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Chapter Three
by nl)
Connectedness
i)
Definition (3.1): (Separation) o
.  Jadllalls .
Let (X, ) be a topological space. We say that the set E is separable in (X, 1), if

there is two sets 4, B such that

() AB=%0
(i) ANB =0
(i) AUB = E

(iv) [ANd(B)]U[BNd(A)] =0
Remark (3.1): From (iii) and (iv) we get
[(ANBYUBNA] =0 . *)

i) At B Ja
The relation (*) is called separability condition.

Example (3.1): Let X = {a, b,c,d,e}and 7 = {@,{a, b, c},{c,d, e}, {c}, X}.
Determine whether E = {a, d, e}, G = {b, d, e} are separable or not.
Solution:
(1) E ={a,d, e}

Let A = {a,d}, B = {e}

AB+0,ANB=0

The family of closed subsets of X are:

X,{d,e}, {a,b}, {a,b,d, e}, @

A={ad}= FQAF = XN{a,b,d,e} = {a,b,d, e}
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B={e} = NF= XN{d,e}N{a,b,d,e} = {d, e}

o [(ANBYUBNAD] = {d}Ufe} = (d,e} =
IfA = {a}, B = {d,e)

AB+0,ANB =20

A={a}= FQAF = XN{a,b}N{a,b,d,e} = {a, b}

B={de}= FQBF = XN{d,e}N{a,b,d,e} = {d, e}

= [(ANB)U(BNA)] = oUp =0
= FE is separable in (X, 7).
(2) G ={b,d, e}
Let A ={b}, B=1{d, e}
AB+0,ANB=0
A=1{b}= FQAF = XN{a,b}N{a,b,d,e} = {a, b}

B={de}= FQBF = XN{d,e}N{a,b,d, e} = {d, e}

= [(ANB)U(BNA)] = oUP = @
= G is separable in (X, 7).

o by il
Definition (3.2): (Connectedness) .
Let (X, ) be a topological space. We say that a subset E is connected if there does

not exist a separation for E in (X, 7).
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Example (2.3):
(1) In any topological space (X, t), the empty set @ and the universal set X are
connected.

(2) In any topological space (X, ), the singleton set {x} is always connected.

Theorem (3.1): The (X*,t*) is a topological subspace of (X,t). Then E is
connected in (X, 7) iff E is connected in (X*, 7).
Proof:

LetEcX*cX

LetA,B#=@Pand ANB =0

= AABCEcCX"

Now, if E is connected in (X, 7). Then

& (ANB)U(ANB) = @

& [(ANXHNBIU[AN(BNX*)] = 0

& [ANX*UB)U[(X*NA)NB] = @

& [ANB*JU[A*NB] = 0

& E is connected in (X*, 7).
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