3)G/er, 1<i<n
=G =G; NX7, 1<i<n
= Niz1 67 = Ni=1(G; NXT)
= Nz G = Ni= G NXT
But Ni-,G; €t
= NL,G; NX"et”
= NL,G; €T

Hence (X*, t*) is a topology on X™.
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Theorem (2.3): If (X", t*) is a topological subspace of (X,7) andifAc X" c X
Is T open (i.e. A is openw.r.t. 7) Hence A is T*-open.
Proof:
Wehavet* = {G":G* = GNX",G € 1}
Wearegiven Ac X", A€et
= ANX"=A
We have ANX* €t = A€eT1”
= AisT*- open
Note (2.1): The converse of the above theorem is not true is general as shown in
the following example.
Example (2.5): Let X = {a, b, c,d, e} and
T ={0,{a},{b},{a, b}, {c,d},{b,c,d},{a,cd},{a b,c,d} {b,cd, e}, X}
Let X* ={a,d,e}and t* = {0, {a},{d},{a,d},{d, e}, X"}
Solution:
{d} c X" and {d} is T* - open
But {d} is not T - open
Theorem (2.4): If E is a subset of (X*,7*) and (X*, ) is a topological subspace
of (X,1). Then
E*=X*"NE

Proof: We have
R.H.S.= X*NE

= X"N{NF : F € ¥}, where ¥ is the family of closed F o E

= N{X*NF : F € ¥}
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= N{F*: F* € ¥*}, where ¥* is the family of closed F* o E*

= (N F*, where F* is closed
V F*DE*

=FE*"=L.H.S.
Theorem (2.5): If (X, 7*) is a topological subspace of and (X*,t*) and (X*,7")
Is a topological subspace of (X, 7). Then (X**,t**) is a topological subspace of
X, 7).
Proof: We have
™ = {6 : 6™ = X NG ;6" € 1)
={G": 6™ =X"*NX"NG) ;G € 1}
={G*: G** = (X**NX)NG ;G € 1}
™ ={G": 6" =X"NG ;G € 1}
& (X™, ™) is a topological subspace of (X, 7).
Exercises (2.1): (Homework)
(1) If (X~, t¥) isatopological subspace of (X,7)and if A € X* < X is t-closed (i.e.
A is closed w.r.t. ) Then A is t*-closed.

(2) Give an example to show that the converse of (1) is not true in general.
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