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COMPLEX ANALYSIS 4TH STAGE (2023-20204)

Chapter Five
Unit Circle Integral

Integral of the form (sin @, cos 9)

Let the real integral

21
f f(sin@,cos0)db
0

to convert the real integral to contour integral (complex) we transform this
integral in the unit circle (r = 1)

z=re® 5|z= e ->|dz=ie%d6

dz dz
dg = —0 - |df = —
Le lZ
i0 —-i0 -1
. —e & Z—Z
sinf@ = - - |Sin0@ = —
21 2i
0, ,—-if -1
+ +
cos = =2 - |cos@ ==
2 2
In general
k_,—k k,,—k
- zZ —Z zZ"+z
sin k@ = > and cos kO = 5

2 . 27 ztz7\d
fonf(sme,cose)d9=fcf(zzi = )i_zz

2 2

this integral can be evaluated by Cauchy integral theorem and the Residues
theorem
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Example

Convert this integral to contour integral and evaluate it .

2n do
jo 2+ cos0

Solution

- d +z71
Let z = e'? —>d9=i—zz . cosf ==
0 2+cos® Jc,,z+z7l iz

2+2

f 2 dz _ 2 f dz
C4+z+z71 iz i Jcz2+4z+1

4T f16-a(D)() |-» —-2++3€C
2(1) - —2-3¢cC

The singular Pointsare: z =

: 2 1
Res[f' -2+ \/§] = llmz—>—2+\/§(z +2- \/§) i (z+2-V3)(z+2+V3)

2 1 ¥ 3
T i —2+V3+2+V3 V3i

[ f(z)dz = 2mi Res[f,—2 + /3]
. 1 _ 2
= 2mi N
Example

Convert this integral to contour integral and evaluate it .

2w 1
———do
fo 5+4sin6

H.W
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Example
2 30 25
show that [ —- ==
cos @ 12
Solution
: d
Let z=¢¥ - dog==2
.z
+ -1 3+ -3
cos@ == - cos30 =222

2

0 <z +z~ )
dz
. fzﬂ cos 3 _f

“Jo 5-4c0s0 Co_y <Z+Z )lZ
1
1, 243 1 [ z6+1
2iJCc5z-222-2 T 2i Yc—275+5z4-273
-1 f Z +1 _ -1 f Z +1 7
o z3(2z-1)(z-2)

z3(222-5z+2)
sing. Pointz=0€ C; z=%eC;z=2$C

to calculate Res|[f, 0] repeated 3-times

L _0)3 —.2#h 1
(Z)(Z) = llmz_,o(z O) z3(2z2=5z+2) 2 #0
d? _ z°%+1 _ 5

Res[f’ 0] _hmz_)O dz2 2z2-5z4+42 8

1 z641 1 z641

Res [f, %] = limz_)% (Z — E) m = limz_% (Z - E) 223(2_%)(2_2)

_ 65/64 _ —65
T (=3/2)(1/4) 24

“f, =5 i [f=h =5
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Example

Convert this integral to contour integral and evaluate it .

2T cos20 p
o D>t+4cos0

H.W

Example

Convert this integral to contour integral and evaluate it .

2m 1
——do
jo 2+ sin6

Solution

2T 1 1 dz

f . de = f -1 .

0 2+siné@ €y 272 iz
20

f 12 Z = f -
CoigsZ=t € z2+4iz-1
2

- (-2-V3)iecC

Sing. P.
L (-2+V3)iecC
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