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MALEX ARALYSIS 4™ STAGE (2025.202%)

RPUER I3
INGEGRAL COMPBLEX

Euler Formula :

if 6 is the angle (Argument ) of the components of the complex function then Euler
formula can written as :

et = cosO +isind , 0<0 <2m

e = cosf —isinf , 0<60 €21
Note : z = x + yi = rcos6 + irsinf = r(cos6 + isinf) ="re'?
|z| = |rei9| =r ,such that |ei9| =1

The graph of function |z| = r is a circle with center is the origin and radius is r,
while the graph of function |z — z,| = » is a circle with center is the z, = (x, Vo)
and radius is r .

Example
Sketch the following graph in complex plane
Solution

1. |z| =5

represent a circle with center is origin and radius is 5
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2. |lz—1|=3

represent a circle with center is (1,0) and radius is 3

3. |z+2|=2

represent a circle with center is (-2,0).and radius is 2

4. |z—-2i\=3

represent a circle with center is (0,2) and radius is 3
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6

5. |z+i]| =3

represent a circle with center is (0,-1) and radius.is 3

6. |z—1—i[f=8

represent acircle with center is (1,1) and radius is 3
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7. |z+1-i|=3

represent a circle with center is (-1,1) and radius is 3

8. |lz+1+2i|=2

represent a circle with center is (-1,-2) and radius.is 2
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Integral in Complex Plane

We have introduced functions of a complex variable. We also established when
functions are differentiable as complex functions, or holomorphic. In this chapter we
will turn to integration in the complex plane. We will learn how to compute complex
path integrals, or contour integrals. We will see that contour integral methods are also
useful in the computation of some of the real integrals that we will face when
exploring the residues and poles .

the types of integration are : Direct integral , Paths integral , counter integral and
cauchy’s integrals

Let f(t) = u(t) + iv(t) where u and v be real valued function , the definite integral
of f(t) ontheinterval a <t < b isdefined as :

b b

ff(t)dt =fu(t)dt+i fv(t)dt

a a

Example 1
Evaluate fol(l +it)%dt

Solution
1
L= f(l + 2it — t?)dt
0

1 1

I=f(1—t2)dt+if2tdt

0 0
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t3|* 2
— R/ i G 1
=t 3O+Lt|0 3+l
Example 2
Evaluate fo% e't dt
Solution
4 4 4
4 4 4
I=feitdt=fcostdt+i jsint dt
0 0 0
| J tl% J tl% +i(1 1)
= sint|y —icost|]! =—=+i(1—-—
0 0 \/7 \/‘2‘
Example 3

1) Evaluate the following integral:
2(1  .\?
A [ (G—i) de

B) [seitdt
T

C).[e(1+i)t dt

0

H.W,
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Example 4

if C is the region defined by a circle z — z, = re'® such that 0 < 8 < 2m, and z,
is the center of the circle, r is the radius , find

j dz
z—z,

C
Solution
z—2z,=re? —dz=ire?do
21 . 2

dz ire'®do _ o _

f =f 5 =Jld9=19|0 = 2mi
zZ—z, re

C 0 0
Example 5

if C is the region defined by right half of a circle |z| = 1, find fc |z| dz

Solution

1z| =1,z =e"%/>dz = ie'do

flzldz =
C

.TT .TT
Jo lzldz = €2 —e™2 = 2i

T

. B — 0|2
1.ie'%dl = et Zn
2

I S|

2

(check another method by Euler formula expansion integral )
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Example 6

if C is the portion (section) of circle defined by 1% and 3™ Quarter of circle

lz| =2 ,find [, |z|dz

Solution
The region C divided into two sub-regions C:C;+C,

|z| =2,z =2e% - dz=2iedo

i
2
. L
flzldz = j 2.2ie"df = 4e'|2 = 4(i 5 1)
Cy 0

3m
2

3
jlzldz = j 2.2ie"d0 = 4e'| 2= 4(1'+- 1)
CZ T

j|z|d2=4i—4+4—4i=0
C

Example 7
if Cisthe upper half of circle |z| = 2, find fc z* dz

Solation,:

Iz| =2,z =2e% — dz =2iedd

T
fzzdz=fzzdz
0

C
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T

fzzdz= f(Zeie)Z.ZieiedQ
Cc

0

o 3 3

ﬁ\:

i

. 8 I 8 . —16

z%dz = 8f ie30do = §e3“9 ==(e3™-1)=—
0

Example 8
if Cisthe lower half of circle |z| =1, find fc %dz

Solution

zl=1,z=¢e% —dz=ie?do

iel?do
j—z—j 5 =jl62d9
/2

L 4z = 22 " 2(i— 1
R et 2 = —
j\/; z e i i—1

Cc
Example 9

if Cisthe upper half of circle |z| =1, find fC z"dz , neZ*

Solution

1z|=1,z=e® —dz=ie?dd

T
fz“dz=jzndz
0

C
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T i(n+1)0|™ 1
n —— i ,i(n+1)60 — — 1\ _
fz dz fle do m—— n+1(( 1) 1)
C 0 0
Example 10
. . : : 3/z-2
if Cis the left half of circle |z| = 64, find |, % dZ

H.W

1), , If the given region represent straight line (' horizontal) then the value of y
stay constant (dy = 0) and x is changing

2) If the given region represent straight line ( vertical) then the value of x stay
constant (dx = 0) and y is changing

3) If the given region represent straight line ( italic) then x and y changing and
we will find a relation connecting x with y by slope and point rule .
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Example 11

Find the numerical value to fC xdz ,if C:C;+C,+C; defined in the given
figure :

(1,1)
Solution 3
A @
C1: (0,0) - (1,0)
y=0-5dy=0, x:0-1 >
(0,0) c1 (1,0)

]xdz = jx(dx + idy)

C1 c1
1
1
xZ
xdz = | xdx = > =—
c1 0 0

c2:(1,0) » (1,1)
x=1->dx=0, y:0 -1

1

]xdzz jx(dx+idy) =fidy

C2 Cc2 0

fxdzz iylg=i

C2

c31(1,1) - (0,0)

— vyl
N =m , such that m = i
x —x1 Ax
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jxdz = jx(dx + idy)

3 3

0 0
jxdz=jx(dx+idx) = (1+i)fxdx
3 1 1

0
2

X
jxdzz (1+i)7
C3

__1 1 7
= 1+0

1

xdz = jxdz+ fxdz+ jxdz

C1 Cc2 C3

ﬁg

'fd—1+' 11+'—i
o xdz =S+ 2( l)—z
c

Example 12

Find the numekical valueto fc zdz ,if C:C+C,+C; defined in the given

figure :
(01 < (2,1)

: (3,1)
Solution S
Z=X+yli - Zz=x—yi,dz =dx + idy
c2 3
c1:(0,1) - (2,1)
y=1-dy=0, x:0- 2 (3,0)
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zdz = j (x —yi)(dx + idy)
c1

.22 .2
X —1 2—1 1
Gl ) P
2 0 2 2

2
zdz = j(x —i)dx =
1 0

c2:(2,1) - (3,0)

y—1 0-1
= -
x—2 3-2

j zdz = j (x —yi)(dx + idy)

c2 c2

f zdz = f(x — (3 —x)i)(dx = idx)
c2

C2

jidzz(l—i)f(x—3i+xi)dx

C2

x? x2|°
deZ=(1—i) —2——3ix+i7 =2-3i
C2 2

€3: (3,0) - (3,1)

x=3->dx=0, y:0-1

j zdz = Oj(x —yi)(dx + idy) = !(3 — yl)idy

Cc3

y—1=2—-—x »y=3—x -dy ==dx

Dr. MOHAMMED SABAH AL TAEE - COMPUTER SCIENCES AND MATHEMATICS - MATHEMATICS



WMOLEX ARALYSIS  4%STAGE  (2025.2024)

1

jz‘dz = j(3i+y)dy

C3 0

j‘d a2 Saie ]
zdz =3iy + 5| =3i+-

c3 0

1.5
jz'dzz jz'dz+jz'dz+fz'dz=2—2i+2—3i+3i+§=§—2i
C c1

C2 Cc3

Example 13

Draw the paths and Find the numericalyalue to \f. (2z* — 3z + 1)dz , if
C:C;+C,+C; defined in the given figure :

c1:(1,2)-(1,5) , €2:(1,5 = (3,9), c3:(3,5) - (7,2)
H.W
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