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CHAPTER (THREE) -–  DIFFERENTION IN C 

The Derivative 

Let   be a function Whose domain of definition contain a neighborhood 

|    |    a point   . 

the derivative of    at the point to    is 

          
    

          

    
 

Let           

When          ,  then       

then the derivative can be written as: 

          
    

              

  
 

the previous formula called the derivative at a point       , and the formula 

         
    

            

  
 

the previous formula called the derivative at any point 

 

Example :  

By using Definition find         to            

Solution 
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 ́       
    

         

  
  

              
    

                

 

Example :  

By using Definition find           to            

Solution 

          
    

              

  
 

               
                

  
  

                         
                  

  
  

                         
                                

  
  

                         
                                

  
  

                         
  [         ]

  
  

                     
    

          

                         

Note:-                               
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Example :  

By using Definition find         to            

Solution 

         
    

            

  
 

               
    

            

  
 

               
    

                          

  
 

               
    

                         

  
 

               
    

                  

  
 

                                

 

Example :  

By using Definition find         to        
 

 
 

Solution 
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Example :  

prove that if        ̅   (such that         ) them        Doesn't exists  

Solution 

let           

         
    

            

  
 

                
    

 ̅    ̅̅ ̅   ̅

  
 

                    
  ̅̅̅̅

  
  =             

      

      
 

                
    
    

      

      
 

                
    

     

     
    

    

  

  
   

         
    
    

      

      
 

                
    

     

     
    

    

    

    
    

The limit at two paths are different 

The limit doesn't exist 

Them the function don't have any derivative 
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Example :  

By using Definition find         to 

I.           

II.            

III.      
   

   
 

Solution 

H.W 
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Example :  

prove that      | |  is differentiable function at     

Solution 

         
    

|    |  | | 

  
 

               
    

            ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅    ̅

  
 

               
    

        ̅    ̅̅ ̅    ̅

  
 

               
    

  ̅     ̅̅ ̅   ̅       ̅̅ ̅    ̅

  
 

               
    

   ̅̅ ̅   ̅       ̅̅ ̅

  
 

               
    

 
  ̅̅ ̅

  
  ̅    ̅̅ ̅               ̅    

               
    

   
  ̅̅ ̅

  
       ̅̅ ̅                      ̅̅ ̅    

   the derivative  exist and         

 

Analytic  function 

Analytic function at point  

 a function       of a complex variable    is said to be Analytic at the point    

If it's derivative exist at this point.    

Analytic function at region   

A function      of a complex variable   is  said to be Analytic at region if it is 

analytic in every point in D .  
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Entire Function  

A function      is called entire function if it is analytic at each point in the entire 

plane. 

Singular Point 

If     is analytic function at some points of a neighborhood of    except at      it self 

then     is called  singular point. 

 

Example :  

find the singular point for      
   

   
 

Solution 

              is singular point 

      
 

      
 

Then  f is analytic  function      except      

the derivative is not exists in  singular point       

Notes 

 The polynomials are analytic function           it is entire function   

               be two analytic functions in the region D then : 

                                          ⁄         

           are analytic function in D 
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Cauchy Riemann Equation (C.R.E) 

Suppose that                      and that       exists at a point    

then the first order partial derivatives of         must exist at     and must satisfy the 

Cauchy Riemann Equations : 

                

There also           be written as 

                            and                                 

OR 

                            and                                 

 when these partial derivatives are  to be evaluated at             

proof : 

         
    

            

  
 

         
         

                   

      
   

                   

      
 

the 1st path ( along the x-axis ) 

         
    
    

                

  
   

                

  
 

                  ……..(1) 

         
         

                   

      
   

                   

      
 

the 2nd path (a long the y-axis ) 
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                  ……..(2) 

from (1) and (2) we get the rules of derivative  , from equality of (1) and (2) 

                     

        and           

 

Example :  

show that the function          is differentiable and satisfies The C,R,E 

Solution 

                        

                    

                      

                                 

                              

       are satisfied 

then               
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Example :  

show that the function                is differentiable and satisfies C.R.E 

Solution 

              

                          

                                      

                                        

                                    

                                

                                 

            are satisfied 

               

                           

                         

                   

 

Example :  

show that the function            is differentiable and satisfies  C.R.E 

Solution 
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         are satisfied 

 

             

                             

                          

                     

                

 

Example 

By using C.R.E find                   

Solution 

                  [           ] 

                         

                                         

                                      

                                  

       are satisfied 
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              [           ]  

                             

 

Example 

By using C.R.E  show that        ̅ don’t have any derivative 

Solution 

  ̅          [    ] 

         [           ]                 

                                          

                                       

                                not satisfy  

then C.R.E doesn't satisfied and       doesn't exist   

 

Example 

is                                 an entire function ? 

Solution 

                                                 

                                             

                                           

         are satisfied 

             

                                      



 

             56 

   

COMPLEX ANALYSIS              4
TH

 STAGE                 (2023-2024) 

 Dr. MOHAMMED SABAH AL TAEE – COMPUTER SCIENCES AND MATHEMATICS – MATHEMATICS 

SCIENCES 

Since                  are exist and continuous  function  , and satisfy C.R.E . then 

      is entire function . 

 

Example :  

is the function      | |    is differentiable and satisfies  C.R.E at      ? 

Solution 

       | |                         

                     

                              

                                              

                                                         

         are satisfied 

                  

 

Example :  

is the following functions are differentiable and satisfies  C.R.E ? 

I.         ̅ 

II.           

III.              

IV.          ̅   

V.      | |    | |   

Solution 

H.W 
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Note 

  If      is continuous and satisfied the C.R.E , then      is  analytic. 

 if      is : analytic , differentiable and continuous then      is an entire function. 

 If the function is analytic at every point  then these function is differentiable . 

 

Example :  

prove that                    is entire function . 

Solution 

                             

                                       

                                         

                                           

                                                     

                                             

            are satisfied 

             

                        

                       

                  

Since the partial derivative of        are continuous then  

     is entire function .  
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Theorem :  

if                ̅̅ ̅̅ ̅̅  are analytic function then      must be a constant  

Proof 

let            is analytic 

                                  

     ̅̅ ̅̅ ̅̅           is analytic 

                                  

from  1 and 2 we get 

                                    

                                    

                                      

                                     

 

                  such that       is constant  

                   such that      is constant 

                    is constant 

 

Theorem :  

if      is analytic function and |    | is constant function , Show that      is a 

constant function . 

Proof 

let               is analytic  
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                                …..…(1) 

since |    | is constant  , then  

|    |  |    |  √         , such that c is constant 

                         …..…(2)   

diff.     respect to   

              

                    ….…(3) 

By multiply      by   

                  …….(4) 

diff     respect to   

              

                   ……..(5) 

By multiply      by   

                 ……..(6) 

adding the equations           

                          ……….(7) 

since function is analytic , then it is satisfy C.R.E (                ) 

                             

    
        

                  

                          ……….(7) 

since function is analytic , then it is satisfy C.R.E (                ) 
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By multiply      by   

                   …….(8) 

By multiply      by   

                 ……..(9) 

subtracting : (8)-(9) 

                            ……..(10) 

since function is analytic , then it is satisfy C.R.E (                ) 

                           

              ,                      

                            ……..(10) 

since function is analytic , then it is satisfy C.R.E (                ) 

                          

               ,                       

                                  

                    is constant 

 

 

 


