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Chapter One

Sequences and Series

The sequence

a sequence of a complex numbers is a function from the set of positive numbers

N into complex numbers C denoted by {z,,} = {z4,23, ... ... ... }

Notes
(1){z,} is called constant sequence if z,,, =z, Vk=1,2,......
(2){z,} is called increasing sequence if z,,; =z, Vk =12, .....
(3){z, } is called decrasing sequence if z,,; <z, Vk =12, .. ..
(4){z,} isbounded if |z,| < M Where M is +ive no.,n € N
(5) {z,,} is convergent to complex no. z and written by

lim,_, 2z, =z or lim, |z, —z| =0

if {z,,} not convergent then its divergent we can write it as for give € > 0,V + ive

integer N ( may be depend on € ) such that

|z, —z| <€ vn>N

Example
IS z, = i convergent or divergent ?

Solution :
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. i
lim,, ~= 0

fZy = i is convergent

Example
is {(2i)"} convergent or divergent ?
Solution :
{2D)"} = 2" (™)
Since{i"}=1i,—-1,—i,1
and {2} - o whenn — o

~ zy = (2)™ is convergent

Example

let z,, = % then show that {z,} is convergent to 1

Solution :
we need to show that

lim,,_, |z, — z| = 0 [ Definition of sequence convergent ]

-
i [n+i|

= lim |— = lim
n—oo n+i n—oo
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= lim 1 0
n=90 /m2i1

{z,} isconvergentto 1

Example
letz,, = l; then show that {z,,} is convergent to 0

Solution :
SinceVe>0 ,3+ invon.N such that

lim,,_,.|z, — z| = 0 [ Definition of sequence convergent |

n
lim l——0|<e when n >N
n-oo N
) jn ; 1
lim|[—|=1lim==0
n-oo ln n-oon

n
{z,}= % is convergentto0 as  n — oo

Theorem

Suppose {z,} is a sequence of a complex no. let

Z, = X, + iy, , n=12,.....€e N, and z = x + iy then
lim,,,z, =z iff lim,_ .x,=x , lim,_,y,=Yy

Proof
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i—ii
Suppose lim,,_,, Z,, = zZ
Ve>0 3 +ive number N Such that
|z,, — z| <& whenevern > N

=>|xn+lyn—§x+ly)|<6 } Vn> N

= (= x) + il — ) <€

But |x, —x|<|(x,—x)+i(y,—y)|<€e ; n>N
Andalso |y, —y| < |(x, —x) +i(y, —y)|<€e ; n>N

= |y, —y|<e€e and |x,—x|<e Vn>N

ii—>i
letlimnqoo Xpn =X ; limn—wo Yn=Y

Ve>0 3+ ive number N, N,

Such that

|, — x| <§ vn>N,

|yn = ¥l <§ vVn>N,

Let N = max(N,, N,)

1zn = z| = |xp +iyn — (x +iy)|

|z, — z| = |(xp — %) + i(yn — Y)I
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|zn =zl < [xp — x|+ |y =yl  Vn>N

€
|z, —z|<=+==€¢ Vn>N

€
2 2

~ z, Isconvergentto z

The series

Let z, be a sequence of a complex no. that the sum

(0]

zzn=zl+z2+---+zn+---

n=1
Is called a series of a complex no. where z, is the n-th term of sequence
The partial sum (S,,)
let S, =24
S, =21+ 2,

S3=Zl+Z2+Z3

Sn =Z1+Z2+Z3+"' +Zn
=21]:=1Zk

Sy 1s called the partial sum of series but S is called the sum of all series

1)
S=Z1+ZZ +Z3+"' +Zn+Zn+1+"'=sz
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The series Y.,°-; z,, IS convergentto S asn — oo written as ).5-,z, = S, if the

sequence {S,,} is convergentto S

If its not convergent it is called divergent

Note:-
1. S is called the sum of the series ,which is unique since
lim,,_,, S, = S is unique .
2. 8§ =Xke1Zk = Xk=1Zk T Dhen+1 Zk
S=S8,+R,suchthat R, = Yy 112k
R,=5-S5,
1S = Sul =Ry

Then the necessary and sufficient condition to the series ).~ z, to be convergent

whenR,, - 0 as n - o
Theorem
letz, =x,+iy, ,n=12 ... and S=x+1iy
thenYn1z, =S iff Xp—ixp=x & Yp=1Yn =Y
Proof

H.W
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Geometrical series

the series Yo, az™ 1 is called geometrical series if

fm)
m = constant term
Yo azvl=a+az+ az? + -

a is called 1st term in sequence

z is called the base of the sequence

Theorem

The finite sum of geometrical series is §,, = a(i:j ) " and the infinite sum is
a

S=1

proof

The sum and convergent for Geom. Series .

m=1
S, =a+az+ az? 4+ .-+ qz" !
ZSy = az + az?® + -+ az™ 1 + qz"
Sp—2zS, =a—az"
Sa(1—=2)=a(l-2z")

Sp = partial sum(finite)

(1-2)
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The geometrical series convergent when |z| < 1 and divergent when |z| = 1 and

when |z| <1thenz™ - 0asn — o«

_ a
 (1-2)

S when |z| < 1 (infinite sum)

Example

Determine whether the given geometrical series is convergent or divergent, if

convergent find the sum.

o 3i
1. anlz_n
. A= 3i
3i 3i 1\~ v &3
Yre15m = Z;’{Ll;l(z) = . 2 convergent
z==-<1
2
S = a 3i/f _
1-z 1-=

n" 274 7"g
n=1
3 fm) 3 1
_ st n _ 4 _ -
a==, f(n—1)_§_z<1 convergent
3i
2
S = =3
1-1/2
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(2023-2024)

w 2
2. Zn=13_n
1 a=2
2i n- Y
Y1 n—2°°1 = convergent
3
_%z
S -
3 Zoo (1+21)
142i 1420\ 1420\ 1
=2 () =2 () (%)
1+2i _1+2i
s ’ -5
|z|=|§+§i|= %+%=§<1 convergent
1+ 2
a 1
S = = I
1—12z 1_1+Zl 2
5

4. Yio(1 =ik
=Yr ,(1-Dk=1+0-D+1 -0+
a=1 , z=1—-1i

Iz|=11—-i|=vV2>1
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since V2 > 1 then the series is divergent and Don’t have sum .

203() =2m3(2) (&)

6 2

= ] ’ Z = ;
1+2i 1+2i
|z| = | = | =2<1 convergent
1+2i V5
> 6
a .
S = - 1+221 — :
1-z — - 1+2i-2
1+21
6 —6-12i -6 12,
 -142i 5 5 5
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Test of convergent

P-Series
The series Z,‘f:lkip convergent if P > 1 and divergentif P <1

Example

-k
the series Y.p- # Is absolutely convergent

solution
i* |i¥| 1
2= 2w L

By P-series ; P=2
so its absolutely convergent

convergent = Absolutely convergent , but The converse not true .

Example

is the series Z,‘f’ﬂ% convergent ?
solution

Zlio=1% — 21?:1%

the series is divergent by p-test since p =

N |-
IA
=
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Example
show that the series Z,, is convergent

Zy=14o bt o
" V2 V3 V4

solution

we can re-write the series Z,, by the form :

1 1 1 =1
z3k

Z"x/_\/’x/_\/’ 2,

Ms
el =

=
I
e

<1

W | =

by p-test , the series is divergent because p =

Test of convergent

Comparison test
Suppose that Y.7—; a,, , Xm=1 by, be two series which have non-negative terms
it Xno1 by <Xn=1aa
if Yo, a, convergentthen )7, b,, convergent too

if Y-, b, divergentthen >, a, divergenttoo

Note : To find the second series for the purpose of comparison , The numerator must
be a single fixed term or a variable term that can be reduced with the denominator
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Example

: _ 1/n _
determine whether the series Z;’{’:len—z convergent or divergent.

solution
We know that e/™ < e then the comparison test

by dividing on n? and take summation for both sides

(ole] 0 o0
YTy f=ed
< —=ce —
n2 n2 n2

n=1 n=1 n=1
(0] [0 ]
a = —_— =
n nz n nz
n=1 n=1

The seriesa,, = Y71 % Is convergent by P-series with P = 2

el/n

n2

=~ the original series b,, = Y77~ Is convergent .

Example

n?-1

nt

determine whether the series ) convergent or divergent.

solution
we know n? — 1 < n?

by dividing on n* and take summation for both sides
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n®-1 2

n 1
D R R

n%-1 el
)] an - ;

a,, is conv. by P-series with P = 2

IS conv. too

~ the original series b, = 3=

n4

Example

2
determine whether the series Y., — convergentor divergent.

n3-3
solution

1 1

n3-3 n3

n—-3<n® -

by multiply by n? and take summation for both sides

n? n? 1
Yn=135 > Zn=15 = Xn=1,
—_— ~—————

an bn

) 1. . 2. .
Since - is div. then Y, —— is also div.
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Example

determine whether the series Z;‘{;lﬁ convergent or divergent.

solution

n+1?=n*+2n+1>n?

(n+1)? > n?
L1
(n+1)2 T\}j
b, an

oo 1. © —1
Yin=1 Is convergent so };”_, it

Tz is convergent too

Example
determine whether the series ).~ % convergent or divergent.

solution

(00 1. H H . oo 1 H H
Zn=12 is div. by P-series; P =1 S0 Zn=1ﬁ is div. too
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Test of convergent

Ratio test (L)
in the series Y.;—1 Uy,

Un+1

let L =lim,_

n

1. if L < 1 = the series convergence
2. If L > 1 = the series divergence
3. If L =1 = the series fallen.

Example

n+1

determine the interval of convergent for the series Y.,_4 -

Solution
Zn+1 Zn+2
U, = , u =
n n n+1 n + 1

since the series is convergent,so L <1

n+2 n
*

n+1 znt1

<1

L =1lim,_
=lim, 00— |z <1=]z] <1
- n-=0 11 o

The series is convergent when |z| < 1
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