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8th Lecture                                                                    

 

Theorem (2.2): If (𝑋, 𝜏) is a topological space and 𝑋∗ ⊂ 𝑋. Then (𝑋∗, 𝜏∗) is a 

topology. 

Proof: 

(1)  Since ∅ ∈ 𝜏  and  ∅⋂𝑋∗ = ∅  ⇒  ∅ ∈ 𝜏∗ 

 Also since 𝑋 ∈ 𝜏  and  𝑋⋂𝑋∗ = 𝑋∗  ⇒  𝑋∗ ∈ 𝜏∗ 

(2)  Let 𝐺𝜆
∗ ∈ 𝜏∗,  ∀ 𝜆 ∈ 𝛬 

 ⇒  𝐺𝜆
∗ = 𝐺𝜆 ⋂𝑋∗, ∀  𝜆 ∈ 𝛬 

Now  

 ⇒  ⋃
𝜆∈𝛬

𝐺𝜆
∗ = ⋃

𝜆∈𝛬
(𝐺𝜆⋂𝑋∗) 

 = ( ⋃
𝜆∈𝛬

𝐺𝜆)⋂(⋃𝑋∗)  

 = ( ⋃
𝜆∈𝛬

𝐺𝜆)⋂𝑋∗ ∈ 𝜏∗  because ⋃
𝜆∈𝛬

𝐺𝜆 ∈ 𝜏 

⇒  ⋃
𝜆∈𝛬

𝐺𝜆
∗ ∈ 𝜏∗ 

(3) 𝐺𝑖
∗ ∈ 𝜏,      1 ≤ 𝑖 ≤ 𝑛 

⇒ 𝐺𝑖
∗ = 𝐺𝑖 ⋂𝑋∗,        1 ≤ 𝑖 ≤ 𝑛 

⇒  ⋂ 𝐺𝑖
∗𝑛

𝑖=1 = ⋂ (𝐺𝑖 ⋂𝑋∗)𝑛
𝑖=1  

⇒  ⋂ 𝐺𝑖
∗𝑛

𝑖=1 = ⋂ 𝐺𝑖 ⋂𝑋∗𝑛
𝑖=1  

But   ⋂ 𝐺𝑖
𝑛
𝑖=1 ∈ 𝜏 

⇒  ⋂ 𝐺𝑖 ⋂𝑋∗𝑛
𝑖=1 ∈ 𝜏∗ 

⇒  ⋂ 𝐺𝑖 ∈ 𝜏∗𝑛
𝑖=1  

Hence (𝑋∗, 𝜏∗) is a topology on 𝑋∗. 

-------------------------------------------------------------------------------------------------- 
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Theorem (2.3): If (𝑋∗, 𝜏∗) is a topological subspace of (𝑋, 𝜏) and if 𝐴 ⊂ 𝑋∗ ⊂ 𝑋 

is 𝜏 open (i.e. 𝐴 is open w.r.t. 𝜏) Hence 𝐴 is 𝜏∗-open.  

Proof: 

We have 𝜏∗ = {𝐺∗: 𝐺∗ = 𝐺⋂𝑋∗, 𝐺 ∈ 𝜏} 

We are given  𝐴 ⊂ 𝑋∗, 𝐴 ∈ 𝜏 

⇒  𝐴⋂𝑋∗ = 𝐴 

We have 𝐴⋂𝑋∗ ∈ 𝜏∗  ⇒  𝐴 ∈ 𝜏∗ 

⇒  𝐴 is 𝜏∗- open 

-------------------------------------------------------------------------------------------------- 

Note (2.1): The converse of the above theorem is not true is general as shown in 

the following example. 

-------------------------------------------------------------------------------------------------- 

Example (2.5): Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} and 

𝜏 = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑎, 𝑏, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑, 𝑒}, 𝑋}  

Let 𝑋∗ = {𝑎, 𝑑, 𝑒} and 𝜏∗ = {∅, {𝑎}, {𝑑}, {𝑎, 𝑑}, {𝑑, 𝑒}, 𝑋∗} 

Solution: 

{𝑑} ⊂ 𝑋∗ and {𝑑} is 𝜏∗ - open 

But {𝑑} is not 𝜏 - open 

-------------------------------------------------------------------------------------------------- 

Theorem (2.4): If 𝐸 is a subset of (𝑋∗, 𝜏∗) and (𝑋∗, 𝜏∗) is a topological subspace 

of (𝑋, 𝜏). Then  

𝐸∗̅̅ ̅ = 𝑋∗⋂𝐸̅ 

Proof: We have  

𝑅. 𝐻. 𝑆. = 𝑋∗⋂𝐸̅  

  = 𝑋∗⋂{⋂𝐹 ∶ 𝐹 ∈ 𝛹}, where 𝛹 is the family of closed 𝐹 ⊃ 𝐸 

  = ⋂{𝑋∗⋂𝐹 ∶ 𝐹 ∈ 𝛹}  



28 
 

  = ⋂{𝐹∗ ∶ 𝐹∗ ∈ 𝛹∗} , where 𝛹∗ is the family of closed 𝐹∗ ⊃ 𝐸∗ 

= ⋂
∀ 𝐹∗⊃𝐸∗

𝐹∗ ,  where 𝐹∗ is closed 

= 𝐸∗ = 𝐿. 𝐻. 𝑆.  

-------------------------------------------------------------------------------------------------- 

Theorem (2.5): If (𝑋∗∗, 𝜏∗∗) is a topological subspace of and (𝑋∗, 𝜏∗) and (𝑋∗, 𝜏∗) 

is a topological subspace of (𝑋, 𝜏). Then (𝑋∗∗, 𝜏∗∗) is a topological subspace of 

(𝑋, 𝜏). 

Proof: We have  

𝜏∗∗ = {𝐺∗∗ ∶ 𝐺∗∗ = 𝑋∗∗⋂𝐺∗ ; 𝐺∗ ∈ 𝜏∗}  

= {𝐺∗∗ ∶ 𝐺∗∗ = 𝑋∗∗⋂(𝑋∗⋂𝐺) ; 𝐺 ∈ 𝜏}   

= {𝐺∗∗ ∶ 𝐺∗∗ = (𝑋∗∗⋂𝑋∗)⋂𝐺 ; 𝐺 ∈ 𝜏}   

𝜏∗∗ = {𝐺∗∗ ∶ 𝐺∗∗ = 𝑋∗∗⋂𝐺 ; 𝐺 ∈ 𝜏}    

∴  (𝑋∗∗, 𝜏∗∗) is a topological subspace of (𝑋, 𝜏). 

-------------------------------------------------------------------------------------------------- 

Exercises (2.1): (Homework) 

(1)  If (𝑋∗, 𝜏∗) is a topological subspace of (𝑋, 𝜏) and if 𝐴 ⊂ 𝑋∗ ⊂ 𝑋 is 𝜏-closed (i.e. 

𝐴 is closed w.r.t. 𝜏) Then 𝐴 is 𝜏∗-closed.  

(2)  Give an example to show that the converse of (1) is not true in general.  

-------------------------------------------------------------------------------------------------- 

 


