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Lecture (4): Some properties of the regression line equation 

 
1. Sum of observed values = Sum of expected values        ∑ 𝑌𝑖 = ∑ 𝑌̂𝑖 

      Proof :- 

𝑌̂𝑖 = 𝛽̂0  + 𝛽̂1 𝑋𝑖 

= 𝑌̅ − 𝛽̂1𝑋̅ +  𝛽̂1𝑋𝑖 

⟹ 𝑌̂𝑖 =  𝑌 + 𝛽̂1(𝑋𝑖 − 𝑋) 

∑ 𝑌̂𝑖 =  ∑ 𝑌 + 𝛽̂1 ∑(𝑋𝑖 − 𝑋) 

⟹ ∑ 𝑌̂𝑖 = 𝑛 𝑌 

= 𝑛
∑ 𝑌𝑖

𝑛
 ⟹ ∑ 𝑌̂𝑖 =  ∑ 𝑌𝑖 

2. Total random errors = zero ∑ 𝒆𝒊 = 𝟎 

  Proof :- 

𝑒𝑖 = 𝑌𝑖 − 𝑌̂𝑖 

∑ 𝑒𝑖 = ∑(𝑌𝑖 − 𝑌̂𝑖) 

=  ∑ 𝑌𝑖 − ∑ 𝑌̂𝑖 

= ∑ 𝑌𝑖 − ∑ 𝑌̂𝑖 = 0 

3. 𝜷̂𝟏  𝑺𝑿𝒀 = 𝜷̂𝟏   
𝑺𝑿𝒀𝑺𝑿𝑿

𝑺𝑿𝑿
 

= 𝛽̂1 𝛽̂1 𝑆𝑋𝑋 = 𝛽̂1
2 𝑆𝑋𝑋 

4. The sum of the errors (or residuals) weighted by the corresponding values of 

𝒙𝒊 = zero, i.e. ∑ 𝒆𝒊𝒙𝒊 = 𝟎 

Proof :- 

∑ 𝑋𝑖(𝑌𝑖 − 𝑌̂𝑖) 

=  ∑ 𝑋𝑖 [𝑌𝑖 − (𝑌 + 𝛽̂1 (𝑋𝑖 − 𝑋))] 

=  ∑ 𝑋𝑖 [(𝑌𝑖 − 𝑌) − 𝛽̂1 (𝑋𝑖 − 𝑋)] 
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= ∑ 𝑋𝑖(𝑌𝑖 − 𝑌) −  𝛽̂1  ∑ 𝑋𝑖(𝑋𝑖 − 𝑋) 

= 𝑆𝑥𝑦 − 𝛽̂1𝑆𝑥𝑥 

= 𝑆𝑥𝑦 −
𝑠𝑥𝑦

𝑠𝑥𝑦
𝑠𝑥𝑦 = 0 → ∑ 𝑒𝑖𝑥𝑖 = 0 

5. The sum of the residuals weighted by the 𝒀𝒊 values equals the sum of the 

squares of the errors. ∑ 𝒆𝒊𝒀𝒊 = 𝒔𝒔𝒆 

Proof :- 

 

∑ 𝑌𝑖 𝑒𝑖 = ∑ 𝑌𝑖  (𝑌𝑖 − 𝑌̂𝑖) 

= ∑ 𝑌𝑖  [𝑌𝑖 − (𝑌 + 𝛽̂1 (𝑥𝑖 − 𝑥))]  = ∑ 𝑌𝑖  [(𝑌𝑖 − 𝑌) − 𝛽̂1 (𝑥𝑖 − 𝑥)] 

= ∑ 𝑌𝑖  (𝑌𝑖 − 𝑌) − 𝛽̂1 (𝑥𝑖 − 𝑥)𝑌𝑖 = 𝑆𝑌𝑌 − 𝛽̂1  𝑆𝑋𝑌 

= 𝑠𝑠𝑒 → ∑ 𝑦𝑖𝑒𝑖 = 𝑠𝑠𝑒 = 𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 𝑠𝑢𝑚 𝑜𝑓 𝑠𝑞𝑢𝑎𝑟𝑒𝑠

= 𝐸𝑟𝑟𝑜𝑟 𝑠𝑢𝑚 𝑜𝑓 𝑠𝑞𝑢𝑎𝑟𝑒𝑠  

6. ∑ 𝒆𝒊𝒀̂𝒊 = 𝟎 

Proof :- 

 

∑ 𝑒𝑖𝑌̂𝑖 = ∑(𝑌𝑖 − 𝑌̂𝑖)𝑌̂𝑖 

= ∑ 𝑌𝑖 𝑌̂𝑖 − ∑ 𝑌̂𝑖
2 

= ∑ 𝑌𝑖 (𝑦 + 𝛽̂1 (𝑥𝑖 − 𝑥)) − ∑[𝑌 + 𝛽̂1(𝑥𝑖 − 𝑥)]
2

 

= ∑ 𝑌𝑖 𝑌 +  𝛽̂1  ∑(𝑥𝑖 − 𝑥) 𝑌𝑖 − ∑ [𝑌
2

+ 2 𝑌 𝛽̂1(𝑥𝑖 − 𝑥) + 𝛽̂1
2(𝑥𝑖 − 𝑥)2] 

=
(∑ 𝑌𝑖)2

𝑛
+ 𝛽̂1 𝑆𝑥𝑦 − 𝑛 

(∑ 𝑌𝑖)2

𝑛2
− 2𝑌 𝛽̂1  ∑(𝑥𝑖 − 𝑥) − 𝛽̂1

2  ∑(𝑥𝑖 − 𝑥)
2

 

=
(∑ 𝑌𝑖)2

𝑛
+ 𝛽̂1 𝑆𝑥𝑦 −  

(∑ 𝑌𝑖)2

𝑛
− 𝛽̂1

2 𝑆𝑥𝑥 

= 0 ⟹ ∑ 𝑒𝑖𝑌̂𝑖 = 0 

7. 𝑬(𝜷̂𝟏) = 𝜷𝟏 

Proof :- 
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𝐸(𝛽̂1) = 𝐸 (
𝑆𝑥𝑦

𝑆𝑥𝑥
) = 𝐸 [

∑(𝑥𝑖 − 𝑥)𝑦𝑖

∑(𝑥𝑖 − 𝑥)2 ] =
∑(𝑥𝑖 − 𝑥) ∑ 𝑦𝑖

∑(𝑥𝑖 − 𝑥)2  

=
∑(𝑥𝑖 − 𝑥) (𝛽0 + 𝛽1𝑥𝑖)

∑(𝑥𝑖 − 𝑥)2 =
𝛽0 ∑(𝑥𝑖 − 𝑥) + 𝛽1 ∑(𝑥𝑖 − 𝑥) 𝑥𝑖

∑(𝑥𝑖 − 𝑥)2  

=  
صفر + 𝛽1 ∑(𝑥𝑖 − 𝑥) 𝑥𝑖 

∑(𝑥𝑖 − 𝑥)2 = 𝛽1 

8. 𝑬(𝜷̂𝟎) = 𝜷𝟎 

 Proof :- 

𝐸(𝛽̂0) = 𝐸(𝑌 − 𝛽̂1𝑋)  

= 𝐸(𝑌) − 𝑋 𝐸(𝛽̂1) 

= 𝐸 (
1

𝑛
∑ 𝑌𝑖) − 𝑋𝛽1  

=
1

𝑛
∑ 𝐸(𝑌𝑖) − 𝑋𝛽1  

=
1

𝑛
∑(𝛽0 + 𝛽1𝑋𝑖) − 𝑋𝛽1 

=
∑ 𝛽0

𝑛
+ 𝛽1

∑ 𝑋𝑖

𝑛
− 𝑋𝛽1 

=  
𝑛𝛽0

𝑛
+ 𝛽1𝑋 − 𝑋𝛽1 = 𝛽0 

9. 𝑺𝑺𝒆 =  ∑ 𝒆𝒊
𝟐 = ∑(𝒀𝒊 − 𝒀̂𝒊)

𝟐
 

= ∑ [𝑦𝑖 − (𝑦 + 𝛽̂1(𝑥𝑖 − 𝑥))]
2

 

= ∑ [(𝑦𝑖 − 𝑦) − (𝛽̂1(𝑥𝑖 − 𝑥))]
2

 

= ∑[(𝑦𝑖 − 𝑦)2 − 2𝛽̂1(𝑥𝑖 − 𝑥)(𝑦𝑖 − 𝑦) + 𝛽̂1
2(𝑥𝑖 − 𝑥)2] 

= ∑(𝑦𝑖 − 𝑦)2 − 2𝛽̂1 ∑(𝑥𝑖 − 𝑥)(𝑦2 − 𝑦) + 𝛽̂1
2(𝑥𝑖 − 𝑥)2 

= 𝑆𝑦𝑦 − 2𝛽̂1𝑆𝑥𝑦 + 𝛽̂1
2𝑆𝑥𝑥  

= 𝑆𝑦𝑦 − 2 𝛽̂1𝑆𝑥𝑦 +  𝛽̂1𝑆𝑥𝑦 = 𝑆𝑦𝑦 −  𝛽̂1𝑆𝑥𝑦 = 𝑆𝑦𝑦 − 𝛽̂1
2𝑆𝑥𝑥 

Estimation of the variance of the regression coefficient 𝜷̂𝟏 
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We have 𝛽̂1 =
𝑆𝑥𝑦

𝑆𝑥𝑥
=

∑(𝑥𝑖−𝑥)𝑌𝑖

∑(𝑥𝑖−𝑥)2 = ∑ (
(𝑥𝑖−𝑥)

∑(𝑥𝑖−𝑥)2) 𝑦𝑖  

Let 𝑎 = 𝑎1 𝑦1 + 𝑎2 𝑦2 + ⋯ + 𝑎𝑛 𝑦𝑛 

⟹ 𝑣(𝑎) = 𝑎1
2 𝑣 (𝑦1) + 𝑎2

2 𝑣 (𝑦2) +  … + 𝑎𝑛
2  𝑣 (𝑦𝑛)  

By taking advantage of Homoscedasticity property  𝑣(𝑦1) = 𝑣(𝑦2) = ⋯ 𝑣(𝑦𝑛) 

Then  𝑣(𝑎) = (𝑎1
2  + 𝑎2

2  + … +  𝑎𝑛
2) 𝑣 (𝑦) 

 

= (∑ 𝑎𝑖
2) 𝑣(𝑦) = (∑ 𝑎𝑖

2) 𝜎̂2 

 

By comparing 𝛽̂1 with a, we have: 

𝛽̂1 =
𝑆𝑥𝑦

𝑆𝑥𝑥
=  ∑ (

(𝑥𝑖 − 𝑥)

∑(𝑥𝑖 − 𝑥)2
) 𝑦𝑖 

We have: ∑ (
(𝑥𝑖−𝑥)

∑(𝑥𝑖−𝑥)2) 𝑦𝑖  =
(𝑥1−𝑥)

𝑆𝑥𝑥
 𝑦1 + 

(𝑥2−𝑥)

𝑆𝑥𝑥
 𝑦2 + ⋯ + 

(𝑥𝑛−𝑥)

𝑆𝑥𝑥
 𝑦𝑛 

                                                             𝑎1                  𝑎2                                𝑎𝑛           

⟹ 𝑣(𝛽̂1) = ∑ (
𝑥𝑖−𝑥

𝑆𝑥𝑥
)

2

 . 𝜎̂2    =  ∑
(𝑥𝑖−𝑥)2

(𝑆𝑥𝑥)2  . 𝜎̂2 =
𝑆𝑥𝑥

(𝑆𝑥𝑥)2 . 𝜎̂2 =
𝜎̂2

𝑆𝑥𝑥
 

∴ 𝑣(𝛽̂1) =
𝜎̂2

𝑆𝑥𝑥
 

The sample random error variance 𝑆e
2 is an unbiased estimate of the population random error 

variance 𝜎2, i.e. 𝐸 (𝑆𝑒
2) = 𝜎2 

Proof:  

𝐸 (𝑆𝑒
2) = 𝐸(𝜎̂2)  = 𝐸

𝑆𝑆𝐸

𝑛 − 2
=  

𝐸(𝑆𝑆𝐸)

𝑛 − 2
= 𝐸(𝑀𝑠𝑒) 

We have 𝐸(𝑆𝑆𝐸) = 𝐸 [∑ (𝑌𝑖 − 𝑌)2𝑛
𝑖=1 − 𝛽̂1

2 ∑(𝑋𝑖 − 𝑋)
2

] 

=  𝐸 [∑(𝑌𝑖
2

𝑛

𝑖=1

− 2𝑌 𝑌𝑖 + 𝑌
2

) + 𝛽̂1
2 ∑(𝑋𝑖 − 𝑋)

2
] 



 

Department of Statistics and Informatics/ University of Mosul 2025-2024   30 
 

Dr.Bashar A. Al-Talib  Regression Analysis  Lecture (4): properties of regression line 

=  𝐸 [∑ 𝑌𝑖
2 −  2 

∑ 𝑌𝑖

𝑛
∑ 𝑌𝑖 + 𝑛𝑌

2
− 𝛽̂1

2 ∑(𝑋𝑖 − 𝑋)
2

] 

=  𝐸 [∑ 𝑌𝑖
2 −  2 

(∑ 𝑌𝑖)2

𝑛
+ 𝑛𝑌

2
− 𝛽̂1

2 ∑(𝑋𝑖 − 𝑋)
2

] 

=  𝐸 [∑ 𝑌𝑖
2 −  2𝑛 (

∑ 𝑌𝑖

𝑛
)

2

+ 𝑛𝑌
2

−  𝛽̂1
2 ∑(𝑋𝑖 − 𝑋)

2
] 

=  𝐸 [∑ 𝑌𝑖
2 −  𝑛𝑌

2
−  𝛽̂1

2 ∑(𝑋𝑖 − 𝑋)
2

] 

=  ∑ 𝐸 (𝑌𝑖
2) −  𝑛𝐸 (𝑌

2
) −  ∑(𝑋𝑖 − 𝑋)

2
𝐸(𝛽̂1

2) 

∵ 𝑌 = 𝛽0 + 𝛽1𝑋 + 𝑒   = 𝑌 − 𝛽1𝑋 +  𝛽1𝑋 + 𝑒 = 𝑌 

𝑉(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2 ⟹ 𝐸(𝑋2) = 𝑉(𝑋) −  [𝐸(𝑋)]2 

∴ 𝐸(𝑌𝑖
2) = 𝑉(𝑌𝑖) +  (𝐸(𝑌𝑖))

2
   =  𝜎2 + (β0 + β1X)

2
  

E (Y
2

) = V(Y) +  (E(Y))
2

 

=  
𝜎2

n
+ (β0 + β1X)

2
  

∴ E(β1
2) = V(β1) +  (E(β̂1))

2

=
𝜎2

∑(Xi − X)
2 + β1

2  

E(SSE) = ∑[𝜎2 + (β0 + β1Xi)
2] − n [

𝜎2

n
+ (β0 + β1Xi)

2]

n

i=1

− ∑(Xi − X)
2

[
𝜎2

∑ (Xi − X)
2

n
i=1

+  β1
2]  

            

              = n𝜎2 + ∑ (β0 +  β1Xi)
2n

i=1 − 𝜎2 − n(β0 + β1Xi)
2 − 𝜎2 − β1

2 ∑ (Xi − X)
2n

i=1  

              = (n − 2)𝜎2 + ∑ (β0 +  β1Xi)
2n

i=1 − n(β0 +  β1X)2 − β1
2 ∑ (Xi − X)

2n
i=1  

We have ∑ (β0 + β1Xi)
2n

i=1 = ∑(β0
2 +  2β0β1Xi + β1

2X2
i) = nβ0

2 +  2β0β1 ∑ Xi
n
i=1 + β1

2 ∑ X2
i

n
i=1  



 

Department of Statistics and Informatics/ University of Mosul 2025-2024   31 
 

Dr.Bashar A. Al-Talib  Regression Analysis  Lecture (4): properties of regression line 

And n(β0 +  β1X)2 = n[β0
2 +  2β0β1X + β1

2X] = nβ0
2 +  2β0β1 ∑ Xi + β1

2 (∑ Xi)2

n
 

⟹ ∑(β0 + β1Xi)
2 −  n(β0 +  β1X)2 

= nβ0
2 +  2β0β1 ∑ Xi + β1

2 ∑ Xi
2

n

i=1

− nβ0
2 − 2β0β1 ∑ Xi − β1

2
(∑ Xi)

2

n
 

= β1
2 (∑ Xi

2 −
(∑ Xi)

2

n
) = β1

2  ∑(Xi − X)
2
 

⟹ E(SSE) = (n − 2)𝜎2 + β1
2 ∑(Xi − X)

2
− β1

2 ∑(Xi − X)
2

= (n − 2)𝜎2 

⟹ E(S2e) =
E(SSE)

n − 2
=

(n − 2)𝜎2

(n − 2)
= 𝜎2 

S2e = 𝜎2 ∴  is an unbiased estimate of S2e = 𝜎2 ∴ 

 

Note: 

𝜎̂2 = 𝑆2 = 𝑆𝑌/𝑋
2 = 𝑀𝑆𝐸 

 

 


