COMPLEX ANALYSIS 4TH STAGE

(2023-2024)

Example

determine the series whether convergent or divergent

o h+1 1
n=1 n >l<411—1

Solution
__n+1 " 1 u __ n+2 " 1
nTog 4n-1 ’ n+l ™ pi1 7 gn

n+2 n4n-1
*

T Un+1 — i
L= lim o n LMy o0 |(n+1)4" n+1
T nn+2)
= limy |4(n+1)2
— lim |ﬂ| 1.9
T ™ an2igntal T4
Then its convergent.
Example
1
(0e)
test the conv. of X" 4 AT
Solution
A\ 1
Un =00 ’ Un+1 = (n+1)!
_7: Un+1 _7s n!
L =1lim,_ | = lim,_ o |—(n+1)!|

1
= lim |—| =0<1 conv.
n=>90 Inyt
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COMPLEX ANALYSIS 4TH STAGE (2023-20204)

Example

n
is the series ¥ 1% conv.atz = 2

Solution
271 27’1+1
Up = ) Un+1 (n+1)2
. Unsa| _ o on+1 n2
L —-llTl’ln_,o0 -—::' —-ll”l’l’ln_;oo E;;zsgﬂ<zz
] n?
= 2 lim,, .., m| =2 =2>1
the series is divergent .
Example
o (_1)n—122n—1
test the conv. of Y4 A
Solution
. (_1)n—122n—1 . (_1)n22n+1
Un = (2n-1)! ’ Un+1 = (2n+1)!

Un+1

(-1)"z2n*t . 2n-1)!
(2n+1)! (—1n-1z2n-1

L =lim,_ = lim,_,

n

22
2n(2n+1)

= lim,_ I | =0<1 conv.
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COMPLEX ANALYSIS 4TH STAGE

(2023-2024)

Example

test the conv. of ., n! z"

Solution
u, =n!z" , U, =m+1) "
_7: Un+1| _ 7» (Tl+1)!2n+1
L =1lim,_ | = lim, e |T
= lim,,,(n+ 1)z =
~ divergent
Example
test the conv. of ¥, — D"
: n=1 4n (n2+1)5/2
Solution
_ (-D"n _ (n+D(-n"*?
Un = i 24052 \ Un+1 = P ()24 1)/
Y (n+1)(-1)"*? 4™ (n2+1)5/2
L= limpe 4%1 (n242n+2)5/2 (-1)"n

- (+D@*+D52 1 <1
an (n2+2n+1)5/2| 4

= lim,_,e |

-~ convergent
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COMPLEX ANALYSIS 4TH STAGE (2023-20204)

Test of convergent

Root Test (Cauchy Test)

If Yo—,a, isaseries with positive terms, then the series is convergent if
lim(a,)" < 1
n—>0o

and divergent if (a,)V/" > 1

And the test fallen when (a,)/™ =1

Example

. 1
Test the convergence of Y&_, dog )"

Solution

1

_ 1 1/n _ ( 1 )Z _ 1
An (logn)™ = (an) (logn)™ logn

1 _—0<1
n

lim,,_, o

. 1 .
the series Z;‘{;lm IS convergence

)Tl

Example

2

n n
Test the convergence of "4 (ﬁ)

Solution
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COMPLEX ANALYSIS 4TH STAGE

(2023-2024)

SRk

o= () = o= ()" ) = G

) n\* 1
limyco (7)) =5 <1

2
n
the series 31, (ﬁ) is convergence

The Power series

The power series have the form

Y0 n(Zz — 2o)™ = ag + a1(z — zy) + ay(z — zp)% + -

Where a,, a4, ... ,a,,...are complex numbers and z may be complex number in

region D
Power series properties
1. if z = z, , then the power series convergent to a,

2. if zo = 0, then the power series becomes

Ym0 AnZ™ = ag+ a1z + ayz® + -+ az" + -

3. the power absolutely convergent if
Yneol@n(z — 2o)™| < |ao| + lay(z — zp)| + -

are convergent
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COMPLEX ANALYSIS 4TH STAGE (2023-20204)

The Region of convergent (circle convergent)

to know the convergent or divergent to the power series we will use the root test

lim,, o |a,(z — Zo)n|1/n
= lim,,00|a,|Y™|z — 2, IR ¢
Let |a,|¥/™ = -
eg.(1) be convergent by root test when
%lz—zol <1 - |z—2zy| <R
=~ the series is convergent when |z — z,| < R
and divergent when |z — z,| > R
The circle of convergent is
|z —zy| <R
—-R<z—-—2z,<R
Zo—R<z<zy+R

such that R is the radius of convergence

Example
explain the convergent to the power series ).,y 3"(z — )"
Solution

Z():i an=3n
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TofindR |, let %=limn%o|an|1/"

1 . nii/n 1 1
E—llmn_,oo|3|/ —>E—3—>R—§

. . . . 1
Then power series is convergent if |z — i| < 3

and divergent if |z —i| > g

Example

. . 0 n+1\" n
explain the convergent to the power series }.,"_4 ( ) (z—-1)

n
Solution

n+1\"
zZo=1 , a,= —

1/n
1 : \ +1\"
let —= lim,, o |, | Y™ = lim,_ |(n—) |
n
1. n+1
E:hmn—»ooT:]- ->R=1

Then power series is convergent if [z — 1| < 1 and divergentif |z — 1| > 1
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COMPLEX ANALYSIS 4TH STAGE (2023-20204)

Example

. . 0 n+1 n’ n
explain the convergent to the power series Y., (T) (z—-1)

Solution

2
_ _(n+1\"
zZo=1 , a,= —

211/n

()

1 : n+1\" _
E=11mn_>oo(7) =e > R=c¢ 1

1. :
let —= lim,, o0 |@p | Y™ = limy, e

The power series is convergent if [z — 1| <e™?!

Example

explain the convergent to the power series Z;‘{;ozn—;l , then find the value of

convergent circle , also find the sum of the series .

Solution

1
Zy = 0 y An = 4n+1

1 .
~ = limy, 0@y [V/7

1/n

1 .
= My 00

4n+1

1
41+1/n

1.
- = lim,,_,
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COMPLEX ANALYSIS 4TH STAGE

(2023-2024)

=~ the series is conv. when |z| < 4 and divergent when |z| > 4

zn-1 z-1 1 z 7?2

Z§:1m=7+4_2+4—3+ﬂ+...
Z
Z_1 b ? A
a=—— , pase = —=—
4 1 4
42
71
_a _ & __1
S o 1-z o 1—= - 2(4—2)
Example
use Ratio test find the circle of convergent to )., (2t
n=1,1)3 4n
Solution
— 1 | \ 1
I = (n+1)3 4™ ’ n+1 = (n+2)3 4n+1

(n+1)3 4™
N2 [(n42)3 4n+1

An+1

= lim

L =1lim,_

n
L=-<1
=~ the series is convergent

v -=- >R=4
R 4

-~ the series is conv. is

|z —2] < 4
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1/n
= lim,,_,

L~ lim | L
R n—oo (n+1)3/m 4

| 1
(n+1)3 4n

1

Example

Find the circle and radius of convergent Z,‘f:oﬁ (z-20)"

Solution

1/n

1 1 1/n 1 1
E = llmn_)oo|an| = lll’nn_)oo |W

1
1

1.
E = lll’nn_>oo

(1-2)n
S
R l1-2il 5
R=+/5

The series is convergent if
|z — 2i] <5
and divergent if

|z —2i]| >5
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Example

Find the circle and radius of convergent }..°_o(1 + 3i)™ (z — )"
Solution

Zy=1 , ap,=1+3)D" - %= lim,_| (1 + 30)™|/"

1

1 1| = [ f—
s=11+3i|=VI0 > R=—

=~ the series is convergent when
lz —i| < —
V10
Example

. . . . n+1\"
Find the circle and radius of convergent )., ( ) (z—1)"

n

Solution
n+1\" 1 }
=1 = (22 = = iyl
1 . n+1 n 1/n . n+1
2= lime | (55)] = limy 55 = 1
R=1

~ Theseriesisconv.if|z—1| <1
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If a function f(z) is analytic at z, then there exist a circle about z, such that f(z) is

represented by Taylor series as :
f(@)=ap+Xr—1a0(z—20)" , |z—2z|<r

™z
o n!

Where a, = f(z) , a,
if z, isazero of f(z) then a, = 0 in addition if
f(zo) =f"(zo) = =f™D(zg) =0
and  f0™(z9) # 0
Note :-

A zero of order one is called simple zero

Example
Find the zeros order of f(z) = (z—5)  at z=5
Solution

fG)=0 , f'(z=3(z-5?% - f'(5)=0
f'@)=6(z-5) - f"(5)=0

f"@)=6 - f"()=6%#0

Then f(z) has a zero of 3rd order
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Example
Find the zeros order of f(z2)=(z—-1D* ,  z=1
Solution

f=0 , f[(®=2(z-1) - f'(1)=0

f'@=2 - f')=2%0

~ f(z) has a zero of 2nd order

Example

Find the zeros order of f(z) = zsin(z?) , Zo =0
Solution

f(2) = zsin(z*) > f(0) =0

f'(z) = sin(z?) + 2z% cos(z?) - f'(0)=0

f'"(z) = —4z3cosz? + 4zcosz?> + 2zcosz? - f"(0) =0

f'""(z) = —8z* cosz? — 12z% cos z? — 8z%sinz? + 4 cos z%2 — 4z? sinz? +
2 cos z*2
£7(0) = 6 # 0

=~ f(z) has a zero of 3rd order
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If the function f(z) analytic in the circle that is center is z, , then for every point in

the circle c, can be write at a series

fll(z

(]
210) (z—29)* + -+ [(0) (z—2p)" + -

n!

f@ = f(z) + 72 (2 20) +

When z, = 0 the series called maclaurin

" 2 (n) n
OT S A T

2! n!

0z
f@=f0)+——+
Some maclaurin series
% lo (1+Z)=Z—£+£_i+...—(_1)n+1zoo z"
: & 2! 31 4! Y n=17,
o z2 73 w "
L X4 eZ=1+Z+;+;+...:Zn=0;

. z2 3 zn
et=1-z+l -t =3o (-D"L

2 3
% sinz = z—Z—T+ZS—5!—Z7—7!+ o= Yo (D" (;;1)!

% cosz=1 —;—2!+Z—T— e = fo:o(—l)"(;:!

R sinhz=z+z3—3;+25—5!+z7_7!+"':2;?=0%

% coshz=1 +;—2!+Z—T+ = fo:o%
o:*$=1+z+zz+'“=2§°=1zn , lzl<1

o ﬁz 1-z+2z% - =32 ,(-D)"z" lz] <1
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COMPLEX ANALYSIS 4TH STAGE (2023-20204)

Note:-

to find taylor series from mac. Series we put (z — z,) instead all z in series.

Example
find taylor series to f(z) = sinz atz, = %

Solution

We know that mac. series for sin z

3 5

. z z
sihnz=zZ——+——"--

3! 5!

We put (z — %) instead of z

sinz = (z——

Example

find taylor series to e ? at zo =1

Solution

We know that mac. series for e ~%*

2 Z3
2 _ 4., %z
e ‘=1 Z+2! 3'+
2 4 6
e =1-Z4+Z - 4
1! 2! 6!
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We put (z — 1) instead of z in series

z—1)?2% (z-1* (z-1)°
e GO D @1
1! 2! 6!
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