4™ STAGE (2025.2024)

a real valued function h(x, y) of two real variable x and vy is said to be harmonic in a
given domain of xy- plane If through that domain it has a continuous first & Second
partial derivatives and satisfies Laplace equation

2, R h_
- axz  ay?

Theorem :

if f(z) = u(x,y) + i v(x,y) is analytic in a region D, thén two functions u & v are
harmonic ?

Proof

since f(z) is analytic then C.R.E are satisfiedfor all z in domain D .

By differentiating both sides/in (1)&(2) respect to x we get

Uxx = Vyx

Uy = Dy 3)

Also differentiating both sides in (1)&(2) respect to y we get

Uxy = Vyy 4)
Uy = Dy |

SINCE Uyy = Uyy & Vyy = Vyy
we get from (3)&(4)

\Y%

NAY = —Vxx & uyy = —Uyxx

Vyy T U =0 & Uy, + Uy =0
“Vu=0 & V?*v=0

~ u & v are harmonic
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Note

the converse of theorem is not true

Example

prove that f(z) = 2xy + i(x* — y?) is harmonic But not analytie.
Solution

u(x,y) =2xy  v(xy)=x*—-y?

U, = 2y v, = -2y

U, = 2x v, = 2X

C.R.E don't satisfied

Then the function not analytic

V2U = Uyy + Uy, =0+ 0=0
V20 =V +0yy =2—-2=0

The function f(z) is harmonic.

Example

isithe function wu = sinx cosy is harmonic ?
Solution

U, = COSX COSy

Uy = —SINX COSY
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U, = —sinx siny
Uyy = —SINX COSY
Uyy + Uyy = —Sinx cosy — sinx cosy # 0

~ u IS not harmonic

Example

Is the function u = e *(x siny — y cosy) is harmonic ?
Solution

u = xe *siny —e ¥y cosy

u, = siny[—xe ™ + e *] + e ¥y cosy

> —e™*] — e *ycosy

Uy, = Siny[xe™ —e
Uy, = Xe *siny — 2e *siny — e *y.cosy  ........ (1)
u, = xe ™ cosy — e *(—ysiny + cosy)

Uyy = —xe~* siny — e *(—ycosy = siny — siny)

Uy, = —xe~ " siny +eTrycosy + 2e Fsiny  ........ (2)

2, —
VU = Uy, + Uy,

= xe *siny — 2e *siny — e *y cosy — xe ™ siny + e *ycosy + 2e *siny

V2u=0

- u'I1S’harmonic
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Example
is the function f(z) = In|z|? is harmonic ?
Solution

f(2) = In|z|? = In(x? + y?)

2x
fx = x% + y?
_2(x*+y?) —2x-2x _ 2y®—2x?
xx = (xz + y2)2 - (xz + y2)2
2y
fy = x2 + yZ
_2(x*+y*) —2y-2y  2x*—2y?
yy — (xz 4+ y2)2 - (x2 + y2)2

2y% — 2x? _2x% —2y?

V2f = fex + fyy = (X2 + y2)2 + (2 + y2)? =0

~ f 1S harmonic

Example

Is the function \T (x, y) ="e™” sinx is harmonic ?

Solution

T,=eYcosx — T, =—eYsinx
T,==eYsinx - T,,=eVsinx

VAT =Tyy + Tyy = —e Y sinx + eV sinx =0

~ T is harmonic.
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Example

The function f(z) = e™¥ sinx —i e ¥ cos x is entire, show that the component
function u and v are harmonic in its domain D .

Solution

H.W
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Example

The function f(z) = ziz Is analytic whenever z # 0 ,then the two functionsu & v

are harmonic throughout any domain in the xy — plane that doesn't contain
the origin .

Solution

H.W

Dr. MOHAMMED SABAH AL TAEE - COMPUTER SCIENCES AND MATHEMATICS - MATHEMATICS



4™ STAGE (2025.2024)

+»if two given functions u and v are harmonic in a domain D and there is order
partial derivatives satisfy the C.R.E throughout D, then v is said to be harmonic
conjugate for u

s+a function f(z) = u(x,y) + iv (x,y) isanalytic in a domain D iff v is
harmonic conjugate of u .

+»if v is harmonic conjugate of u in some domain, it is not in general true that w I1s a
harmonic conjugate of v.

s when give u is harmonic function and ask. To find the analytic function F, this
mean that we will find the harmonic conjugate v

Example

Find the harmonic conjugate function wforia harmonic function u = y3 — 3x2y
Solution

since a harmonic conjugate function v(x,y) is related to u(x, y) , then by C.R.E

Uy = 1) , Uy = Uy

U, = —6xy

v, = —6xy ,Mlyintegral respecttoy

v==3xy2+ 0(x) ......... (1)

diff. (1) respect to x

v, = =3y*+0'(x) ......... (2)

but vy = —u, = —(3y?* — 3x?)

Sub. (3) in (2)

3x2—3y2=-3y2+¢'(x) - @'(x)=3x?
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0(x)=j®'(x)dx=j3x2 dx =x3+c¢

From (1) we get
v(x,y) = —3xy?+x3 +¢
and the analytic function is

f(2) = (3 —=3x%y) +i(—3xy* +x3+¢)

Example

Find the harmonic conjugate function v for w=2x(1 - y)
Solution

Uy =2(1=y) > Uy =0

u, = —2x - uyy=0

y
Uyyx +Uyy =0

~ u is not harmonic.

Uy =v, - v,=2(1=y) by fdy
v=2y—y2+0(x) ... (1)

diff.(1) respect to x

vy = 0'(x)

But wy = —u, = 2x

2x=0"(x) » O(x)=x*>+c

vix,y) =2y —y?*+x%+c
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Example
Find the harmonic conjugate function v , if

. u=2x-x3+ 3xy?
II.  u = sinhx siny

. u=->
X+y

2

Solution

H.W
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Example

prove that u(x,y) = e* cosy is harmonic function and find harmonic conjugate
Solution

u, = e* cosy - Uy, = e* cosy

u, = —e*siny - u,, =—e”cosy

Uyy + Uyy, = ¥ cosy —e* cosy =0

~ u is harmonic

Uy =1, — v, =e*cosy by de
v=e*siny+0(x) ......... (1)

diff.(1) respect to x

v, = e* siny + @' (x)

but v, = —u, =e* siny

e*siny=e*siny+0'(x) -0'(x)=0-> 0(x)=C

v(x,y) =e* siny+C

Theorem :

if v,& v, aretwo harmonic conjugate to a function u in the region D, then they
are different by a constant

Proof
Since v, is harmonic conjugate to u

f(z) =u+iv,; isanalytic
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Also Since v, is harmonic conjugate to u
f(z) =u+iv, isanalytic

Uy = VY & Uy, = —VX ..o, (2)
from (1)& (2) we get

vy = vy by [dy

vy =V, + C

vV — v, =C

if the function f(z) contain two components u & v then we said to the set of functions
u & v that is Simple curves f(x,y) = c, and this curves be orthogonal if the multiply
of the slope of them is (—1)

Note : the slope is the 1st derivative : m = %

Example

Find the simple curves‘and prove it is orthogonal : f(z) = z?> + 5zi + 3 —i
Solution

flx,y) = (x* =y =5y + 3) +i(2xy +5x—1)

u=x2-—y2—-5y + 35 x%—y?—5y=-—3 issimple curve

v=2xy +5x—1- 2xy +5x =1 issimple curve

the functions u & v are simple curves to prove the orthogonality we will find the
slope to the fun curves

my . 2x—2yz—z—53—z+0=0
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dy _
E (—Zy - 5) = —2x

dy  2x
dx 2y+5

= m, (1stslope)

my:2x 2 +2y+5-0=0

d -2y-5
2 =222 — 4y, 2ndslope
dx 2x
2x -2y-5
mym, = Y=
2y+5 2x

~ u & v orthogonal curves

Polar Coordinates

z=x+yi or z=re' (z+0)
Zz=rcosf +irsinf

X =r1rcosf , y=rsinf ... ...(1)
f(@) =ulx,y) +iv(x,y)

we will transform by r, 0 i.e

f(z) =u(r,6)+iv(r, 8)

then the 1st'derivatives of u & v with respect to r and 6 ,and by chain rule

du _ du dx du dy
dr  dx dr dy dr

du _ du dx du dy
d@ rdx do dy de

Can write as
Up'= Uy cos 0 +u, sinb

Ug = —UyTSin6 + u,rcos6
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U = Uy COS O +u, sind

. (2
Ug = r[—ux sin 6 + u,, cos 0] @)
Like wise
U = VUxcos6 +v,sinb
Vg = —Vxrsind +v,rcos 6
U = Uy Ccos 0 + v, sin 6

..(3
Vg = r[—vx sin @ + vy, cos 9] )

If partial derivatives of u and v with respect to x and y also satisfy C.R.E
Uy =Vy & Uy = —Vyuiorvnnnn. (4)

eg. (3) becomes

Up = —Uy, c0S 6 + u, sinb
e = _ +(5)
g = r[uy sin@ + u, cos 9]
From (2) & (5) we get
[V =1u, | & [Ug= —T0.0ininn..(6)

Eq(6) called C.R.E in polar coordinates

Theorem :

let the function'f (z) = u(r, @) + iv(r, 0) be defined throughout some €
neighbourhood anon point to z, , and suppose that :

1+ the 1st order partial derivatives of the functions u and v with respect to
r and 0 exists every where in the neighbourhood

2- these partial derivatives are continuous at (g, 8,) and satisfy the polar form;
vg=71u, & Uuy= -1, ,Then f'(z) exists and its value is

fl(2)=eMwu, +iv,) ..e......(1)
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ie—iB

f'(z) = (Ug + iVg) v v e e (2)

r

Proof
f(2) =ulx,y) +iv(x,y) ,z=re"
f(2) =u(r,6) +iv(r,0)
Diff. respect to r
f'@T=u +iv,
f'(2)e = u, +iv,
~ (2) = eT (u, 4 iv,)
f@) =ulxy) +iv(xy) , z=re"
f(2) =u(r,6) +iv(r,0)
Diff. respect to 8

dz .
f'(2)— =ug +ivg

f'(2) ire?® =uy + ivg
o—if _ie-if

[fl(z) = . (ug +ivg) =

(ug + i”g)

Example
Find the derivative of f(z) = % in polar form
Solution

_1__1 _1,-i
f(Z)_z_reie_re
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[cos O — isinf]

NI

1 1,
==-cosO —i-sind
T T

1 1,
u=-cosb , v=—-5sinf
T T
-1 1 .
U, = r—zcose , v, = T—ZSlTlQ
-1 -1
Ug = TSan , Vg = TCOSQ

“f(2) =e O (u, + iv,)
=g 0 (;—;cos 0 + irizsin 6)

_e—iG

=— (cosO —isinB)

—e7#0 1 -1 1

2 12p2i0 = (reif)2 W\ 32

Another method

£1(@) = 22 (ug + ivg)

—ie”0 -1 i
= [—sm@ — —¢oS 6]
Tr r Tr

e”® e 210 1 -1 1
=—(sinf—cos0) = ———=——=5= G = T2
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Example

Consider the function g(z) = \/Fe"g , show that g(z) has a derivative at each

point in its domain and g'(z) =

Solution

g(z) = r%(cosg + ising)

1 e .1 .6
=172 cos; + 1ir2 sz

1 1
Ug = — 572 sin @ ,
. g'(z) exists

g’(Z) = e (ur + ivr)

29(2)
1
vV=r28in—-
1 1 0
Vg ==T2C0S—
2 2

el -1 8 .1 to g
=e W(=rzcos=+i-r2sin-)
2 22 2

_ —i6 1 7] )
=e W—(cos=4+isin-
2\/?( 2+ 2)

= e‘ie—l—(cosg+ i sin=)
24r 2 2
_ o LY
2+/r
, 1 1
9'(2) = 6 —

2yrels  29(2)
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Example
Verify C.R.E and f'(z) by polar
1- f(2) = Yre's

1
2-f(z2) =5 ,(z#0)
Solution

H.W
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Example

write Laplace equation in polar form

Solution

from C.R.E

Vg = TUp cev e ee e ex (1)
Ug = —TVp wuvee .. (2)

Diff (1) respect to r & (2) respectto 6
T Uppr + Up = Vgpr vee vee v . (3)

—r vre = ueg rer wer war wae e s (4)

 Vgr = Vpg = —1Ugg , SUD. in (3)

TUp + U, = _71u99 mult. By r
72U + U + Ugg = 0 v vvveeno . (A)
Tofindv:

Diff (1) respect to 6 & (2) respect to r

TUprg = Vgg «eusee ven o (5)

—TVpp — Up = Uy i weeitee weev . (6)

1
“Ugr = Urg = ZVo0

1
STVrg VU = = Vgg mult. By —r

T2V + 10 + Vgg = 0 v ev v . (B)

Eg:.(A) & (B) called Laplace eq. in polar form.

r’u,, +ru, + ugg = 0
2V, + 10, + Vgg = 0
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Example

Show that the function f(z) = z? — 3 + i satisfy Laplace equation in polar form
Solution

f(r,0) =r%cos(20) +ir?sin(20) —3 +1i

u(r,8) =r?cos(20) — 3 , v(r,0) = r?sin(20) + 1

u, = 2rcos(20) , u,. = 2rcos(26)

ug = —2r? cos(26) , Ugg = —272 sin(20)
v, = 2rsin(260) , U = 2sin(26)
vy = 2r?cos(20) , Vgg = —41? sin(20)

r’u,, +ru, + ugg = 0

212 cos(20) + 2r? cos(20) — 4r? cos(20) = 0
r’v,, + 10, + Vgg = 0

2r2sin(20) + 2r?sin(20) — 4r?sin(26) = 0

then satisfy Laplace equation in pelar coordinates

Example
Show that f(z) = 22% — 5z + 2 — 4i satisfy Laplace equation in polar form
Solution

H.W

|@' 1rd4al Adal yall Aclal) claadl
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