COMPLEX ANALYSIS 4TH STAGE (2023-20204)

Example

o dx
Evaluate f_mm
Solution:

The integrand f_°°oo m have a pole from the 3rd order at the point 2i which is
only singularity of f in the upper half plane computing the Residues

L o3 1 _ i _
= lim,_,,;(z — 2i) e 70, m=3

lim,_,,;(z — 2i)3 I

d? 1
dz? (z+2i)3

Res|f,2i] = %limz_)Zi

F(2)=(z+20)3 5 f'(2) ==3(z+2)"* > f"(z) = 12(z + 2)~>

a1, 12
Res|f,2i] = Slim, =

+2i)°
—1_12 _ 3§
T2 (45 512
*® 1 \, _(—31’) _ 3
r+ap “M\512) T 256"

Note:-

if f(x): —o < x < oo isan even function one where f(—x) = f(x) forall x and
assume that the cauchy principle value exists , the symmetry of the graph of y =

f (x) with respect to the y — axis tells us that

[E f0dx = [ f()dx + [ f(x)dx
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f_OR fo)dx = | OR f(x)dx then

f_RRf(x)dx =2 fORf(x)dx =2 f_oRf(x)dx

Example
| ” =
Evaluate |__ (x2+1) (X2 +2x+2)
Solution:
2
f(z) = -

(z+)(z-D)(z+1-D)(z+1+10)

The function having poles : i, —1 + i lies in the upper half plane

22
(z+1)(z—0)(z242z+2)

Res[f,i] = lim,_,;(z — i)

-1 1 4+2i

Res[f, l] - (2D (1+2i) N 4-2i 20

72

Res[f,—=1+i] =lim,,_,;(z+1—1) (

(-140)? —2i

z2+1)(z+1-0)(z+1+i)

T (L1240 (—14it14+D) | (1—2D)(2D)

-1 -1-2i
1-2i 5

Res|f,—1+i] =

o x? (4420 1+2i 3T
f = 271l — = —
—00 (x24+1)(x2+2x+2) 20 5 5
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Example

Evaluate fO W

Solution:

foo dx 1 foo dx
0 (x241)2 2 J—00(x241)2

foo dx hm f dz
—00 (x2+1)2 R=c0 J_R (z241)2

z =i is The poles from 2nd order

0(z) = lim,;(z— ) ———— =220

(z—1)2(z+i)? 4

1 e _ 2
Res[f, ] = lim, ;o (z = )} ———

d 1
Reslf. il = lim o 2
Reslf,i] =lim, ;== ==
f—oo (x2+1)2 dx = 2mi [—] =—

e Nt -
“Jo (x2+1)2 T 2\2 4
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Example
oo  x+3
Evaluate foo( gy 4%
- X
HW
Example
d
Evaluate [~ ——
—00 x4+2x+2
Solution:
foo dx _ lim J-oo dz
-0 x242x42 R-® J_ o0 5240740

The function f(z) have a simple pole —1 + i lies in the upper half plane

1
(z+1-0)(z+1+0)

Res[f,—1+i] =lim,,_,; (z+1—-1)

Res[f,—1+i] = Zil

oo 1

(1
Lt = mi(G) =

2
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COMPLEX ANALYSIS 4TH STAGE (2023-20204)

Example

In(x+i
calculate ’;(zxﬂl)

Solution:

oo In(x+i) 1 oo In(x+i)
f —

0 x2+1 2Y—00 x241

f(z) = lr;(zz:li) having simple pole z = i in the upper half plane , calculate Residues

EERT ‘ o In(z+i)
ReS[f, l] - llmZ—)l(Z l) (Z—i)(Z'i'i)
__ In(20)
Y
oo In(z+i) . . , In 2i .
o dz = 2mi Res|[f,i] = 2mi— = mwln 2i

- z241

e In(ztd) g, = %(nln 2i)

0 z241
T . T . TT
=;ln21 :E(IHZ_HE)

Example

dx
x*+16

dx

calculate [;”

H.W

l@' 1rdal Al yall dslbll cilaadl
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