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CHAPTER FIVE
TRIGONOMETRIE FUNCETIONS

the Trigonometric Function. sinz and cos z are entire function i.e that is analytic on
all points because its compose of the function e',e~%

iz_ ,—iz

. e elZte iz
sinz = - , C€0SZ=
2i 2
. ef—e™Z eZ+e™2
sinhz = , coshz =
2 2
NOTE:-
cos(ix) = coshx
ei(ix) + e—i(ix) eX 4 e %
cos(ix) = > = > = cosh(x)

sin(ix) = i sinh x

H.W

1) cosz = cosx coshy —isinx sinhy

Proof :-

cosz = cos(x + yi) = %{eiz +e7i7)
L %{ei(xﬂ/i) + e-ilrtyd)
— %{eixe—y +eixe¥}

[e7Y(cosx +isinx) + eY(cosx —isinx)]
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1 _ 1. v . 1 1, .
=ce ycosx+51e y51nx+ze3’cosx—zle3’smx

=%cosx(ey +e™) —%isinx(ey +e™)

(eY+e™7) (eY+e™Y)

—iSsinx

= CoSXx

cosz = cos x coshy — isinxsinhy

2) sinz = sinx coshy +icosx coshy

Proof :-
i 1 . . 1 . . . .
sz=—_(elz—e lZ) :_.[el(x+yl)_e l(x+yl)]
21 21
1 . _ s
=—[e%e™V — e Y]
20
1, _ . . \
=2—i[e Y(cosx +isinx) —eY(cosx —isinx)]
1 1y 1, 1,
=e Ycosx+-eVsinx——e’cosx+-e’sinx

=%sinx(ey +e7Y) —%cosx(ey —e™)

_ e’ +eV\ | e¥ —e™
= sinx (T) +icosx (T)

sinz = sinxcoshy + i cos xsinh y

sin 2x sinh 2
3).tanz = 4
cos 2x cosh2y  cos 2x cosh2y
Proof :-
sin z sin(x+yi) cos(x—yi) inA B = L A+ B in(A—B
Oz = _ x sinAcosB = E(sm( + B) + sin(4 — B))

cosz cos(x+yi) cos(x—yi)

1
__ sin(x+yi) cos(x—yi) cosAsinB = 2 (cos(A + B) + cos(A — B))
o cos(x+yi) cos(x—yi)
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__ sin(x+yi) cos(x—yi)

- cos(x+yi) cos(x—yi)

L [sin(x + yi + x — yi) + sin(x + yi — x + yi)]

_2
1[cos(x + yi + x — yi) + cos(x + yi — x + yi)]

2
_ [sin(2x) + sin(2yi)] _ sin(2x) + i sinh(2y)
~ [cos(2x) + cos(2yi)]  cos(2x) + cosh(2y)
B sin(2x) iy sinh(2y)
~ cos(2x) + cosh(2y) lcos(Zx) + cosh(2y)
u(xy) v(x,y)

Example
prove that f(z) = sin z interior function
Solution

sinz = sinx coshy + i cosx sinhy

u v
U, = cosx coshy , v, = cosx coshy
u, = sinxsinhy , v, = —sinx sinhy

C.R.E are satisfied

since the partial derivatives are continuous and differentiable , then

~ f(z) isenterior
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Example
is f(z) = cosz interior function ?

H.W

Example

the zeros of sinz is real (solve'sinz =0)

Solution
sinz=20
eiz_e—iz )
— =0 X 20
2i
eiz _ e—iz =0 % eiz
e?” —1=0

cos2z+isin2z=1
cos2z=1
2z =2tk - z = 1wk

~ z is real
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Example
prove that (sinz) = sinz

HW

Example
The function sin z are not analytic
Solution
sinz = sinx coshy + i cosx sinhy

sinZ = sinx coshy — i cosx sinhy

u v
u, = cosxcoshy ) v, = —cosxcoshy
U, = sinxsinhy ) v, = sinx sinhy

C.R.E are not satisfied

~ sinZz not analytic
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© ® N OA®

e?=cosz+isinz , e “=cosz—isinz
i eiz_e—iz eiz+e—iz
. sinz = : , COSZ=
2i 2

sinz cosz
tanz = , cotz=— , secz =

CoSsZ sinz CO0SZ
sin(iy) = isinhy cos(iy) = coshy
sin(z, + z,) = sinz; cos z, + sinz, cos z;
cos(z, + z;) = cosz, cos z, t+ sinz, sinz,
cos2z =cos*z—sin’z , sin2z=2sinzcosz
sin(—z) = —sinz : cos(—z) =cosz
sin?z+cos*z=1 , cosh?z—sinh?z =1
sin(z + 2rtk) = sinz

cos(z + 2wk) = cos z
sin(z+m) = —sinz
cos(z+m) =—cosz

tan(z+m) =tanz

10. sin(g —Z)=C0SZ

11. |sin z|? = sin®? x + sinh?y
12. |cos z|?* ='cos® x + sinh? y

13.sinz=0oz=nwr cosz:0<—>z=(n+%)1r

, CSCZ =~
sinz
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Example
prove that : |sin z|? = sin? x + sinh? y
Solution

sinz = sinx coshy + i cos x sinhy

|sinz| = /sin? x cosh?y + cos? x sinh?y

|sin z|? = sin? x cosh? y + cos? x sinh? y
= sin? x (1 + sinh? y) + cos? x sinh? y
= sin? x + sin? x sinh? y + cos? x sinh?y
= sin? x + sinh?y (sin? x + cos? x)

= sin? x + sinh?y

Example
prove that : |cos z|? = cos? x + sinh%y
Solution

cos z = cos x cosh y — i sinx sinh y

|cos z| = /cos2 x cosh? y + sin2 x sinh2 y

|cos z|? = cos? x cosh? y + sin? x sinh? y
= cos?x (1 + sinh? y) + sin? x sinh? y
= cos? x + cos? x sinh? y + sin? x sinh? y
= cos? x + sinh? y (sin? x + cos? x)

= cos? x + sinh? y
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Example

prove that : |cos z|? + |sinz|* > 1

Solution

|cos z|? + |sin z|? = cos? x + sinh? y + cos? x + sinh? y

=1+2sinh?y>1 , = sinh?y >0

Example
prove that : |[sinhy| < |sinz| < |coshy|
Solution
|sin z|? = sin? x + sinh? y
|sinz|? > sinh?’y .. ... (1)
|sin z|? = sin? x + sinh? y
|sin z|? = sin? x + cosh?y — 1
= sin?x — 1 + cosh?y
= —cos?x + cosh?y
= cosh? y — cos? x
|sinz|? < |coshy|> ... (2)
From (1) & (2) we get
sinh? y < |sinz|? < cosh?y

sinhy < |sinz| < coshy
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