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CHAPTER FOUR - ELEMENTARY FUNCETIONS

Exponential Function e?*

let z € € then e? is called the exponential function Variables and can be simplified

to

e? = e** = e*e' = e*[cosy + isiny]

Properties of Exponential Function
If z,,z,, 25 are complex numbers then

I. e”is analytic function on € (entire )
e? = Xt = e¥e® = e¥[cosy + i siny]

=e*cosy+ie*siny

u v
u, = e*cosy v, = e*cosy
u, = —e*siny v, =ersiny

u, =v, & u,=-v, [CRE]

~ fun. f(z) =ce? is analytic , then its entire

Il. e2+0,YVz€EC(
By Contradiction

lete? = 00> e*cosy +ie*siny =0+ 0i

X —

e'.'C(e)iyqt_OO> ~cosy=0
X o1 —

e'.‘ S;r;yqt_00> - siny =0
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and this is impossible because no angle that the cosine and sine of it's equal to zero.
Iin the Same moment.

I, |e?| =e*

le?| = |e* cosy + ie* siny|
y y

= Je2* cos?y + e?* sin?y

= Je?*(cos?y + sin? y)

= exﬁ:ex

IV. e%1.e%2 = e?11722
e“t.e?2 = (e*tcosy; +ie*tsiny,)(e*2 cosy, + ie*zsiny,)
= e*1e*2 cosy, cosy, — e te*2siny; siny,
+ i(e*te*2 cosy, siny, 4 e*1e*2 siny; cos y,)

= e*1e*2(cosy; cosy; = siny; siny,) + ie*1e*2(cosy; siny, +
+ sin y, cos ;)

= e*1¥*2(cos(y; + y)) + ie*1 2 (sin(y; +y,))

= e ™2[cos(y; + ¥,) + isin(y; + )]

— oZ1+%

ezl.ezz — ezl‘l'Zz

Dr. MOHAMMED SABAH AL TAEE - COMPUTER SCIENCES AND MATHEMATICS - MATHEMATICS



MALEX ARALYSIS 4™ STAGE (2025.202%)

— Z1—Z
— e 1 2
e‘2
e?1 e(x1+iy1) X1 piyi e*1 cosy,+isiny,
eZ2  e(x2+iy2) — X2 0¥z X2 cos y,+isiny,

et e*1 cosy, +isiny; cosy,—isiny,
= X

e?2  e*2 cosy,+isiny, cosy,—isiny,

eZ?1 e*1

== om (cosy; cosy, + siny; siny,) + i(siny; cosy, — siny; cos y;)

e?1 ..
prode e*1-*2 [ cos(y; — y,) + isin(y; — y,)]
e“1 .
— = e¥1-%2 el(J’1—YZ)
es2
— ezl—Zz

VI. forany f(z) =e*then:r = e* & arg(e?) =y
e? = Xty = pXply

= e*[cosy + isiny]
By comparing by polar we conclude

r=e*& arge’ =y

VII. eZis periodic
we shall prove that e?*27kt = e¢Z [ definition of the periodic function]
e 7+ 2| @2™kl| = eZ[cos 2km + i sin 2km]
= e?[1+i.0] = e?[1] = e*

eZ+2TL'kl — ez
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VII 0 =
IX. (eH)" =e™
X. (e%) =e?
XI. —=e*
proof : HW
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Example :
Find all value of z such that : e? = 1 ++/3i
Solution
le?| = e*
|1 +V3i|=e*>e*=vV1+3=2
x=1In2

6 =tan‘1§—>6 =tan‘1?=§+ 21k

z=x+yi=In2+iG +27k))

Example :

Find all value of z such that : e = -2+ 2i

Solution
e* =|e?| =4+ 4 =8=22
x=1In2+V2

— -1Y _ -172
6 = tan 7 T tan (_2)

6==- - 0==" ((-22)€2ndQ. )

s z=x+yi=In2V2+i(E +27k))
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Example :

Find all value of z such that : e? = 3v3 — 9i
Solution

H.W

There are three types of Logarithm Fun. Classified by the type of its base

» Natural Logarithm written'as In'z
» Decimal Logarithm Written'aslog,,z or logz
» classical Logarithm Writtenaslog,z ,a # 1

Properties of Logarithm‘function

» Ilnz =1logz
» logz =\logq,2

logz | Inz

> log,x = ,a+0

log a Zna

to calculate of Logarithm Functions for any complex number z = x + yi or z = re'®
we defined the Logarithim

logz = In|z| + i(0 + 21k)

logz=Inr+i(0 + 2rk)

suchthat |z| =r , 6 =argz
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Note:-

the logarithim fun. is an inverse function to the exponential function : (e!°9% = z)

plogz — plnlzl+iarg z
_ pInT+i(6+2mk)
— eInTgi(0+27k)
= r[cos(08 + 2mk) + i sin(6 + 2mk)]

=r[cos@ +isinf] =re? =z

Note :

the principle value means that the expression lies in the first period (k=0)

Example :
show that the principle value,of LLogarithm function is analytic
Solution

logz=m+ig

u v
u=Inr . v=2>0
1
Uy = - , =0
u9—0 ) Ug—l
Vg —=TUr , Ug = — TV,

% C.R.E. in polar are satisfied then principle value of logz is analytic
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1. logz,z, =logz, +logz,

log z,z, = log|z,z,| + i arg(z,z,)
= log|z,||z;| + i(argz;, +argz,)
= log|z;| + log|z,| + iargz, + iargz,
= (log|z,| + iargz;) + (log|z,| + iargz,)

= logz; +logz,

2. logz—1 =log z, — log z,
2

logj—: = log j—:

+ iarg(j—:)

|z1]

= logm +i(argz, —arg zy)
2

= log|z,| — log|z;| +iargz, —iarg z,
= log|z,| +iarg z; — [log|z,| + i arg z,]

= log z; — log z;

3. loge? =2+ 2mki ,keZ
loge? = In|e?| + iarge”
=Ine* +i(0 + 2mk)
=x+i(y + 2rk)

=x + iy + 2nki = z + 2nki
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