COMPLEX ANALYSIS 4TH STAGE (2023-20204)

b1=1

$ SN2 7 = 2mi(1) = 2mi

z2

Example
. 5z-2
find sz(z—l) dz |z]| > 1
Solution
5z-2 1 _ 5z-2 1
z z-1  z Z(l_i)
5z-2 1 5 2 1 1 1
= (1) = C-D 0145
5 5 5 2 2
__+z_2+z_3+__2_;
bl == 5

$. f(2)dz = 2mi(5), =\10mi

Dr. MOHAMMED SABAH AL TAEE - COMPUTER SCIENCES AND MATHEMATICS - MATHEMATICS




COMPLEX ANALYSIS 4TH STAGE (2023-20204)

The poles
Definition

the function f(z)have a pole from the order (m) on z, if :-

lim ¢(zo) = O

ZZ)

Such that :

¢(2) = (z - zp)" [ (2)

We can calculate the Residues by short secant.Rule

1 dm—l

Res[f, ZO] - 1) limz—>zo dzm—1 (¢(Z))

Example

Find pole order for the function f(z) = %?Z , find the Residues

Solution

¢(2) =(z2—29)™ f(2)

lim,_,,(z — 0)3 ezsz = lim,_ e 2 =1 # 0

-~ the order is 3

1 . > 5,
Res[f,0] = o lim, o — e

Dr. MOHAMMED SABAH AL TAEE - COMPUTER SCIENCES AND MATHEMATICS - MATHEMATICS



COMPLEX ANALYSIS 4TH STAGE (2023-20204)

= limzqog (4e72%2) =2

Example

1-e?

73

Find the order of the pole of the f(z) = , find the Residues

Solution
Zg = 0 ) m=3
.z
lim,o(z — 0)3 =~ = lim,_,(1 — e72%) =0
am=2 [ m =3 don't satisfied]
. 1-e? . 1-e”
lim,_,(z — 0)? —— = lim, o ——
lim, ,,— = —1 #0
1 . d. 3 1-=e”
Res([f, 0] oA lim,,, = —
=jim £ 12
A z—=0 dz z
. dol z?2  z3
=lim Zo(1-1-2-5 -5 )
d 1 z2  z3
=lim — —(—Z ———————— )
z—0 dz z 2! 3!
2
— lim & (_1_3_2__...)
z—0 dz 2! 3!
= lim (_1_5_...) —_1
750 2 3 2
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COMPLEX ANALYSIS 4TH STAGE (2023-20204)

Example
Determine the order of the pole fun. f(z) = Zz:g
Solution
f(z) = zz;:|-19 - (z—3Zi)+(i+3i)
Casel:- z,=3i , m=1

z+1

llmz_)3l-(Z - 3l) m

lim z+41 1430 [3-0
Z23L 443§ 6i 6

Case2:- zo==-3i , m=1

zZ+1

lim,_,_5;(z + 3i) 280D

lim zHl | =i+l W3+
zo=3b, 3" ~6i . | 6
Note:-
Ifm =1 then

Res[f, 2] = Iim ¢(2)
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COMPLEX ANALYSIS 4TH STAGE (2023-20204)

Example

z2+1

find the Residues using poles f(z) = D@22

Solution
Zg=1 m=1
the singular points (zo =2 m= 1)
ZO ES 3 m = 1
Casel:- zp=1 , m=1
(z%+1)

lim,~,(z - 1) o5 2e s

) (z2+1) _
e R
* Res[f,1] = -1 [+ m = 1]
Case2:- z, =2 , .m=2
2
lim,_,,(z — 2)2 Ll =-5%#0

(z-1)(z=-2)2(z-3)

d (z°+1)

1 .
Res|f,2]'= & lim,_; — (z-1)(z-3)

. d’ (z2+1)
=lim —
7—2.dz z2—-4z+3

a (z2-4z+3)(22)—(2?+1)(2z-4) _

\ Ll_{rzl dz (z2-4z+3)2 —4
Res[f, 2] = _4
Case3:- zp=3 , m=1
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| COMPLEX ANALYSIS 4TH STAGE (2023-2024)

(z%2+1)
(z-1)(z-2)2(z-3)

limz_)3 (Z - 3)

(z%+1)

s e

~ Res[f,3] =5

Dividing Analytic function Method
Definition
To calculate the Residues f(z) on the pole z, , we can.write the function as

_r@
qa(z)

f@)

Such that p, g are analytic function and p(z,) # 0
Case 1

If q(zy) =0 |, ¢ (z)# 0 then the

Case'?

If q(z0)=0 , q'(z)) =0 , q"(z) #0 then
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COMPLEX ANALYSIS 4TH STAGE (2023-20204)

2p'(zo) 2 p(20) 9" (20)
q"(z9) 3 (q'"(zp))*

Res[f ,zy] =

Example
Find the Residues for f(z) = cotz

Solution

Cos z

f(z) =cotz =

e p(z) =cosz , q(z) =sinz

zo=nt ,n=+1,+2,....0 ,n€ez
p(nm) = cos(nm) = (—1)"+ 0

__ p(nm) _ cosnm

Res[f ,nm] =

q'(nm)  cosnit

Example

calculate the'gesidues at z = 0 for the function , f(z) =

Solution
Z,=0 , p(z)=e¥
p(0)=e®=1=+0
q(z) =sinz - q(0) =0

q'(z) =cosz - q'(0)=1
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COMPLEX ANALYSIS 4TH STAGE

(2023-2024)

Res[f,0] = % =1

Example

1

find Residues for f(z) P

Solution
zo=0
p(z) =1+#0
q(z) = z(e? = 1) - q(0) =0

q'(z) =z(e?)+e? -1 -¢'(0) =0

q"'(z) =ze*+e? +e?>q"(0)=2

20/ 20063 L1
2 3.@ . 2

q""(z).=ze? +3e* - q"'(0) =3

l @ ' 1rdal Alalall Asldal) cilaadl
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