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Applied of Double Integration in Calculate Areas and Volumes
asaadl g clabuall Glua A AUl cdlalsil) cliys

Area (daluwal)):

Definition: A type | region in bounded on the A
left and right by vertical lines x = a and x = b,
and bounded below and above by continuous
curve y=g,(x) &y = g,(x), where

g1(x) < g,(x), V a<x<bhb,then

9

A= [[fCoy)dA =[] [ f(x,y)dy dx
R

X=a

y=g2(x
\_/)_\\

y=g1(x)

/

7

Definition: A type Il region in bounded below
and above by horizontal linesy = candy = d,
and bounded on the left and right by continuous

[ —
r—

curve x = hy(y) & x = h,(y), where d

=d

h(y) <h(y), V c<y<d,then x=hy(y)] 1 x= hy(y)

y=c¢

A= ([ fuydA= [ [0 feydxdy
R

where R = {(x,y):a<x<b, c<y<d}

dA = dxdy = dydx

Note: If there exist the function f (x, y) in double integrals then
required to find volume (aaaJd)), if the double integrals without the

function f(x, y), then required to find area (dalwal),
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Example 1:
2 ¥* (2,2 (4.2)
ff dxdy

1y

2 ¥* 2 2 5 22 g L1
_ y — 2 _ _Yy Yyl _°e_,_[2_1
ffdxdy— xly dy = |y* —yldy =5 -5 32 [3 >
1y 1 1
_7 3_14-9 5
"3 2 6 6
Reverse:
y
2 x 4 2
A
J]dydx+]]dydx=
1 Vx 2 Jx
2 4
=jy|fj—dx+jy|\2/— dx
1 2 *—
2
2 4
=f(x—\/;)dx+f(2—\/;) dx
1 2 r 3
3\ |2 3\ 14 1 (1,1)
x% a2z x2
2 2 ® ® ® ® >
2/ 200 1 2 3 4
) [1 2] o_ 16 42
B 3 2 3 3 3
—2—1+2+8—16 4_12—3+2+4-8—32—24-_5
23 3 6 "6
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Example 2:
2373

[[ oo

0

Solution:
y=0,y=2,x=y, x

Reverse
2 x 36-2x
jfdydx+ jj dydx =
00 2 0
2 3
= [yl dx+ [ yig ax
0 2
2 3
=fxdx+f(6—2x) dx
0 2
2\ |2
= <x7> + (6x —x?)|3
0

=2+18-9—(12—4) =3
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Example 3:Using the double integral to find the area which represented
by the curve y = x2 with the x-axis and the line x = 1, x = 3. Reversing
the order of integral

Solution:
3 x2 y

3
ff dydx—fyl0 dx—f x*dx

Reversing:

13
jfdxdy+jjdxdy=
01

1y

1 9
= [yxlidy + [ xIj; dy
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Example 4: Find the area between the two curves y = x, y = i/x

Solution: I
x=3yx = B=x=> 1B3-x=0 1 /"’ﬁ“
7

x(x2-1)=0
4
x=0 =>y=0 4
Orx=1 =>y=1 e ~—>
1
Orx=-1 => y=-1
3
0 x 1Vx (_1’_1)
ffdydx+ffdydx= 1
—13;/; 0 x ﬂ I
0 1 0 1
= jyl’g;;dx+jy|,?§ dx = f(x—i/})dx+f(i/§—x) dx
-1 0 -1 0
a\ | 4 1
_ x? 3 N X3 x? _ 1+3+3 1 1
2 4 42 2 4 4 2 2
3/14 3 0
Reversing:

0 y3 1,y _
I fy dxdy + [, fy3 dxdy =

0 1

3
— jxli, dy+jx|i’3 dy
“1 0
0 1

= f(y3—y)dy+f(y—y3) dy
0

-1
0
%)
2 4
-1

1
_(v ¥
4 2

+1+1
2 2

0

1 1 1
4 42
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Example 5: Find the area of the region bounded by the curve y = x?,
y=x+6
Solution:
x’=x+6 = x*—-x—-6=0

= (x—-3)(x+2)=0
x=3 =>y=9

Orx=-2 =>y=4

3x+6 3

fj dydx = f}’|§;6dx

—2 52 =2 >
S Pt b6-xDdr =St ex 1| =

=), x%)dx == X = =

Reversing:

4 Y 9 VY

[ [ asays [ [ asay -

0 —/y 4 y-6

4 9
= [x[Ysdy + [xI)% dy

4 9
=f(\/§+\/§)dy+J(\/§—y+6) dy

314 9
2y2 y?
-3 | T\3T 7
2

3
y2
3 + 6y =

2

0 4
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Example 6: Evaluate ffR dA, over the triangular region enclosed
between the linesy =1—x,y =1+ x,y = 3, Reversing the order of

e

integration YA
Solution:

3=1—-x = x=-2 (-2,3)

= (-2,3) h 3]

y=1-x, y=1+x=
>1-x=14+x=>2x=0
>x=0=>y=1= (0,1

3=1+x = x=2 e ———
= (2,3) 2 -1 0

3 y—-1 3

jjdxdy=fx|{:;dy=f3<y—1—(1—y))dy
1 1

11—y

ﬁDy—ﬂdy=f—%ﬂi=9—6—ﬂ—2)=3—04)=4

Reversing:
YA
0o 3 2 3
J ]dydx+j jdydx =
-2,3

-2 1—x 0 x+1 \( ) . '@

0 2
= 13_.dx+ | y|3,, dx

y 1-x y x+1

-2 0

) -1 0

= f(3—(1—x))dx+f(3—(x+1) dx
-2 0

0 2
210
X
= f(3+x)dx+f(2—x)dx=2x+7
=2 0

-2

=—(—4+2)+4-2=14
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Exercises:

1- Evaluate ff, xy dA over the triangular R with vertices (4~s3. ) at
(0,0), (1,0), (1,1)

2- Find the area between the coordinate axes and the line x +y = 2.

3- Find the area between the linesx =0, y =2x andy = 4

4- Evaluate the double integral and reverse the order of integration

and evaluate it [ fyzz_y xdx dy.
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