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CHAPTER THREE - DIFFERENTION IN €

The Derivative
Let f be a function Whose domain of definition contain a neighborhood
|z — z,| < € apoint z,.

the derivative of f at the point to z, is

Fa) — tim LD =S @)

z-Z Z—Zy
Let Az=2z—2z,
When z -z, , then Az >0

then the derivative can be written as:

Frne) — tim BB B2 F (20

Az—0 Az

the previous formula called the derivative at a point z, , and the formula

P i S8~ )

Az—0 Az

the previous formula called the derivative at any point

Example :
By using Definition find f'(z) to f(z) = z*
Solution

f(z+Az)—f(2)

f'(2) = limy, o L2

(z+Az)%-z?

= limyz0 Az
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72427A7—N%27—72
Az

= limyz0

z . Az(2z-Az)
= | —_—
f(2) = lim —

=lim2z—Az=2z—-—0=2z
Az—0

Example :
By using Definition find f'(3 +i) to f(z) = 22°
Solution

f(z, +Az) - f(2,)
m

) Az

fizo) = i

f@B+i+Az)—f(3+iQ)
Az

B3+ 0) = lima,

2(3+i+Az)%2-2(3+1)?
Az

= limy,g

2(9—-1+A%z+6i+6Az+2iAz)=2(9+6i—1)

= limy,g

Az
— i 18=2+2A%2+12i412Az+4iAz—18—-12i+2
= UMpz 0 Az
T AZ[2Az+12+4i]
=limp, 0=,

Az

= lim 2Az + 12 + 4i
Az—=0

= 12+ 4i

Note:-|(A+ B + C)2 = A2 + B2 + C% 4+ 2AB + 2AC + 2BC
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Example :
By using Definition find f'(z) to f(z) = 323

Solution

, - f(z+ Az) — f(2)
PO=i "
3(z + Az)3 — 3z3
" AzZ50 Az

. 3(z3 +3z%Az + 3z A%z + A3z) — 323
= lim
Az—0 Az
_ 323 + 9z2Az + 9z A%z + 3A3z — 37°
= A0 Az

. Az(9z% + 9z Az + 3A%7)
= lim
Az—0 Az

= 972 + 97 Az + 3A%z = 972

Example :

By using Definitionfind’ f(z) to f(z) =%

Solution
\\\\ 7 1
0= I
z—7— Az
L Alir_r}o z(z ZZAZ)
—Az 1

- lim ———— . —
Aér—>noz(2+Az) Az
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_ lim -1 —1
= Az50 z(z+ Az) A

Example :

prove that if f(z) =z (suchthat Im(z) # 0) them f'(z) Doesn't exists
Solution

let z=x+yi

£ () = lér_I}O f(z + AAzi —{(z)

 Z+Az-7Z
= lim ——
Az—0 Az

Ax—iAy

Az
= limaz0 3 = liMaaxay)-o 3 e

Ax — iAy

= lim ————
 Ax-0 AX + 1Ay
Ay=0

. Ax—i0 . AX
= lim = lim —
Ax—-0 Ax +.i0 ' ax-0Ax

=1

f'(z) = lim ————
(@)= Aslfr—r>10 Ax +iAy
Ax=0

_ 0 —iAy _ —LAy
Ay—>00+1Ay Ayr—r>10 iy

The limit at two paths are different
The limit doesn't exist

Them the function don't have any derivative
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Example :

By using Definition find f'(z) to

. f(z) =223
Il. f(z) =2z%*+3z
L. f(z) = g
Solution

H.W
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Example :
prove that f(z) = |z|? is differentiable functionat z = 0

Solution

, |z + Az = |z)|?
F@) = lim =%,

- (z+Az)(z+ Az) —7Z
= lim
Az—0 Az

(z + Az)(Z + Az) — 7Z
" Az-0 Az

 2Z+zAz+ ZAz + AzAzZ — 77
= lim
Az—0 Az

 zAz +7ZAz + AzAz
= lim
AzZ—0 Az

Az _
=limz—+z+Az, vz2=0 -z=0
Az—0 Az

_ Az 1 —
=Al;LnO(O)E+(O)+Az, 2Az—->0 - Az->0

- the derivative ‘existand f'(0) = 0

Analytic function at point

a function f(z) of a complex variable z is said to be Analytic at the point z,
If it's derivative exist at this point.

Analytic function at region

A function f(z) of a complex variable z is said to be Analytic at region if it is
analytic in every pointin D .
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Entire Function

A function f(z) is called entire function if it is analytic at each point in the entire
plane.

Singular Point

If f isanalytic function at some points of a neighborhood of z, except at z, it self
then z, is called singular point.

Example :

1+z

find the singular point for f(z) = —

Solution

1—-z=0 3 z=1 issingular point

F@) =gy

Then fis analytic function V z exceptz =1
the derivative is not exists in singular point z =1
Notes

% The polynomials are analytic function Vz € ¢, i. e it is entire function
» if f(2)& g(2) be two analytic functions in the region D then :

f(z) £'8(2).f(2) - g(2),f(z)o g(2),f(z)/g(2),8(z) # 0

are analytic function in D
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Cauchy Riemann Equation (C.R.E)
Suppose that f(z) = u(x,y) + iv(x,y) and that f'(z) exists at a point z,

then the first order partial derivatives of u and v must exist at z, and must satisfy the
Cauchy Riemann Equations :

There also f'(z) can be written as

f'(z) =u,+iv, and f'(zg) = Uyt Ty
OR
f'(2) = v, —iu, and [(20) =y — iy,

when these partial derivatives are to be evaluated at z, = (xq, Vo)

proof :
v . f(z+A4z) - f(2)
Fe ==
f'(z)= lim ubet Aoy #dy) —uvy) vt Avy+4y) - vxy)

(Ax,Ay)-0 Ax + iAy Ax + iAy
the 1st path (‘along the x-axis )

u(x +Ax,y) —u(x,y) N v(x+Ax,y) —v(x,y)
i

Fe=fin o o
y:
fl@)=u,+iv, ... (1)
f'(2)= lim u(x +Ax,y +4y) —ulx,y) + iv(x + Ax,y + Ay) —v(x,y)
(Ax,Ay)—0 Ax + iAy Ax + iAy

the 2nd path (a long the y-axis)
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u(x,y +Ay) —u(x,y) N iv(x,y + Ay) —v(x,y)

f(2) = [im, iAy ihy

Ax=0

von g U@y +HAY) —ulxy) vixy+Ay) -vixy)
f'(z) = l”g;gol) Ay + Ay

fl(@=—-iu,+v, ....Q2)

from (1) and (2) we get the rules of derivative , from equality of (1) and (2)

u, +iv, = —-iu, +v,
u,=v, and v, =-u,
Example :

show that the function f(z) = z? is differentiable and satisfies The C,R,E
Solution
f(z) = z% - f(x,y) = (x + yi)?

flx,y) = x* —y* +i(2xy)

u=x%—y? v'= 2xy
U, = 2x vy, = 2x
U, = =2y Uy = 2y

~ C.R. E are satisfied

then '(z) = u, + iv,
=2x +i2y
= 2(x + iy)

=2z
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Example :
show that the function f(z) = 2z* — 3z + 5 is differentiable and satisfies C.R.E
Solution
f(z) =2z>—-3z+5
flx,y) =2(x+yi)> —3(x+yi)+5
=2(x%+ 2xyi —y?)—3x—3yi +5

= (2x? —2y? —3x +5) + i(4xy — 3y)

u=2x%-2y>—3x+5 v = 4xy — 3y
U, =4x —3 vy, =4x —3
U, = —4y v, = 4y

~ C.R.E are satisfied

f'(z) =v, —iu,
=4x—-3—-i(—4y)
=4(x +iy) —3

=4z—3

Example :
show that the'function f(z) = 2z3 is differentiable and satisfies C.R.E
Selutien
f6y) =2(x + yi)?
= 2(x3 + 3x2yi + 3x(yi)? + (yi)?)

= (2x3 — 6xy?) + i(6x%y — 2y3)
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u(x,y) = 2x3 — 6xy? v(x,y) = 6x2% —2y3
U, = 6x% — 6y? v, = 6x% — 6y*
u, = —12xy v, = 12xy

~ C.R.E are satisfied

f1(z) = uyx +ivy
= 6x2 — 6y2 +i(12xy)
= 6(x?% + 2xyi — y?)
= 6(x + yi)?

= 622

Example

By using C.R.E find f'(z) to\f (z) = e
Solution

e? = e*¥*Vl = e¥ @Yl =¢*[cosy + isiny]

=e* cosy + ie*siny

u(x,y) =e*cosy v(x,y) = e*siny
— X — X

u, =e*cosy v, =e*cosy
— X o7 — X o7

uy = —e*siny v, = e*siny

~ C.R.E are satisfied

f(2) = uyx +ivy

=e*cosy+ie*siny
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= e*[cos y + isiny]

= X eVl = XtV — pZ

Example
By using C.R.E show that f(z) = e? don’t have any derivative
Solution
e? = X Vi = ¢X[e71]
= e*[cosy — i siny] = e*cosy — ie*siny
u(x,y) =e*cosy v(x,y) = —e*siny
u, =e*cosy v, =—e*cosy
=~ the 1st condition of C.R.E notsatisfy

then C.R.E doesn't satisfied and f'(z) doesn't exist

Example

IS f(z) = coshx. cosyisinhx .siny an entire function ?

Solution

u(x,y) = coshx .cosy v(x,y) = sinhx .siny
U, = sinhx .cosy v, = sinhx .cosy

Uy = —coshx .siny v, = coshx .siny

~ C.R.E are satisfied
[ (z) = u, +iv,

= sinhx .cosy + i coshx .siny
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Since uy, u,, v, and v), are exist and continuous function , and satisfy C.R.E . then
f(z) is entire function .

Example :
is the function f(z) = |z|* is differentiable and satisfies C.R.E at z = 02
Solution
feoy) =1z ,z, =0 > (x,,%,) = (0,0)
— x2 + yZ
u(x,y) =x*+y*  v(xy)=0
U, = 6x2—6y%2 >u, =0 vy, = 6x% = 6y* > 1,, =0
U, = —12xy - u,, =0 Uy = 12xy = v, =0
~ C.R.E are satisfied

f’(O) = Uyp + Uy =0

Example :

is the following functions are differentiable and satisfies C.R.E ?
. f(z2)=z—-7Z
1. f(z)=iz+2

. f(z) =zIm(2)
\v. f(z2)=z-iz

Vi U f(2) = |zI? = i(1z]%)
Solution

H.W

Dr. MOHAMMED SABAH AL TAEE - COMPUTER SCIENCES AND MATHEMATICS - MATHEMATICS



OMPLEX ARALYSES 4™ STAGE 2025.2024)

Dr. MOHAMMED SABAH AL TAEE - COMPUTER SCIENCES AND MATHEMATICS - MATHEMATICS



MALEX ARALYSIS 4™ STAGE (2025.202%)

Note

> If f(z) is continuous and satisfied the C.R.E , then f(z) is analytic,
> if f(2) is : analytic , differentiable and continuous then f(z) is an entire function.
» If the function is analytic at every point then these function is differentiable .

Example :
prove that f(z) = z> + 5iz+3 —i is entire function .
Solution
flx,y) = (x +yi)?> +5i(x + yi) + 3 —1i
=x%+2xyi —y? +5ix — 5y +3 — i
=x2—y2+ -5y + 3 +i(2xy +5x — 1)
u(x,y) =x>—y2—5y+3 v(x,y) =2xy +5x — 1
U, = 2x vy, = 2x
U, =—2y—5 Uy T2y +5
C.R.E are satisfied
f1(2) = uy + ivy
=2x+1i(2y+5)
=2(x+yi)+5i
=2z + 5i
Since the partial derivative of u,v are continuous then

f(z) is entire function .
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Theorem :

if f(z) and f(z) are analytic function then f(z) must be a constant
Proof

let f(z) = u + iv is analytic

Uy =V, and Uy, = —Vx ... (1)

f(z) =u—iv isanalytic

Uy =—V, and Uy, =Vy  ......(2)

from 1 and 2 we get

U =-uU, - 2u,=0 - u,=0
Uy, =—u, - 2u,=0 - u,=0
Vy=-v, = 2v,=0 - v,=0
v, =-v, — 2v,=0 - .17,=0

U, =u, =0 — u=c suchthat 'c; isconstant
v, =v, =0 .= v =¢, suchthat ¢, isconstant

~ f(z) =u+iv =c, +c, isconstant

Theorem :

iIf'f (z)'is analytic function and |f(z)| is constant function , Show that f(z) is a
constant function .

Proof

let f(z) =u+iv isanalytic
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Uy =v, & u,=-v, ... (1)
since |f(z)] is constant , then

If (2)| = |u + iv] = Vu? + v2 = ¢ , such that ¢ is constant
ut+vi=c* Ll (2)
diff. (2) respect to x

2uu, +2vv, =0

uu,+vv, =0 ... 3)
By multiply (3) by u

wu, tuvv, =0 ... (4)
diff (2) respecttoy

2uu, +2vv, =0
uu,+vwv,=0 ... (5)
By multiply (5) by v

uvu, +v?v, =0 L. (6)

adding the equations .(4) + (6)
wu, +uv v+ uwvu, Fvd v, =0 (7)

since function is analytic , then it is satisfy C.R.E (u, = v, & u, = —v,)
u?uy + uv(—u,) Fuvu, + v:u, =0

u,(u? +v?) =0

ctiupy=0 - |u,=0

wiu, +uv v, tuvu, +viv, =0 (7)

since function is analytic , then it is satisfy C.R.E (u, = v, & u, = —vy)
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u?vy, + uv vy + uv(—v,) + vy, =0

vy (U +v%) =0

2

C .vy=0 - (v, =0

By multiply (3) by v

uwu, +viv, =0 ... (8)
By multiply (5) by u

wru, +uvw, =0 ... 9)
subtracting : (8)-(9)

uvuy + vivy —ufug —uvv, =0 ... (10)

since function is analytic , then it is satisfy C.R.E (u, =v, & u, =

uvuy, + v2vy — u?(—v,) —uv(u,) =0

W +v)Hvy=0 , c>.vy=0 > |v,=0

uvuy + vAvy —ufuy —uvvy =0 0 L (10)

since function is analytic ; then it is satisfy C.R.E (u, = v, & u, =

uvuy — vZuy —u?(uy) —uv(u,) = 0

W +v)uy =0 w—c*uy=0 - |u

y

Y Uy, Uy, Uy, Vy = 0 = u, v are constant

~f@)=u+iv=cy +ic, isconstant

_vx)

_vx)
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