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The Divergence Theorem 

 نـــظــــريــــــة التــــبـــــاعــــــــــد

 

Theorem: Let  𝐹(𝑥, 𝑦, 𝑧) = 𝑓(𝑥, 𝑦, 𝑧)𝑖 + 𝑔(𝑥, 𝑦, 𝑧)𝑗 + ℎ(𝑥, 𝑦, 𝑧)𝑘 is a 

vector which is defined and continuously differentiable in a bounded 

closed region  𝐺. Let 𝑆  be the surface of  𝐺, and 𝑛 the unit outward 

normal vector to 𝑆 . Then  

 

∬ 𝐹. 𝑛. 𝑑𝑠

𝑺

= ∫ ∫ ∫ div 𝐹 𝑑𝑉

𝐺

 

 

 

Example 1: Use divergence theorem to find the outward Flux of the 

vector field  𝐹(𝑥, 𝑦, 𝑧) = 𝑥3𝑖 + 𝑦3𝑗 + 𝑧2𝑘  across (يمر) the cylinder 

𝑥2 + 𝑦2 = 9, bounded below  𝑧 = 2  above   𝑧 = 1 .  

 

Solution: 

 

div = 3𝑥2 + 3𝑦2 + 2𝑧 

∫ ∫ ∫(3𝑥2 + 3𝑦2 + 2𝑧) 𝑑𝑉

𝐺

= 

∫ ∫ ∫(3𝑟
2

+ 2𝑧)

2

1

 𝑟𝑑𝑧 𝑑𝑟 𝑑𝜃 = 

3

0

2𝜋

0

 

∫ ∫ (3𝑟
2
𝑧 + 𝑧2)]

1

2
3

0

2𝜋

0

  𝑟 𝑑𝑟 𝑑𝜃 = ∫ ∫ [(6𝑟
2

+ 4) − (3𝑟
2

+ 1)]

3

0

2𝜋

0

  𝑟 𝑑𝑟 𝑑𝜃 = 

= ∫ ∫(3𝑟
2

+ 3)

3

0

2𝜋

0

  𝑟 𝑑𝑟 𝑑𝜃 = ∫ ∫(3𝑟
3

+ 3𝑟)

3

0

2𝜋

0

 𝑑𝑟 𝑑𝜃 = ∫
3𝑟4

4
+ 3

𝑟2

2
]

0

32𝜋

0

𝑑𝜃 

 

 

 

 

 

𝑧 = 1 

𝑧 = 2 
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Example 2: Use divergence theorem to find the outward Flux of the 

vector field  𝐹(𝑥, 𝑦, 𝑧) = 𝑥3𝑖 + 𝑦3𝑗 + 𝑧3𝑘  enclosed by semi-spherical  

𝑧 = √𝑎2 − 𝑥2 − 𝑦2  ,  and the plane   𝑧 = 0 .  

 

Solution: 

div = 3𝑥2 + 3𝑦2 + 3𝑧2 

∫ ∫ ∫(3𝑥2 + 3𝑦2 + 3𝑧2) 𝑑𝑉

𝐺

= 

∫ ∫ ∫ 3𝜌2

𝑎

0

 𝜌2 𝑠𝑖𝑛∅ 𝑑𝜌 𝑑∅ 𝑑𝜃 = 

𝜋
2

0

2𝜋

0

 

∫ ∫
3𝜌5

5
]

0

𝑎

𝜋
2

0

2𝜋

0

   𝑠𝑖𝑛∅  𝑑∅ 𝑑𝜃 = ∫ ∫
3𝑎5

5

𝜋
2

0

2𝜋

0

 𝑠𝑖𝑛∅  𝑑∅ 𝑑𝜃 = 

= − ∫
3𝑎5

5
 cos ∅]

0

𝜋
2

2𝜋

0

𝑑𝜃 = −
3𝑎5

5
∫ (−1)

2𝜋

0

𝑑𝜃 =  
6𝑎5𝜋

5
  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑧 = 0 


