Dr.Bashar A. Al-Talib Regression Analysis Lecture (4): properties of regression line

Lecture (4): Some properties of the regression line equation

1. Sum of observed values = Sum of expected values YY, =YY,

2. Total random errors = zero ), e; =

Proof :-

= 31 31 Sxx = 312 Sxx
. The sum of the errors (or residuals) weighted by the corresponding values of
x;=zero,i.e. ) e;x; =0

= ZXi [Yi - (7+ﬁ1 (x; —Y))]
=S nl-7) - e (5~
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S X(h-T)- f Y K- )

= Sxy - Blex

Sx
=Sxy——ysxy =0 %Zeixi =0
Sxy

5. The sum of the residuals weighted by the Y; values equals the sum of the
squares of the errors. ), e;Y; = sse
Proof :-

Zyiei=zyi(yi_?i)
=3¥ [ = (Y+5 i —®)| =Z¥ [(6-7) = b (i~ D)

=Y (Yi_?)_,él (xi—E)YizSyy—ﬁAl Sxy

= sse - Z y;e; = sse = Residual sum of squares

= Error sum of squares

6. Zei?i =0
Proof :-

Dedi= D (h- 1),
=D whi- ) 9
DG+ b @-9)- Y [F+he-o]
=D NT+ B Y = DY- ) [T 27 iy =) + B — 77

2 Y: 2 _ N 2
& l) + P18y —n (Zn;) L DYCE YY)
_ G 1)2 @ r)?

,81 xy n

=0=>Zei?i=0

7. E(B1) = B4

Proof :-

- [;12 Sxx
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5N (S Z(xl -0)y| _ Xl —-X)Xy;
B() = E(Sxx) S-S -D°
_ 2(x; —x) (Bo + B1xi) _ PoX(x; —%) + B X(x;i —X) x;
Y (x; —%)° Y (x; — %)
At B X0 - X)X
- N
E(Bo) = Bo

Proof :-
E(Bo) = E(? - B1Y)
- £(7) - X E()

(5

1 —
== B0 - X,

1 —
== o + XD — XBy

2,30 Z -
n + By —X,31

/ﬁﬂo ‘*)3/}/ 1=FBo

9. SSe= Y el = z(y,- -7)°

=D -G+ he-D)f
=Y [0i-» - (Bt -®)|

= D10 = 7 = 286~ D= ) + B — 7]

=D Gi=7? =28 ) i~ D2~ P + fi — D
Syy - 2,[?15,0, + Blzsxx
= S)’y —2 Blsxy + Blsxy = Syy - ﬁley = Syy - 3%Sxx

Estimation of the variance of the regression coefficient 8,
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We have §; = Sry _ LiZDYi (—(xi_f) ) ;

Sex | N(x—%)2 Se-m2) Y

leta=a,y,+a,y, ++a,y,

=v(@)=afv(y)+asv )+ ..+ aiv ()

By taking advantage of Homoscedasticity property v(y;) = v(y,) = - v(yn)
Then v(a) = (@ +a3 + ..+ a?) v (y)

= (Y at)vr= ()5

By comparing f; with a, we have:
. S (x; —x)
ﬁl=ﬂ=2< l_—z))’i
Sxx X(x; —X)

(x;—x) (x1-%) (x3—X) (xn—2%)
m) (=t T e =

XX

We have: Z(

Sxx

a; a;

— 2 —2
) _ Xi—X ~2 (xi—2) ~2 _ Sxx
= v(p1) _Z(sxx) 67 =X G2 7 T G

~2
N o
S v(ﬁl) = _S
XX
The sample random error variance S? is an unbiased estimate of the population random error
variance o2, i.e. E (§?) = ¢?
Proof:

SSE _ E(SSE)
n—-2 n-2

E(S2)=E(6?) =E = E(Mse)

We have E(SSE) = E [Z?zl(Yi - ?)2 — p? Z(Xi - Y)Z]

n

— —2 ~ —\2

= E|) =2+ T+ B ) (6 - %)
i=1
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DERET SRR
z ve-2 &7 e S -2)2]
S v - on (Znyi)z et = 52 (- %)
E[Y v =¥’ = 32 (%~ X)]

D EH - nE (V)= ) (Xi-X) BED

“Y=B+pX+e =Y—-BX+BX+e=Y

V(X) = E(X?) — [ECOT2 = E(X2) = V(X) — [EX)]?
SEOR) =V + (EX)): = a2+ (Bo+ BX)’

E(Y) =v(®) + (E())

2
= %"‘ (Bo + 312)2

2
~BED =V + (E(R)) = TR

E(SSE)_Z[U + (Bo + B1Xi)?] —nl_+ (Bo + B1Xy) l

: -S -9 [(X—_) -

=no?+ XL (Bo + BiX)? — 02 —n(Bp + B1X)? —o? —BI XL, (X — X)2

= (n—2)0% + S4B + BiX))2 —n(Bo + B — B2 I, (X —X)’

We have YL (Bo + B1Xi)? = X(B§ + 2BoB1Xi + PIX?)) = nB§ + 2BoBy LiLy Xi + BT Xi, X3
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Andn(Bo + B1X)? = n[B3 + 2B,B1X + B3X] = nB3 + 2BoBy T X; + B2 &
= > (Bo + BX)? = n(Bo + iKY
(X X)?

n

= B3+ 2BoBs ) Xi+BE ) XF— B3 — 2808y ) X; — B2
i=1

)2 _
= B3 (ZX% —@) =B ) (% -%)’

= E(SSE) = (n—2)0” + B ) (% —=%) = B ) (X, —X)" = (n - 2)0?

e

2

S%e = ¢? - is an unbiased estimate of S%e = o2 -
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