| COMPLEX ANALYSIS 4HSTAGE ~ (2023-2024)

y %
\
4
....... A WY 4
_______ \ 2 /
v ==
...... X=0 \ J‘\\ ‘5\'
....... N2 -
....... N ) |
[ PTT O s
\
\
Z-plane W-plane
4. Inversion
a complex transformation inversion is a map from z-plane to w-plane of the from
1 1 s . .
z—— or f(2) = - where z Is a complex variable , when the number z having

modulus is r and argument is @ ,the inverse i having modulus % and argument (—6)

_ A _ i m0d=7‘

Z=x+Yyl ,Zz=re <arg=9

1

w = 1 :le_w <m0d=;
0

ret r arg = —6

D MOHAMMED SABAH AL TAEE - COMPUTER SCIENCES AND MATHEMATICS - MATHEMATICS



COMPLEX ANALYSIS 4TH STAGE (2023-202%)

Example
find the image of the circle x? + y? = 4y under the trans formation w = %

Solution

1
lethg ,Z=X+yl ,w=u+iv

] 1 ] 1 u—1iv
u+vi= - - x+yi= — - _
X+ yl u+iv u—1v
+ vi u-—Iiv +vi u v
X+yi=——— , x+yi= — i
=W e e 2
u —v
X = =
u? + v? Y= 2
now: x?+y? =4y
u? v? —4vp

+ =
(u? +v2)2 (w2 +v2)? u?+v?

Wt _ W, 4p=1 Sv== [inw-plane]
(u2+v2)2  uZ+p? \ T4 P

to graph the function in z-plane
x? +vy?% =4y
x*+y2—4y=0
x*+y*—4y+4=0+4

x?+ (y—2)> =4 ,iscircle with center is (0,2) and radius is 2
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Z-plane

Example

W-plane

Find the image of the line y — x 4+ 1 = 0 under the inverse trans formation.

Solution
1 . .
letw=; JZ=Xx+yl ,w=u+iv
] 1 ] 1 u—1iv
u+vt= - 2 X tyl= — -
X+ yl u+iv u-—1v
+ 3 u—1iv +vi u v
X I =——- ,Xx i = —1
Y u? + v? Y u? + v2 u? + 2
u —v
X = =
uz + v? Y u? + v2

now: y—x+1=0

% u

- +1=0
u?+v? u?+wv?
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—v—u+ut+v2=0

W2 —u4-4+v:—v4-=T4
4 4

A=

1
4
2

(+-3) +(-3) =3

the graph in w-plane represent a circle with center is (%,%) and radius is \/1—5

y v
/ 12 ya 1\2 1
{11—— —I—{7————\ = —
VT /TN T2 2
HEEEN / HEEEN N
] A o \
______ , o \
//\ X \\ u
.4 \
¥ y
pd i
.4
7
pd
7
Z-plane W-plane
Example

Find the image of the co — strip i <y< % under the transformation w = -

Solution
1 . .
W=; , w=u+iwv , z=x+yl
. 1 . 1 u—iv
Utiv=—— D Xx+yl=——-.—
x+yt u+iv u-—1v
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—u
. u—iv T u4p2
x+yl_u2+v2 =
y uz+p?2
1 -V 1
=- > u’+vi=—4v

YT T v s

w4+ viP+4v+4=0+4

W?*+Ww+2)?%=4

theeq.y = % in z-plane represent a circle with center (0,-2) and radius is 2 in w-plane

_1_ v
y_z uz+v?

=% — u? 4+ v?=-2v
u?+v24+2v+1=0+1
W+ @w+1)?2=1

theeq.y = % in z-plane represent a circle with center (0,-1) and radius is 1 in w-plane
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Theorem 1

the transformation w = % maps the circle in z — plane to a circle in w — plane

or a straight line if the circle passes at origin .

Theorem 2

the transformation w = ~ maps a line in z — plane to a circle or straight line in

w — plane

z-plane w-plane

O O —
— Q T

Invariant point (fixed)

its point which coincide with their transfc y tion are called fixed or invariant points

w=f(z)=z
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Example

find the invariant point to

Solution
1 WZE
z+1
w=f(z) =
=2 L 2 4z=z2-1
z+1
z2=—-1-> z="%Fi

2. _ 3z—-4
z—1
w = f (z) =z

|
l
N
+
N
|
w
N
|
NN

z2—4z4+4=0->(z-2)2=0-> z=2

Linear Transformation

a combination of transformations! Transition , Rotation and magnification is called
Linear transformation , and the form of it :

w = az + [| wherea,f €C

Example

consider the linear transformation w = (1+i)z + (2 —i) , determine and
sketch the region in w — plane into which the rectangular region bounded by

theliness x=0, y=0, x=1 , y=2,inthe z— plane is mapped

Solution
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letw=u+iv z=x+yi

w=0+z+2-1)

u+iv=>0+Dkx+yi)+2-1)
=x+yi+xi—y+2—i

ut+iv=x—-y+2+i(x+y—-1)

u=x—y+2 v=x+y—1
u=x—-y+2 ... (D
v=x+y—-1 .. ... (2)
u+v=2x+1 e (3) [byadd1to 2]
u—v=3-2y e (4)  [by difference 2 from 1]
x — plane : x=0 , y=0 , x=1 , y=2
z—plane: u+v=1 , u—v=3, u+v=3 , u—-v=-1
y . N MoV ’
L \ N
I N N
J: ! \\ ¢‘>
—————— e e — — —— — ,4
............ \\x‘r/ \\ OXL
EEENES ] WuN S KN,
1] NN
— « 7 ?’Y&\ x,u
A ,‘\;(/V N
< N
7 \'\
‘ NN
Z-plane W-plane
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Example

Determine the linear transformation that map the rectangle
z,=0, z, =% , Z3 =1, Z4 =%+i Onto the rectangle
wy =1, Wy=20, wy3==-2+1, wy=-2+2i
Solution

z —plane : z,(0,0) , z, G,O) , 23(0,1) , z, G,l)

W_plane: Wl(Oll) ’ WZ(OIZ) ’ W3(_2;1) ’ W4(_272)

z—plane: u+v=1 , u—-v=3, u+v=3 , u—-v=-1
y \Y;
...... 1
Crrrrrrrerrerrrrerery o e L 12
...... )
1/2
-1
Z-plane W-plane (1)
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N

No

W-plane (2) W-plane (3)
f1:z —plane - w — plane(1) , suchthat f;(z) = 077 = iz

fo:w —plane(1) - w — plane(2), such that £, (z) = 2(iz) = 2iz

f3:w —plane(2) - w — plane(3), such that f5(z) = (2iz) + i

Example

Determine the linear transformation that map the circle €, : |z—1| =1 in
z-plane onto the circle C, : |z — %l| = 2 on w-plane

Solution
C; is represent a circle with center is (1,0) and radius is 1

while

: : : . 3 o
C, is represent a circle with center is (0 'E) and radius is 2
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y v
2 1
Z-plane W-plane (1)
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W-plane (2) W-plane (3)

fi:z — plane —» w — plane(1) ,suchthat f;(z) =z —1
fo:w —plane(1) - w —plane(2),suchthat f,(z) =2(z—1) =2z -2

fz:w —plane(2) - w — plane(3), such that f5(z) = (2z — 2) + %i
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Bi-linear transformation

a combination of a transformations : transation, rotation, magnification and inversion
are called bilinear transformation.

Theorem

the transformation of the formw = % is called a bilinear or fractional or mobious
transformation when a, b,c,d € C and ad — bc # 0

Theorem

.- . +b . . . .
the bilinear transformation w = % Is a combination of elementary transformation.

Theorem

if bilinear transformation transform the point z4, z,, z3 in z — plane to the point
Wi, Wo, W3 inthe w — plane then :

(w—wq1)(wz—w3) _ (z—2z1)(22—23)
(wi—wz)(wz—w)  (z1—22)(z3-2)

Example

Show that the transformation w = % maps the circle x> + y* — 4x =0 in
the z-plane into the straight line 4u + 3 = 0 in the w-plane .

Solution
w =ZZZ_+43 >w(z—4)=2z+3

wz—4w =2z+ 3

__4w+3

zw—-2)=4w+3 -|lz=—"| ... (1)

x2 +y2 —4x=0
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x2—4x+4 4+ y> =0+4
(x—2)2+y?2=4  thisrepresent

z—2]=2 ... (2] sub. @ in @

4w+3
o - 2| =2
w—2
4w+3-2w+4 2w+7
-2 o )<
w—2 w—2
12w + 7| = 2|w — 2| , w=u+iv

12(u + iv) + 7| = 2|lu + iv — 2|

12u + 7 + 2iv| = 2|lu — 2 + iv|

JQu+7)% + (2v)2 = 24/ (u — 2)2 + v2 Square the two
sides

Qu+ 7)? + 4v? = 4((u — 2)? + v?)

4u? +28u+ 49 + 4v? = 4(u? —4u + 4 + v?)
4u? + 28u + 49 + 4v? = 4u? — 16u + 16 + 4v?
44u+33 =0 =11

u+3=0

l@l 1rdal Alulyall Aslall claadl
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