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2.13. INVERSE LAPLACE TRANSFORMS BY THE METHOD OF PARTIAL FRACTIONS

I Im he a proper rational algebraic function of s with m < n. The
bos" +by8" T + .. +b,

denominator of this quotient can be factorised into linear and quadratic factors. The given

rational function can be expressed as the sum of partial fractions as per the rules given below :

(i) If as + b is any linear non-repeated factor in the denominator, then there corresponds

a partial fraction of the form .
as+b

(i1) If as + b is any linear factor repeated r (¢ N) times in the denominator, then there
B C
as+b (as+b)? (as+b)°’
(i1i) If as? + bs + c is any irreducible quadratic factor in the denominator, then there
As+B
as? +bs+c’

corresponds partial fractions of the form

corresponds partial fraction of the form

(iv) If as? + bs + c is any irreducible factor repeated r (¢ N) times in the denominator,

As+B Cs+D

b b
as? +bs+c (as® +bs+c)?

then there corresponds partial fractions of the form
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The quantities A, B, C, D, ...... are all constants independent of s.

The constants A, B, C, D, ...... occurring in the numerators of the partial fractions
are determined by simplifying the sum of partial fractions and then giving various

values to s, to obtain equations involving unknown constants or by comparing the
coefficients of like powers of s.

The given proper fraction can be expressed as the sum of its partial fractions. Thus,
by using linearity of inverse Laplace transform and elementary inverse Laplace transform
formulae, the inverse Laplace transform of the given proper fraction is found.

If the given fraction is not proper, then division of numerator by denominator is carried
first.

ILLUSTRATIVE EXAMPLES

Example 1. Find the inverse Laplace transform of the following functions :

. s?4s-2 . s2-10s+13
Q) —— (i1) 5 )
(s=7)(s° —5s+6)

s(s+3)(s-2)

2 p—
Sol. (7) _sT+s=2 is a proper fraction.
s(s+3)(s—2)

2
Let s“+s-2 A B C

=+ +
s(s+3)(s—2) s s+3 s-2

Multiplying both sides by s(s + 3)(s — 2), we get
s2+5—-2=A(s +3)(s —2) + Bs(s — 2) + Cs(s + 3) (D)
s=01in (1) = -2=AB)(-2)+0+0 = A=-2/-6=1/3
s=-3in(1) = 9-3-2=0+B(-3)-5)+0 = B=4/15
s=2in (1) = 4+2-2=0+0+ C(2)5) = C=4/10=2/5

s"+s-2 _U3 415 25 _1(}}&( 1 )+g( 1 ]
ss+3)(s-2) s s+3 s-2 3\s) 15(s+3) 5(s-2

2 —_—
e Pt =1L—1(1)+iL-1 L2t
s(s+3)(s—-2)) 3 s 15 s+3) 5 s—2

:1(1)+ie‘3t+2e2t L I
3 15 5 3 15 5

_ 2t

e

Note. Since the factors in the denominator are linear and non-repeated, the short-cut method
can also be used.
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s2-10s+13 s?-10s+13
(s=T)(s* =55 +6) (s—T(s—2)(s-3)

(i)

is a proper fraction.

The factors in the denominator are linear and non-repeated.

By short-cut method,

s2-10s+13 :72+10(7)+13+ 22 -10(2) + 13 +32—10(3)+13
(s-7(?2-55+6) (-705B)4) (=5(E-2-1D 4HD(-3)

-8 -3 -8
= + +
20(s-7) 5(s—2) —-4(s-3)

2 3 1
=- - +2.
5(s-7) 5(s-2) s-3

1] s"-10s+13 :Ll(— 2 3 5 1)
(s=T7)(s®> -5s+6) 5(s—=7) 5(s-2) s—3

:_g]_;l 1 —§L’1 1 +oL! 1
5 s—17 5 s—2 s-3

=—Ee7t —§e2t +2e%,
5 5

32

Example 2. Find the inverse Laplace transform of the function

(s? +a?)(s? +b%)
using (i) method of partial fractions (it) convolution theorem.

2

. S 4 2
Sol. (i) = ,wherez =s
(s2+a®)(s2+b%) (z+a?)(z+b?)

—a? —-b?

= +
(z+a®)(—a?+b%) (-b%2+a?)(z+b?)

a? 1 b2 1

a?-b% z+a? a?-b% z+0b?

a a b b
a?-b% s2+a? a?-b% s?+0?

L,l 82 _ a L,l a _ b L,l b
(s2+a?)(s2+b%)) a®-b2 s +a? a’®-b? s +b2
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_a ) inb
az —62 sin at — az 2 sin ot
_asinat-bsinbt
a?-b? '
(id) s =| 5= ® | =Fs) Gis)
(s +a?)(s? +b?) s2+a? )\ s2+0%) ’
s
where F(s) = 2. o2 and G(s) = m
Also L' (F(s)=L"1 ( 5 5 5 ] =cosat = f(t), say
s“+a
and L (G(s)=L" | —— | =cosbt =g(¢), say.
s“+b
By convolution theorem, we have
t
L (F(s)G(s)) = f * g = jo £(T) g(t - T) dT.
Lt s* jt T cos b(t — T)dT
a = cosaT coso(t —
(s2+a?) (s> +b?) 0

¢
= % J [cos (aT +bt-bT)+ cos (aT - bt + bT)] dT
0

=l[sin ((a=b)T+bt) sin((a +b)T—bt)T
2

a-b a+b 0

_l sin at N sin at B sin bt N sin bt
“2la-b a+b a-b a+b

—1 2a sin at — 2b sin bt
a?-b? a?-b?

_asinat—bsin bt
a? - b?

1
Example 3. Find the inverse Laplace transform of the function ———————— by using
(s—1)° (s+2)
(i) method of partial fractions (ii) convolution theorem.

1
Sol. (@) (s_17° (s+2)_25 (2+3),Where z=s-1.
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We divide 1 by z + 3 as follows :

1 2z, 22 28 2
3 9 27 81 243
3+z) 1
1+2
3
_z
3
_z_ 2
3 9
22
9
22 23
_+_
9 27
_2
27
23 24
97 81
2
81
24 25
_+_
81 243
_ 2
243

1 1 2z 22 23 2% 25/243

3+z 3 9 27 81 243 3+z
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1 1 1 1 1 1 1 1 1
5 =75 = ab a4 T 3~ 7+ -
2°(z+3) z°\3+z 3z 9z 27z 81z 243z 2433+ 2z)
1 1 1 1
5 = 5 . 3
(s=1D%(s+2) 3(s-1> 9s-D* 27(s-1

~ 1 1 ~ 1
8l(s— 1% 243(s—1 243(s+2)

L1 1 _1ia 1 | 1;0 1
(s-1%s+2)) 3 s-1%) 9 (s—1*

1

PR T DR S 1 Lyl
27 (s-13%) 81 (s=1)2 243 s—1

243
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=let L! i —let L! i +iet L! i
3 s° 9 st 27 g3
_ i et L71 (i) + 1 et L71 (1) _ 1 e—2t Lfl (1)
81 s?2) 243 s) 243 s
el 1 _ (4" e 1_.,(3!) e 1. (2! t t -2t
T - S ju et LA P e I S L
3 24 s 9 6 s 27 2 s 81 243 243
S gt f 3 % 2 % ¢4 % _C
72 54 54 81 243 243

1 1 1
) _ .
A ((s - 1)5J(s+ 2) (8) Gle),

1 1
where F(s) = W and G(s) = S1 o
Also L (F(s)=L" [;5) ettt (is)
(s=-1 s
1 t
=e! .iL‘l (:—J =;—4t4 =f(), say
and L1 (G(s)=L"1 [3%) =e % =g(t), say.

By convolution theorem, we have

L (F(s) G(s) = f # g = jot £(T) g(¢ - T) dT.

] PR S jt Tt e gp e jt T4 3T 4T,
(s-1°(s+2) o 24 24 Jo

4 3T | : 3T
Toe - [ am® . L—ar
o 0 3

t
Now J.O T4 e3T dT =

3| 3

p4p3t 4| T3.3T ¢
3 3

- j 37?2 .e—dT}
0 3

t4e3t 4 t3 3t

=————t’e" +

4| T203T ¢
3 9 3

. 3T
-j oT . ¢ 4T
3 0 0 3

4 3t 3T |t . 3T
te —ét3e3t+ét2e3t—§ L I 1.5 4T
3 9 9 9 3 |, Do 3
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43t
_te —ét3e3t+ét2e3t —ite3t+i(e3t—1)
3 9 9 27
= 1 _ e 2t | $tedt _itgegt +£t263t —ite& +ie3t 8
(s=1)°(s+2) 24 3 9 9 27 81 81

_t4et t’et t%e' te' e' e

72 54 54 81 243 243"
Example 4. Find the inverse Laplace transform of the following functions :

@D 512 5+2 W) 52212
4s+5

Sol. (i) (s—1)2(s+2) is a proper fraction.

4s5+5 A B C
= + +
(s-D%(s+2 s-1 (s—-1D% s+2
Multiplying both sides by (s — 1)2 (s + 2), we get
45+5=A(s-1)(s+2)+B(s + 2) + C(s — 1)2. (1)
s=1in(1l) = 9=0+3B+0 = B=3
s=—2in(1) = -3=0+0+9C = C=-1/3
Lets=0. .. 5=-2A+2B+C
= 2A=23)-(1/3)-5=2/3 = A=1/3.

4s5+5 13 3 -3 1 1 1 1 1
= + + =—|——|+3 o3 Ry
s-1D%2(+2) s-1 (s-1% s+2 3ls-1 (s—1) 3ls+2

L_l 4s+5 =1L_1 1 +3L_1 1 _lL_l 1
(s-1%(s+2)) 3 s—-1 (s-1)%) 3 s+2

Let

Lot pgetpt L =%((9t+1)et —e %y,
@) 1+2s . fracti
) — 45 1S a proper iraction.
(s+22(s—1)2 =~ 2ProP
1+2s A B o D

= + + +
Let (5+2%(6-1% s+2 (s+2)? s-1 (s—1?

Multiplying both sides by (s + 2)? (s — 1), we get
1+425=A+2(s—12+Bs-12+C(s+22(s—1)+D(s + 2)2 (1)
s=1in (1) = 3=0+0+0+9D = D=1/3
s=-2in(1) = -3=0+9B+0+0 = B=-1/3
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Comparing coefficients of s? and s2 in (1), we get

0=A+C ...(2) and 0=B+3C+D ..(3)
1 1
3 = 3C=-B-D=5-5=0 = C=0
3 3
2 = A=-C=0.
1+2s 0 -13 0 1/3 1

1)1 1
3ls+2?) 3l(s-1?2
L_l((s+21):(2ss—1)2j:_§L_1((s+12)2)+%r1((s—11)2}

— _16721‘ Lfl i +lel.t L71 i
3 s2 3 s2

(s+2)2 (s - 1?2 :s+2+(s+2)2 +S—1+(s—1)2 -

le_Zt .t+let .tzi(et —e ),
3 3 3

Example 5. Find the inverse Laplace transform of the following functions :

; 3s+1 i) 2s% + 287 +4s+1
(s+1 (2 +1) 2 +D (% +s+1)

3s+1

Sol. (i) — >+t
oL@ D

is a proper fraction.

3s+1 B A +Bs+C
(s+1)(s2+1) s+1 241

Let

Multiplying both sides by (s + 1)(s? + 1), we get
3s+1=A?+1)+(Bs+C) (s +1). (D)
s=—1in (1) = —-2=2A+0 = A=-1
Comparing coefficients of s and s in (1), we get
0=A+B ...(2) and 3=B+C ..(3)
2 = B=-A=-(-1=1
3 = C=3-B=3-1=2.

3s+1 -1 1.5+2 1 s 2
2 t 3 =" to Tt
(s+1(s*+1) s+1 s°+1 s+1 s°+1 s°+1

g 35l g e [
(s+D "+ 1 s+1 s“+1 s“+1

=—et+cost+2sint.
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(i1) Let F(s)

Let

2% + 252 +4s5+1
(s2+1) (s> +s+1)

F(s) is a proper fraction.

2s% +2s +45+1 As+B  Cs+D
2+DG%2+s+1) s2+1 s2+s+1

Multiplying both sides by (s? + 1) (s2 + s + 1), we get

253 +2s2+4s+1=(As+B)(s2+s+1)+(Cs+D) (s? + 1).

Comparing coefficients of s3, s2, s and constant terms, we get

(2)-4)

(1)
(3)
4)

2=A+C
2=A+B+D
4=A+B+C
1=B+D
= A=1
= C=2-A=2-1=1
= B=4-A-C=4-1-1=2
= D=1-B=1-2=-1.
F(S):1.23+2+ ;.3—1 s +2[ 21 ]+ 23—1
s“+1 s+s+1 s°+1 s“°+1) s+s+1

L' (Fs)=L!| 5> |+2L" —21 1t —23‘1
s“+1 s“+1 s“+s+1

[ra) s
s+ |-
2) 2

=cost+2sint+ L1

1 S 3

——t N
=cost+2sint+e 2 L7t 23
s2+2

4

1
-t
=cost+2sint+e 2 L7t

=cost+2sint+e 2
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..(2)
.(3)
..(4)
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s
Example 6. Find the inverse Laplace transform of the function ————
S

+4at’
Sol 5 = 5 = 5
st +4a* (s +2a?)? - 4a%s%?  (s® +2as+2a?) (s® — 2as + 2a?)
Lot s As+B Cs+D

s* + 4a* - s2 +2as+2a> s -2as+2a®’
Multiplying both sides by s* + 4a*, we get
s = (As + B)(s% — 2as + 2a2) + (Cs + D) (s? + 2as + 2a2?).

Comparing coefficients of s3, s2, s and constant terms, we get

0=A+C ..(1)

0=—2cdA+B+2aC+D ...(2)

1 = 2a?A — 2aB + 2a2%C + 2aD ...(3)

0 =2a’B + 222D ...(4)

4 = B+D=0 ..(B)

2)-0B) = -2A-C)=0 = A=C ...(6)

(1Dand (6) = A=0,C=0

3) = 1=-2¢(B-D) = B-D=-1/2a ()
Solving (5) and (7), we get B = — 1/4a, D = 1/4a.
S 0.s — V4a 0.5+ V4a

= +

s* +4a* s?+2as+2a%  s? -2as+2a’
L D S P O B S
=7 4a|s?+2as+a? 4a | s% - 2as + 20>

N D s P N G
4a \ (s + a)2 + a2 4a \ (s — a)2 +a?
1 1 1 1
NS V) (NS SO Job Y (NS P ot
(s4+4a4j 4a [(s+a)2+a2j 4a (s—a)? +a®
1 -at 7-1 1 1 at -1 1
=—— L' | ——|+—e“L
4ae (s2+a2j 4ae (s2+a2]

1 at —at 1 -1 a 1 eat _e_at :
=— (e - ™). =L = . sin at
4a ( a s2+a%) 2a* 2

1 . .
=— sinh at sin at.
2a






