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2.13. INVERSE LAPLACE TRANSFORMS BY THE METHOD OF PARTIAL FRACTIONS

Let 
a s a s a

b s b s b

m m
m

n n
n

0 1
1

0 1
1

+ + +
+ + +

−

−
......

......
 be a proper rational algebraic function of s with m < n. The

denominator of this quotient can be factorised into linear and quadratic factors. The given
rational function can be expressed as the sum of partial fractions as per the rules given below :

(i) If as + b is any linear non-repeated factor in the denominator, then there corresponds

a partial fraction of the form A
as b+

.

(ii) If as + b is any linear factor repeated r (∈ N) times in the denominator, then there

corresponds partial fractions of the form 
A B C

as b as b as b
r

+ + +
,
( )

,
( )

,......
2 3  terms.

(iii) If as2 + bs + c is any irreducible quadratic factor in the denominator, then there

corresponds partial fraction of the form 
A + Bs

as bs c2 + +
.

(iv) If as2 + bs + c is any irreducible factor repeated r (∈ N) times in the denominator,

then there corresponds partial fractions of the form 
A + B C + Ds

as bs c

s

as bs c2 2 2+ + + +
,
( )

,  ...... r terms.
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The quantities A, B, C, D, ...... are all constants independent of s.

The constants A, B, C, D, ...... occurring in the numerators of the partial fractions
are determined by simplifying the sum of partial fractions and then giving various
values to s, to obtain equations involving unknown constants or by comparing the
coefficients of like powers of s.

∴ The given proper fraction can be expressed as the sum of its partial fractions. Thus,
by using linearity of inverse Laplace transform and elementary inverse Laplace transform
formulae, the inverse Laplace transform of the given proper fraction is found.

If the given fraction is not proper, then division of numerator by denominator is carried
first.

ILLUSTRATIVE EXAMPLES

Example 1. Find the inverse Laplace transform of the following functions :

(i)
s s 2

s(s 3)(s 2)

2 + −
+ −

(ii)
s 10s 13

(s 7)(s 5s 6)

2

2
− +

− − +
 .

Sol. (i) s s
s s s

2 2
3 2
+ −

+ −( ) ( )
 is a proper fraction.

Let s s
s s s s s s

2 2
3 2 3 2
+ −

+ −
= +

+
+

−( ) ( )
A B C

Multiplying both sides by s(s + 3)(s – 2), we get

s2 + s – 2 = A(s + 3)(s – 2) + Bs(s – 2) + Cs(s + 3) ...(1)

s = 0 in (1) ⇒ – 2 = A(3)(– 2) + 0 + 0 ⇒ A = –2/– 6 = 1/3

s = – 3 in (1) ⇒ 9 – 3 – 2 = 0 + B(– 3)(– 5) + 0 ⇒ B = 4/15

s = 2 in (1) ⇒ 4 + 2 – 2 = 0 + 0 + C(2)(5) ⇒ C = 4/10 = 2/5

∴     s s
s s s s s s

2 2
3 2

1 3 4 15
3

2 5
2

+ −
+ −

= +
+

+
−( ) ( )

/ / /  = 
1
3

1 4
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1
3

2
5

1
2s s s

F
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I
KJ

+
+

F
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I
KJ

+
−

F
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I
KJ

∴  L L L L− − − −+ −
+ −

F

HG
I

KJ
= F

HG
I
KJ

+
+

F
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I
KJ

+
−

F
HG

I
KJ

1
2

1 1 12
3 2

1
3

1 4
15

1
3

2
5

1
2

s s
s s s s s s( )( )

= + +−1
3

1
4
15

2
5

3 2( ) e et t  = + +−1
3

4
15

e
2
5

e .3t 2t

Note. Since the factors in the denominator are linear and non-repeated, the short-cut method
can also be used.
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(ii)
s s

s s s
s s

s s s

2

2

210 13
7 5 6

10 13
7 2 3

− +
− − +

= − +
− − −( )( ) ( )( )( )

 is a proper fraction.

The factors in the denominator are linear and non-repeated.

∴ By short-cut method,

 
s s

s s s s s

2

2

2 2 210 13
7 5 6

7 10 7 13 2 10 2 13
5 2 1

3 10 3 13
4 1 3

− +
− − +

= + +
−
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− − −
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( ) ( )
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( ) ( ) ( )
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−
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−
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8
20 7

3
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8
4 3( ) ( ) ( )s s s
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−

−
−

+
−

2
5 7

3
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2
1

3( ) ( )
.

s s s

∴  L L− −− +
− − +

F

HG
I

KJ
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−
−

−
+

−
F
HG

I
KJ

1
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2
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7 5 6

2
5 7

3
5 2

2
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3
s s

s s s s s s( ) ( ) ( ) ( )
.
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−

F
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I
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−
−

F
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I
KJ

+
−

F
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I
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− − −2
5

1
7

3
5

1
2

2
1

3
1 1 1L L L

s s s

= − − +2
5

e
3
5

e 2e .7t 2t 3t

Example 2. Find the inverse Laplace transform of the function 
s

(s a ) (s b )

2

2 2 2 2+ +
 by

using (i) method of partial fractions (ii) convolution theorem.

Sol. (i)   
s

s a s b

z

z a z b
z s

2

2 2 2 2 2 2
2

( ) ( ) ( ) ( )
,

+ +
=

+ +
=where

 = −
+ − +

+ −
− + +

a

z a a b

b

b a z b

2

2 2 2

2

2 2 2( ) ( ) ( ) ( )

=
− +

−
− +

a

a b z a

b

a b z b

2

2 2 2

2

2 2 2

1 1
. .

=
− +

−
− +

a

a b

a

s a

b

a b

b

s b2 2 2 2 2 2 2 2
. . .

∴  L L L− − −

+ +

F

HG
I

KJ
=

− +

F

HG
I

KJ
−

− +

F

HG
I

KJ
1

2

2 2 2 2 2 2
1

2 2 2 2
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2 2
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a
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a
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a b

b

s b( ) ( )



68 LAPLACE  AND FOURIER TRANSFORMS

 =
−

−
−

a

a b
at

b

a b
bt

2 2 2 2
sin sin

 = −
−

a sin at b sin bt
a b2 2

.

(ii)   
s

s a s b
s

s a
s

s b

2

2 2 2 2 2 2 2 2( )( )+ +
=

+
F

HG
I

KJ +
F

HG
I

KJ
 = F(s) G(s),

where F(s) = 
s

s a2 2+
 and G(s) = 

s
s b2 2+

.

Also L F L say− −=
+

F

HG
I

KJ
= =1 1

2 2( ( )) cos ( ),s
s

s a
at f t

and L G L say− −=
+

F

HG
I

KJ
= =1 1

2 2
( ( )) cos ( ), .s

s

s b
bt g t

By convolution theorem, we have

L F G( )) = = T T T− ∗ −z1

0
( ( ) ( ) ( ) .s s f g f g t d

t

∴   L = T T T−

+ +

F

HG
I

KJ
−z1

2

2 2 2 2 0

s

s a s b
a b t d

t

( ) ( )
cos cos ( )

=
1
2

T T T T T
0

t
a bt b a bt b dz + − + − +cos ( ) cos ( )

=
1
2

T T

0

t
sin (( ) ) sin (( ) )a b bt

a b
a b bt

a b
− +

−
+ + −

+
L

N
M

O

Q
P

=
1
2

sin sin sin sinat
a b

at
a b

bt
a b

bt
a b−

+
+

−
−

+
+

L

N
M

O

Q
P

=
1
2

2 2
2 2 2 2

a
a b

at
b

a b
bt

−
−

−
L

N
M

O

Q
Psin sin

= −
−

a sin at b sin bt
a b

.2 2

Example 3. Find the inverse Laplace transform of the function 
1

(s 1) (s 2)5− +
 by using

(i) method of partial fractions (ii) convolution theorem.

Sol. (i)
1

1 2
1

35 5( ) ( ) ( )s s z z− +
=

+ , where z = s – 1.
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We divide 1 by z + 3 as follows :

3 1

1
3

3

3 9

9

9 27

27

27 81

81

81 243

243

1
3 9 27 81 243

2

2

2 3

3

3 4

4

4 5

5

2 3 4

+

+

−

− −

+

−

− −

+

−

− + − +

z
z

z

z z

z

z z

z

z z

z

z z

z

z z z z

∴  1
3

1
3 9 27 81 243

243
3

2 3 4 5

+
= − + − + −

+z
z z z z z

z
/

∴  
1

3
1 1

3
1

3
1

9
1

27
1

81
1

243
1

243 35 5 5 4 3 2z z z z z z z z z z( ) ( )+
=

+
F
HG

I
KJ

= − + − + −
+

∴
1

1 2
1

3 1
1

9 1
1

27 15 5 4 3( ) ( ) ( ) ( ) ( )s s s s s− +
=

−
−

−
+

−

−
−

+
−

−
+

1
81 1

1
243 1

1
243 22( ) ( ) ( )s s s

∴ L L L− − −

− +
F
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I
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=

−
F
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I

KJ
−

−
F
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I
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1

5
1

5
1

4
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1
3

1
1

1
9

1
1( ) ( ) ( ) ( )s s s s

+
−

F
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I
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−

−

F
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I
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− −1
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1

1

1
81

1

1
1

3
1
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L L

( ) ( )s s
 +
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F
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−
+

F
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I
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− −1
243

1
1

1
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1
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1 1L L
s s
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= F
HG
I
KJ

− F
HG
I
KJ

+ F
HG
I
KJ

− − −1
3

1 1
9

1 1
27

11
5

1
4

1
3

e
s

e
s

e
s

t t tL L L

− F
HG
I
KJ

+ F
HG
I
KJ

− F
HG
I
KJ

− − −1
81

1 1
243

1 1
243

11
2

1 2 1e
s

e
s

e
s

t t tL L L–

= F
HG
I
KJ

− F
HG
I
KJ

− F
HG
I
KJ

− − −e

s

e

s

e

s

t t t

3
1
24

4
9

1
6

3
27

1
2

21
5

1
4

1
3

.
!

.
!

.
!

L L L − + −
−e

t
e et t t

81 243
1

243
1

2

. . .

= − − − + −
−e

72
t

e
54

t
e
54

t
e
81

t
e

243
e
243

t
4

t
3

t
2

t t 2t
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(ii)    
1

1 2
1
1

1
25 5( ) ( ) ( )s s s s− +

=
−

F

HG
I

KJ +
F
HG

I
KJ

 = F(s) G(s),

where   F(s) = 
1
1 5( )s −

and G(s) = 
1

2s + .

Also  L F L = e L
11.t – 1− −=

−
F

HG
I

KJ
F
HG
I
KJ

1 1
5 5

1
1

( ( ))
( )

s
s s

 = F
HG
I
KJ

=−e
s

e
t f tt

t

.
!

( ),
1
24

4
24

1
5

4L = say

and L G L = say–− −=
+

F
HG

I
KJ

=1 1 21
2

( ( )) ( ),s
s

e g tt .

By convolution theorem, we have

L F G( )) = = T T T− ∗ −z1

0
( ( ) ( ) ( ) .s s f g f g t d

t

∴  L
T

T
T

T− − −

− +

F

HG
I

KJ
= z1

5 0

4
21

1 2 24( ) ( )
. ( )

s s

e
e d

t
t =

−

z
e

e d
t t2

0

4 3

24
T T.T

Now
0

4 3
4 3

0
0

3
3

3
4

3

t
t

t
e d

e e
dz z−T T =

T
T TT

T T

.

= − −
L

N

M
M

O

Q

P
Pz

t e e e
d

t t
t4 3 3 3

0
0

2
3

3
4
3 3

3
3

T
T T

T T

.

= − + −
L

N

M
M

O

Q

P
Pz

t e
t e

e e
d

t
t

t
t4 3

3 3
2 3

0
0

3

3
4
9

4
3 3

2
3

T
T T

T T

.

= − + − −
L

N

M
M

O

Q

P
Pz

t e
t e t e

e e
d

t
t t

t
t4 3

3 3 2 3
3

0
0

3

3
4
9

4
9

8
9 3

1
3

T
T

T T

.
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= − + − + −t e
t e t e te e

t
t t t t

4 3
3 3 2 3 3 3

3
4
9

4
9

8
27

8
81

1( )

∴ L−

− +

F

HG
I

KJ
1

5

1

1 2( ) ( )s s
= − + − + −

L

N
M
M

O

Q
P
P

−e t e
t e t e te e

t t
t t t t

2 4 3
3 3 2 3 3 3

24 3
4
9

4
9

8
27

8
81

8
81

= − + − + −
−t e

72
t e
54

t e
54

te
81

e
243

e
243

.
4 t 3 t 2 t t t 2t

Example 4. Find the inverse Laplace transform of the following functions :

(i)
4s 5

(s 1) (s 2)2

+
− + (ii)

1 2s

(s 2) (s 1)2 2

+
+ −

.

Sol. (i) 
4 5

1 22

s

s s

+
− +( ) ( )  is a proper fraction.

Let 
4 5
1 2 1 12 2
s

s s s s s
+

− +
=

−
+

−
+

( ) ( ) ( )
A B C

+ 2

Multiplying both sides by (s – 1)2 (s + 2), we get
 4s + 5 = A(s – 1) (s + 2) + B(s + 2) + C(s – 1)2. ...(1)

s = 1 in (1) ⇒   9 = 0 + 3B + 0 ⇒ B = 3
s = – 2 in (1) ⇒ – 3 = 0 + 0 + 9C ⇒ C = – 1/3

Let s = 0. ∴ 5 = – 2A + 2B + C
⇒ 2A = 2(3) – (1/3) – 5 = 2/3 ⇒ A = 1/3.

∴ 4 5
1 2

1 3
1

3
1

1 3
22 2

s
s s s s s

+
− +

=
−

+
−

+ −
+( ) ( )

/
( )

/
 = 

1
3

1
1

3
1
1

1
3

1
22s s s−

F
HG

I
KJ

+
−

F

HG
I

KJ
−

+
F
HG

I
KJ( )

∴ L L L L− − − −+
− +

F

HG
I

KJ
=

−
F
HG

I
KJ

+
−

F

HG
I

KJ
−

+
F
HG

I
KJ

1
2

1 1
2

14 5

1 2

1
3

1
1

3
1

1

1
3

1
2

s

s s s s s( ) ( ) ( )

= + F
HG
I
KJ

−− −1
3

3
1 1

3
1 1 1

2
2e e

s
et t t. . L

= + − −1
3

3
1
3

1 2e e t et t t  = + − −1
3

(9t 1) e e .t 2t( )

(ii)
1 2

2 12 2

+
+ −

s

s s( ) ( )
 is a proper fraction.

Let
1 2
2 1 2 2 1 12 2 2 2

+
+ −

=
+

+
+

+
−

+
−

s
s s s s

C
s s( ) ( ) ( ) ( )

A B D

Multiplying both sides by (s + 2)2 (s – 1)2, we get
1 + 2s = A(s + 2) (s – 1)2 + B(s – 1)2 + C(s + 2)2 (s – 1) + D(s + 2)2. ...(1)

 s = 1 in (1)    ⇒ 3 = 0 + 0 + 0 + 9D ⇒ D = 1/3
  s = – 2 in (1) ⇒ – 3 = 0 + 9B + 0 + 0 ⇒ B = – 1/3
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Comparing coefficients of s3 and s2 in (1), we get

0 = A + C ...(2) and 0 = B + 3C + D ...(3)

(3) ⇒ 3C = – B – D = 
1
3

1
3

−  = 0 ⇒ C = 0

∴ (2) ⇒ A = – C = 0.

∴ 1 2
2 1 2

1 3
2

0
1 1

1
3

1
2

1
3

1
12 2 2 2 2 2

+
+ −

=
+

+ −
+

+
−

+
−

= −
+

F

HG
I

KJ
+

−
F

HG
I

KJ
s

s s s s s s s s( ) ( )
/

( ) ( ) ( ) ( )
0 1/3

∴ L L L
1− − −+

+ −
F

HG
I

KJ
= −

+
F

HG
I

KJ
+

−
F

HG
I

KJ
1

2 2
1

2
1

2
1 2
2 1

1
3

1
2

1
3 1

s
s s s s( ) ( ) ( ) ( )

= − F
HG
I
KJ

+ F
HG
I
KJ

− − −1
3

1 1
3

2 1
2

1 1
2

e
s

e
s

t tL L
1.

= − + = −− −1
3

1
3

2e t e tt t. .
t
3

(e e ).t 2t

Example 5. Find the inverse Laplace transform of the following functions :

(i) 3s 1

(s 1) (s 1)2

+
+ +

(ii)
2s 2s 4s 1

(s 1) (s s 1)

3 2

2 2

+ + +
+ + +

 .

Sol. (i) 
3 1

1 12

s

s s

+
+ +( ) ( )

 is a proper fraction.

Let
3 1

1 1 1 12 2

s

s s s
s

s

+
+ +

=
+

+ +
+( ) ( )

.
A B C

Multiplying both sides by (s + 1)(s2 + 1), we get

  3s + 1 = A(s2 + 1) + (Bs + C) (s + 1). ...(1)

s = – 1 in (1)     ⇒  – 2 = 2A + 0 ⇒ A = – 1

Comparing coefficients of s2 and s in (1), we get

0 = A + B ...(2) and 3 = B + C ...(3)

(2) ⇒ B = – A = – (– 1) = 1

(3) ⇒ C = 3 – B = 3 – 1 = 2.

∴ 3 1

1 1

1
1

1 2

12 2

s

s s s
s

s

+
+ +

= −
+

+ +
+( ) ( )

.  = – 
1

1 1
2

12 2s
s

s s+
+

+
+

+

∴  L L L− − −+
+ +

F

HG
I

KJ
= −

+
F
HG

I
KJ

+
+

F

HG
I

KJ
1

2
1 1

2
3 1
1 1

1
1 1

s
s s s

s
s( ) ( )

 + 2L–1 1
12s +

F

HG
I

KJ

= – e t + cos t + 2 sin t.
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(ii) Let F( )
( ) ( )

s
s s s

s s s
= + + +

+ + +
2 2 4 1

1 1

3 2

2 2
.

∴ F(s) is a proper fraction.

Let 
2 2 4 1

1 1 1 1

3 2

2 2 2 2

s s s

s s s

s

s

s

s s

+ + +
+ + +

= +
+

+ +
+ +( ) ( )

.
A B C D

Multiplying both sides by (s2 + 1) (s2 + s + 1), we get

2s3 + 2s2 + 4s + 1 = (As + B) (s2 + s + 1) + (Cs + D) (s2 + 1).

Comparing coefficients of s3, s2, s and constant terms, we get

2 = A + C ...(1)

2 = A + B + D ...(2)

4 = A + B + C ...(3)

1 = B + D ...(4)

(2) – (4) ⇒ A = 1

(1) ⇒ C = 2 – A = 2 – 1 = 1

(3) ⇒ B = 4 – A – C = 4 – 1 – 1 = 2

(4) ⇒ D = 1 – B = 1 – 2 = – 1.

∴   F( )
. .

s
s

s

s

s s
= +

+
+ −

+ +
1 2

1

1 1

12 2  =
+

+
+

F

HG
I

KJ
+ −

+ +
s

s s
s

s s2 2 21
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1

( ( ))s
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J
J
J
J
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3
2

1
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3
4

2

= + +
−

+

F

H

G
G
G

I

K

J
J
J

− −cos sint t e
s

s
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2
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1
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+
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Example 6. Find the inverse Laplace transform of the function 
s

s 4a
.4 4+

Sol.  s

s a

s

s a a s

s

s as a s as a4 4 2 2 2 2 2 2 2 2 24 2 4 2 2 2 2+
=

+ −
=

+ + − +( ) ( ) ( )

∴ Let
s

s a
s

s as a
s

s as a4 4 2 2 2 24 2 2 2 2+
= +

+ +
+ +

− +
A B C D

.

Multiplying both sides by s4 + 4a4, we get

s = (As + B)(s2 – 2as + 2a2) + (Cs + D) (s2 + 2as + 2a2).

Comparing coefficients of s3, s2, s and constant terms, we get

0 = A + C ...(1)

0 = – 2aA + B + 2aC + D ...(2)

1 = 2a2A – 2aB + 2a2C + 2aD ...(3)

0 = 2a2B + 2a2 D ...(4)

  (4) ⇒ B + D = 0 ...(5)

(2) – (5)  ⇒ – 2a(A – C) = 0 ⇒ A = C ...(6)

∴ (1) and (6) ⇒ A = 0, C = 0

(3)   ⇒ 1 = – 2a (B – D) ⇒ B – D = – 1/2a ...(7)

Solving (5) and (7), we get B = – 1/4a, D = 1/4a.

∴ s
s a

s a
s as a

s a
s as a4 4 2 2 2 24

0 1 4
2 2

0 1 4
2 2+

= −
+ +

+ +
− +

. / . /

= – 
1

4
1

2
1

4
1

2 22 2 2 2a s as a a s as a+ +
F
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I

KJ
+

− +
F
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I

KJ

= −
+ +

F
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I

KJ
+

− +
F
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I

KJ
1

4
1 1

4
1

2 2 2 2a s a a a s a a( ) ( )

∴ L L L− − −

+
F

HG
I

KJ
= −

+ +
F

HG
I

KJ
+

− +
F

HG
I

KJ
1

4 4
1

2 2
1

2 24
1

4
1 1

4
1s

s a a s a a a s a a( ) ( )

= −
+

F
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I

KJ
+

+
F
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I

KJ
− − −1

4
1 1

4
11

2 2
1

2 2a
e

s a a
e

s a
at atL L

= −
+

F

HG
I

KJ
− −1

4
1 1

2 2a
e e

a
a

s a
at at( ). L  =

−F

HG
I

KJ
−1

2 22a
e e

at
at at

. sin

= 1
2a

sinh at sin at.
2




