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Chapter One 

Sequences and Series 

The sequence  

a sequence of a complex numbers is a function from the set of positive numbers 

  into complex numbers   denoted by *  +    *          + 

Notes 

(1) {  } is called constant sequence if                     

(2) {  } is called increasing sequence if                     

(3) {  } is called decrasing sequence if                     

(4) {  }  is bounded if |  |    Where   is       no. ,     

(5) *  + is convergent to complex no.   and written by  

                            or        |    |     

if *  +  not convergent then its divergent we can write it as for give             

integer   ( may be depend on   ) such that 

|    |                  

 

Example 

 is     
 

 
    convergent or divergent ? 

Solution : 
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    is convergent 

 

Example 

 is  *(  ) +    convergent or divergent ? 

Solution : 

*(  ) +  (  )(  ) 

     Since *  +            

     and  *  +              

          (  )     is convergent 

 

Example 

 let    
 

   
  then  show that {  }  is convergent to 1 

Solution : 

 we need to show that  

       |    |      [ Definition of sequence convergent ] 

      |
 

   
  |        |

     

   
|  

                                        |
  

   
|        

|  |

|   |
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√    
   

     {  }  is convergent to 1 

 

Example 

let    
  

 
  then  show that {  }  is convergent  to 0 

Solution : 

Since                        such that 

      |    |      [ Definition of sequence convergent ] 

   
   

|
  

 
  |       when       

   
   

|
  

 
|     

   

 

 
        

     {  }= 
  

 
  is convergent to 0            

 

Theorem 

Suppose {  }  is a sequence of a complex no. let  

                 ,                   ,  and        then 

                                                 

Proof 
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Suppose            

                 number    Such that 

|    |      whenever     

 
 |       (    )|       

   |(    )   (    )|       
    }            

    But     |    |  |(    )   (    )|               

And also |    |  |(    )   (    )|                

 |    |              |    |                  

                               

      

let                              

                                  

Such that  

|    |  
 

 
               

|    |  
 

 
             

Let       (     ) 

 |    |   |       (    )| 

|    |   |(    )   (    )| 
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|    |  |    |  |    |               

|    |  
 

 
 

 

 
                

       is convergent to   

 

The series 

Let     be a sequence of a complex no. that the sum 

∑  

 

   

              

Is called a series of a complex no. where    is the n-th term of sequence 

The partial sum (  )  

let           

                    

                      

               

                            

                ∑   
 
    

   is called the partial sum of series but S is called the sum of all series 

                        ∑  
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Convergent Series  

The series ∑   
 
    is convergent to   as     written as ∑   

 
      , if the 

sequence *  + is convergent to    

If its not convergent it is called divergent 

 

Note:-  

1.   is called the sum of the series ,which is unique since 

                                    is unique . 

2.   ∑   
 
     ∑   

 
    ∑   

 
      

                                such that    ∑   
 
      

                                

                         |    |     

Then the necessary and sufficient condition to the series ∑   
 
     to be convergent 

when                  

Theorem  

    let                                and          

   then ∑   
 
                ∑   

 
                    ∑   

 
      

Proof 

H.W 
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Geometrical series 

  the series ∑       
    is called geometrical series if  

 ( )

 (   )
               

∑       
                

              is called 1st  term in sequence 

              is called the base of the sequence 

Theorem 

The finite sum of  geometrical series  is      
 (    )

   
    and the infinite sum is 

  
 

   
 

proof 

The sum and convergent for Geom. Series .  

   ∑      

 

   

 

                               

                                   

                   

      (   )   (    )  

                                                 
 (    )

(   )
      partial sum(finite) 
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The geometrical series convergent when  | |     and divergent when | |    and  

when   | |    then      as     

                                                    
 

(   )
         when  | |     (infinite sum ) 

 

Example 

Determine whether the given geometrical series is convergent or divergent, if 

convergent find the sum. 

1. ∑
  

  
 
    

          ∑
  

  
 
    ∑

  

 
(
 

 
)
   

 
    ⟨

  
  

 

  
 

 
  

    convergent 

         
 

   
 

   ⁄

  
 

 

    

Another method 

∑
  

  

 

   

 
  

 
 

  

 
 

  

 
   

  
  

 
    ,   

 ( )

 (   )
 

  

 
  

 

 
 

 
     convergent 
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2. ∑
  

  
 
    

         ∑
  

  
 
    ∑

  

 
(
 

 
)
   

 
    ⟨

  
  

 

  
 

 
  

       convergent 

           
   ⁄

  
 

 

   

 

3. ∑
(    ) 

  
 
    

         ∑ (
    

 
)
 

 
    ∑ (

    

 
) (

    

 
)
   

 
    

             
    

 
          ,          

    

 
    

           | |  |
 

 
 

 

 
 |  √

 

  
 

 

  
 

 

 
     convergent 

  
 

   
 

    
 

  
    

 

 
 

 
  

4.   ∑ (   )  
    

          ∑ (   )  
      (   )  (   )      

                                                

         | |  |   |  √       
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        since  √       then the series is divergent and Don’t have sum . 

 

5. ∑ (
 

 
)
 

 
    

          ∑ (
 

 
)
 

 
    

 

 
 (

 

 
)
 
 (

 

 
)
 
     

            
 

 
                       

 

 
 

          | |  |
 

 
|  

 

 
               

            
 

   
 

 

 

  
 

 

 
 

   
 

  

 
 

 

 
  

6.  ∑  (
 

    
)
 

 
    

          ∑   
   (

 

    
)
 
 ∑  (

 

    
) 

   (
 

    
)
   

  

            
 

    
                          

 

    
 

          | |  |
 

    
|  

 

√ 
                     

            
 

   
 

 

    

  
 

    

 
 

      
  

           
 

     
 

      

 
 

  

 
 

  

 
   

 

 



 

             11 
   

COMPLEX ANALYSIS            4TH STAGE           (2023-2024) 

 Dr. MOHAMMED SABAH AL TAEE – COMPUTER SCIENCES AND MATHEMATICS – MATHEMATICS 

SCIENCES 

Test of convergent 

P-Series 

The series ∑
 

  
 
     convergent if      and divergent if      

Example 

the series  ∑
  

  
 
     is absolutely convergent 

solution 

∑|
  

  
|  ∑

|  |

  
 ∑

 

  
 

By P-series ;  P=2 

so its absolutely convergent 

convergent   Absolutely convergent , but The converse not true . 

 

Example 

is the series  ∑
 

√ 

 
     convergent ? 

solution 

∑
 

√ 

 
    ∑

 

    
 
     

the series is divergent by p-test since   
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Example 

show that the series     is convergent 

     
 

√ 
  

 

√ 
  

 

√ 
     

solution 

we can re-write the series    by the form : 

   
 

√ 
  

 

√ 
  

 

√ 
  

 

√ 
    ∑

 

√ 
 

 

   

 ∑
 

 
 
 

 

   

 

by p-test , the series is divergent because   
 

 
   

 

Test of convergent 

Comparison test 

Suppose that ∑   
 
     ∑   

 
    be two series which have non-negative terms  

             if     ∑   
 
    ∑   

 
      

 if ∑   
 
     convergent then ∑   

 
     convergent too 

 if ∑   
 
     divergent then ∑   

 
     divergent too 

Note : To find the second series for the purpose of comparison , The numerator must 

be a single fixed term or a variable term that can be reduced with the denominator 
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Example 

determine whether the series ∑
   ⁄

  
 
     convergent or divergent. 

solution 

We know that     ⁄      then the comparison test  

by dividing on    and take summation for both sides 

∑
   ⁄

  

 

   

 ∑
 

  

 

   

  ∑
 

  

 

   

 

    ∑
 

  

 

   

               ∑
   ⁄

  

 

   

  

The series    ∑
 

  
 
     is convergent by P-series with     

  the original series    ∑
   ⁄

  
 
    is convergent . 

 

Example 

determine whether the series ∑
    

  
  convergent or divergent. 

solution 

we know         

by dividing on    and take summation for both sides 
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 ∑
    

  
 ∑

  

  
 ∑

 

  
 

    ∑
    

  
                ∑

 

  
 

   is conv. by P-series with      

   the original series    ∑
    

  
  is conv. too 

 

Example 

determine whether the series ∑
  

    

 
     convergent or divergent. 

solution 

                 
 

    
 

 

  
   

by multiply by    and take summation for both sides 

 

 ∑
  

    
 
   ⏟      

  

 ∑
  

  
 
    ∑

 

 
 
   ⏟  
  

 

     Since ∑
 

 
  is div.  then ∑

  

    
 
     is also div. 
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Example 

determine whether the series ∑
 

(   ) 
 
     convergent or divergent. 

solution 

          (   )               

          (   )     

         
 

(   ) ⏟  
  

 
 

  ⏟
  

 

    ∑
 

  
 
    is convergent so ∑

 

(   ) 
 
     is convergent too 

  

Example 

determine whether the series ∑
 

√ 

 
     convergent or divergent. 

solution 

            √     
 

 
 

 

√ 
  

          ∑
 

√ ⏟
  

 
     ∑

 

 ⏟
  

 
    

      ∑
 

 
 
    is div. by P-series ;        so ∑

 

√ 
 
     is div. too 
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Test of convergent 

Ratio test (L) 

in the series ∑   
 
    

let           |
    

  
| 

1. if       the series convergence 

2. if       the series divergence 

3. if       the series fallen. 

Example 

determine the interval of convergent for the series  ∑
    

 

 
    

Solution 

   
    

 
                        

    

   
 

since the series is convergent , so      

        |
    

   
 

 

    
|      

           
 

   
 | |    | |     

The series is convergent when | |      


