(2025.2024)

The function that continuous with continuous derivative is called analytic function , if
the function f(z) = u + iv is analytic on the region C and continuous , then the
integral :

j f(z)dz=0

Notes

e In Complex region the problems in functions comes at.most from fractional
functions , but the radical function in complex has no any problem .

e The singular point is the point that makes the function not continuous i.e the
value of function is undefined

Example 14 1
ZZ
Prove that §. —dz = 0 at\z| £ -1 /\ 1
Solution \/
2
By applying cauchy’s Theorem in integral the function f(z) = ZZ: 1

The singular point is\,3 & C , and the function analytic on all values except the value
(z=3) but z=3 don’t\lies in circle |z| = 1 or on its boundary , then by cauchy’s
theorem in integral is :

jﬂ 2 =0
z—3 Z=
C
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Example 15

Find the Integral

1
Zg (z—-1)%(z*> + 4) dz

Such that C is ring between C4: |z| =3 ,Cy: |z| =5

Solution

VA
-

By applying cauchy’s Theorem in

. . 1 -5
integral the function f(z) = ey
Is analyticonthering3 < |z]| <5,

Because the singular points for the function f(z) is (1,2i,—2i) ¢ C, and this point
don’t lies in the ring :'C

then by cauchy’s theorem 1in integral is :

dz=0

1
;f (z—-1)2(z2 +4)
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Example 16

Find all the integrals at the region C

A)
%‘ z—4 d C:lz| =
z2 —6z+5 zZ 2=
C
B)
35 Z 4 Cilz| £ 1
Z2+6iz—8"7 " 121 3
(A
H.W
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Let C be a region and f is analytic function in all values inside C except (z = a)

such that z = a is a singular point then :

1 [ f(2)
= d
fla) 2l ) z—a z
C
e
f(z)
dz = 2mi
jg p— Z mi f(a)
C
Example 17
Find the Integral on the following regions :
zZ 11 p
-1
C

Such that:

A Clz-1]|=1

Solution
The singular pointisz=-1¢C ,z=1€C.

Then the function is analytic on all points in C except z = 1
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4% STAGE
fﬁzz-l_ld B z2+1 4
217" T Z-Dz+D*
c c
j€z2+1d_ zZ+1 1 p
22 17" z+Dz-1D"
¢ ¢ f(z) new
analytic

B) C:lz+1|=1

Solution
The singular pointisz = ~1€C ,z=1¢€¢C.

Then the function is analytic on all points in C except z = —1

j€z2+1d_ zZ+1 p
221751 G-Dz+D""
(o Cc

3522+1d— zZ+1 1 p
217" z—Dz+1
Cc Cc

.C)g i 1dz = 2mi f(—1) = 2mi <%> = —2mi

z2 -1 -1-1
C
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-1/2 1/2 3/2

oY

-1

1™

Solution

The singular pointisz=1€C ,z=—-1¢€¢C.

Then the function is analytic on all points in C exceptz = 1

j£z2+1d_ z2+1 4

217" T Z-Dz+D

Cc Cc

7€z2+1 _[zZ+1 1 y

217" T+ Dz-1)
(o

C

D) C:|z—ijx\U 2
1 1
0
Solution
The singular pointisz=-1¢C ,z=1¢€¢C.
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Then the function is analytic on all points in C

Then by cauchy’s - corsat theorem

z2+1
3€ dz=0
z

C

Example 18

Find the Integral on the region C :

1 4
ﬁg(z2—1) 1
C

Suchthat C:|z| =2

Ry
N

The singular pointisz=-1€C ;,z=1€C.

Then the functionis analytic on all points in C except z=1, z=-1

Since the singular point are two points then the integral will be divided into two
regions C; and . C,

|etZ=1EC1 JZ:_]‘ECZ

L = . d
3&22—1 Z‘f(z—1)(z+1) z

()
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_‘f 1 g = dz 1 N dz 1

217" T e+Dz-1_ Jz=-DEz+1)

(o C1 Gy

7§ LR (1) + 2mi f(—1) = 2 L omi i
71 z=2mif mi f = mz mz—

Cc

Notes :

e if the function is analytic then the value of the integral is zer

0.

e if the integral value is zero then not necessary te be the function is analytic

Example 19

Find the Integral on the region,Ci:
Sﬁ sinz dz
C

V4

Such that: C:x* + 4y* = 1

112

) /‘
Solution \\

The singular pointis z =10 € C .

RN
_

-1/2

Then the function isanalytic on all points in C except z =0

sinz dz
sz = 5L sinz — = 2mi f(0) = 2mi sin(0) = 0
C C
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Example 20

Find the Integral on the region C:

Such that: C:|z| = 2

Solution

2
LN
The singular pointisz = —1 € C . \/
1
2

the function is analytic on allpoints in C except z = —

ffezd—jﬂ Ly
241277 @+ %
(o (o

eZ
=2mi f(—1) = 2mile™!
j€z+1dz i f(—1) i e
C

Example 21

Find the Integralfon theyregion C that bounded by the square determinate by
thelinesx = 42,y =+2":
e—Z
T, dz
2

C

Solution
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The singular pointis z = % € C (notethatm = 3.14 .)

Then the function is analytic on all points in C except z = g eC

e~? ., 1
% n._dZ=f€ —n.dZ
o Z— 5l . (2—71)

e_Z . n- . .
_(f n._dZ=2TL'lf(El)=2T[l(—l)=2T[
¢ £7 21

Example 22

Find the Integral on the region C:

eTl'Z d
Zg z—z-0 "

Such that: C: |z| = 2

p
N

Then the function is analytic on all points in C except z = 1,i

Solution

Y
/

The singular paintisz=1,i € C .

Since the singular point are two points then the integral will be divided into two
regions C, and C,
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eT[Z d B eT[Z 1 d eT[Z 1 d
f(z—n(z—i) Z_fz—i(z—l) Z+jgz—1(z—i) z

1 ()

2mi(e™ + 1)
1—i

.()g (z— 1)(2 dz = 2mi f(1) + 2mif (i) =
Cc

Example 23

A) Evaluate the integral in the following regions

it

z2+1 z
C

Such that C is:

1) C:lz—i|l=1 , 2) C:lz+i|=1

3) C:|z| =2, 4) C:|z=i|l =3

B) Evaluate the integral in the fallowingiregions

Z
f(9—22)(z+i)dz' C:lz| =2

C) Evaluate theintegral.in‘the following regions

jé 7z —z+1 p
z2—3z+2 d
C

Such that C is:

1) Colz+ 1| =2

2) C:lz+1] =3

3) C:ring, 1<|z| <3
Solution : HW
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Let C be a region and f is analytic function with analytic derivative in all values
inside C except (z=a) such that z=a is a singular point then :

n _nl f(2)
fM™(a) = Zﬂi;f =) dz
I.e
i
Note :

C.1.F.2 used when the singular points are repeated

Example 24
Find the Integral on the followingwegions :
cosh(z)
jé —dz , C:|z|=2
Z
c

VRN
N

The singular pointisz =0 € C (repeated 4 times ) .

Solution

Then the function is analytic on all points in C except z = 0
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4% STAGE
coshz dy = coshz
.(Ig PEERS (YOI Che
C C
n+1=4,n=3

coshz 2mi 2mi
% dz = ?f (O) = ?(sth) =0

Z4'
c

Example 25

Find the Integral on the following regions :

1
%mdz ) C:|Z|:4
c

4

Solution

The singular pointis z = +2i € C (repeated 2 times) .

Then the function is analytic on all points in C except z=2i, -2i

L
N

X
%

1 4 = 1 dz 1
ff(z2+4)2 Z_C,?g(Z+2i)2(z—2i)2+j(z—2i)2(z

n+1=2,n=1

T 20)?
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1 P _2mi (2 2mi 91
§ et =/ G0+ T 20
(s
7§ dz = 2mi 4 2mi——~ =
22+ 427 T s T A a3 T
Cc
Example 26

Find the Integral on the following regions :

% z 2e%sinzdz pC:lz\=1

c

Solution

The singularpointisz= 0 € C (repeated 2 times)

L
N

{1

Then the function is analytic on all points in C except z = 0

sin z sinzdz

i

()

n+1=2,n=1

4= $

C

Z2€Z ez ZZ
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sinz 2mi _ _
_(f J2o7 dz = Tf (0) =2mi(1) = 2mi
C

Example 27

Find the Integral on the following regions :

3€ 2z —3 P
Z4—8z2+ 167
C

in the following regions :

A C:lz|=1
B) C:|z| =3
C) C:|z—-2]=2
D) C:lz+1|=1

H.W

'@l 1rdal Ala sl Asllal) cilaasl
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