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Def: let z = x + yi, then we can write the number z = (x, y) as order pair .
Ifzy = (X1, 71) 122 = (x3,¥2) then z; =2, © x; =x;,and y; =y,
The operation are the complex variables

7y F+ 23 = (e, y1) F (2, ¥2)=(%1 + x5, 51 +¥2)

Zy * Zy = (X1, Y1) * (x2,¥2) = (X1X2 — Y1Y2, X1 Y2 + X2)1)

Z %t Vil . Xy — Y2l (X1X2 + Y1Y2) n X2Y1 — X1)2
Zy Xt Yol Xy — Yol x; +y3 x5 +y;5

Is a complex number of the representation z = x + yi such that x is the real part
Re(z) and written first and y is the imaginary part Im(z) and written last as 3 — 2i

The complex number is called purely real if the imaginary part is zero .
The complex number is called purely real Imaginary if the real part is zero .

4 — 7iis acomplex number , 7 ispurelyreal , 5i is purelyimaginary

The conjugate complex number of the complex number z = x + yiis Z = x — yi
z=5+4+2i 27=5-2i

z=6—-7I 272=6+71

z=2 z=-2i

z=20 z=2I
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Note if z is a complex number , Z is its conjugate , then :

 z+Z=2Re(2)
» z—7z=2iIm(2)
% zZ = Re?(z) + Im?(2)

1. |z|=Vzz
1z| = /x% + y2 = \JRe2(2) + Im?(z) = Vzz

2. |212Z3| = |z4] |Z,]

|21z, |2 = (212,)(Z123)

= Z]_Z_]_ .Zzz_z

= |Z1|2 |Zzl2

= (lz1] 123])?

o |zyzy| = 24| |2,
3. A = @ yZy * 0

Z |z |
AL Z1\ /Z
2 - () e
Z3 Zp) \Zp

_ _ 2
1\ (Z_1> Z1 %12y |2, | _ <|Z1|>
zy) Z; 7,7, |z, | |z, |

_ 1A _|Z1|

B |Zz|

=
4. |zq + 23| < |z4| + |2,]
|2y + 2,17 = (21 + 23) (21 + 23)

=(z1 + 22)(Z; + Z3)
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MALEX ARALYSIS 4™ STAGE (2025.202%)

=217 + 737y + 212, + 2,7

Let U=22, = U=2;7,
|z, + 2, = 22 +u + U + 2,7,
“u+u=2Re(u) < 2\u| = 2|z,2,|
sz 2,07 < |z P+ 2]z 5] + |2,
1z, + 2,1 < |z |* + 2|72, | + |2,
121 + 2,|% < (|z1] + |22])?

|21 + 25| < |z1| + |2,]

5. |20+ 23+ + Zu| < [24] + 7] + - |2
H.W
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7. |21 — 23| = |z4] — |z,]

H.W
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Example :
prove  |zq +2|* + 12y — 22|* = 2 (Iz41* + |22/%)
Solution
121 + 2,1 = (21 + 23) (21 + 2;)

= (21 + 2)(Z1 + 73)

= 2120 t 2123 + 271 + 232,
21— 2|* = (21 — 2) (71 — 23)

= (21 — 22)(Z1 — )

= 2120 — 2123 — ZZ1 t 232,
By adding (1) and (2) we get
|21 + 2| + |2y — 2,|* =22,7; + 22,7,

|2y + 2,1% + |21 — 2317 = 2( |21 |2 + |2,]%)

Example :

The number z be purely real or purely imaginary if (z%) = z2

Solution

Letz=x+yi » Z=x—yi

(x +yi)? = (x — yi)?

x? + 2xyi —y? = x? — 2xyi — y?
4xyi=0 -xy=0

either x=0 - imaginary purely

or y=0 - real purely

(D

(2
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Example :

sketch (represent) the graph of the following curves
. |z—1i| = |z+i]

Solution
lx +yi—i| = |x+yi+il

lx+ - Dil = |x+ ¥+ Di
x2+ (-1 =x*+(y+1)>?
y2—2y+1=y*+2y+1

4y =0 > y=0

The curve is represent the x-axis

II. |z—4i|l+ |z+4il=10
Solution
|x + yi — 4i| + |x + yi + 4i] = 10

lx + (y —4)i| + [x+ (y +4)i] = 10

V2 + (7 =42 +x2+ (y+4)2 =10

Jx2+ (y—4)2 =10 — /x2 + (y + 4)2 , Squared the both sides

x2+y?—8y+16 =100—20/x2+ (y +4)2 + x> +y? + 8y + 16

—~16y — 100 = —204/x2 + y2 + 8y + 16

4y +25=5/x2+y2+ 8y + 16

16y% + 200y + 625 = 25(x% + y? + 8y + 16)
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4™ STAGE (2025.2024)

16y2 + 200y + 625 = 25x2 + 25y2 + 200y + 400

9x2 + 25y% = 225 =+ (25)
xZ yZ
E-l‘? = 1

Is an equation of ellipse its focus on the x-axis

Il zz+bz+bzZ=0 , b= (—h —k)
Let z=x+yi ,Zz=x—-Yyi
(x + yi)(x — yi) + b(x + yi) + b(x — yi) = bb
x% +vy?% + bx + byi+ bx —byi =0
x2+ (b + b)x + y* + (b — b)yi = 0 suchthat b = (—h, —k),b = (—h, k)
“b+b=-2h , b—b=2ki
x2—2hx +y?+2kiyi=bb , i2=-1
x? —2hx +y?—2ky = bb
x?—2hx+ h?>+y? -2k y+k? =h?+ k?
(x—h)?2+ (y—k)2=7r? suchthat h?+ k? =r?

is an equation of circle its center is (h, k) and radius is r = Vh? + k?

z—(1+i)

Iv. z—(2+3i)

HW
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We can define the modulus of any number z = x + yi as
2l = Jx2 +y? 20

The modulus always positive

The argument can be found by

tan 8 4 or 6 =tan_1z
X X

Such that @ is the argument and it's value being 0 < 6 < 2m
To evaluate the argument of any no. z
We must know the types of angles

(special — complementary — and periodic )

0 0 = = 2 m X om
sin 0 o2 2 1 0 -1 o0
cos 1 ? \% - 0 -1 0 1
tan 0 \% — 0 0
/ sin(g—e)zcose cos(%—@)zsin@ \

sin(mr — 6) = sin@ cos(m —60) = cos O

sin(mr + 60) = —sinf cos(mr+6) =—cosf

3 3
sin(7— 0) = —cos 6 cos(7— 0) = —cos @

k sin(2mr — ) = —sinf cos(2m — 0) = cos O /
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OMBLEX ANALYSIS 4™ STAGE 2025.2024)

A
w—0 0
SIN (+) SIN (4)
() coS (+)
TAN (—+) TAN (4)
B T+ 0 2w — 0 [~
SIN (-) SIN (-)
cos (-) COS (+)
TAN (+) TAN (-)
v

Example :
Find the modulus & argument to the following complex numbers
Solution
. z=1+i
x=1,y=1 ,(1,1) € 1st Q.
r=Viti=+2
1
0= tan‘li - 0 = tan"1(1)

0 = =
- —
2 arg z

N
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x=+3,y=-3 ,(V3,-3)€4th Q.
r=+34+9=+12=2v3

-3
f=tan"!— - 0 =tan"1(—V/3)

V3

p T ) T 5w
= — e d = _——_— = —
3 arg z T 3 3

z=—-3v3—3i
H.W

z=-2+2i
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4™ STAGE (2025.2024)

Argument Properties

» Arg(zy z;) = Arg(z;) + Arg(z;)
w0 Arg(z, 2z, ...2,) = Arg(z,) + Arg(z,) + - + Arg(z,)

*arg (2) = Arg(z) - Arg(z,)
2

 Arg(z) = —Arg(z)
» Arg(z") =nArg(z)

Example :

ifz; =3+ 3i and z, = 1—+/3i , find the value of :

Argzy, Argz, , Arg(z12;) , Arg (—2) , Arg(z) | Arg(z} )

Solution
Arg z,; = tan™?! 3 tan=11 = =
- —_ = = n —_
gz 3 7
V3 7T 5n
Arg z, = tan-lT = =tan~1/3 = § = Argz, = ?
Arg(z, z;) = Argz, + Argz, = % + 5?” — 213_2”

2 <Z1>—A " _m Sm_Tm
rg ) rgz, 9% =7 -3 =13

T 7

Arg(z,) = —Arg(z,) = —7T T

51

Arg(z,® ) =5Arg(z;) = 5(%) ==
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to find the argument (‘angle ) for any complex number then :
There are three types of Angles :
A. Special Angles
it’s the direct angles (0, %ﬂ

oS
SNIE
wls
NS

,TT,— ,2T)

) ) )

and calculated easily .

B. Complementary Angles
it is the angle between 0 < ¥ < 2m and calculated by the sign of the
trigonometric function and the location (value) of its angle

571 1
sm?=smg=§

5n T 1
COST=—COSZ=—E
57 T V3
sm?=—sm§=—7

C. Periodic Angles
Is angle that is measure larger than 360° or 2m there are three types :

+ Qdd Periodic Angle
same as +m,+3m ,+5m , ... and the result from this angle is
always equal to =
cos(23m) = cos(m) = —1

+ Even Periodic Angle
same as 0, +2m ,+4m ,+6m7 , ... and the result from this angle
is always equal to 0
sin(8m) =sin0 =0
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