
Dr.Bashar A. Al-Talib         Regression Analysis           Lecture (5): Var and Covariance of Regression Parameters  

Department of Statistics and Informatics/ University of Mosul 2025-2024   32 

Lecture (5): Variance and Covariance of Regression Parameters 

 

1. Variance of the Intercept 𝛃̂𝟎 

β̂0 = Y − β̂1X 

⟹ V(β̂0) = V(Y − β̂1X) 

                   = V(Y) + V(−Xβ̂1) +  2cov(Y , −Xβ̂1) 

V(Y) = V (
1

n
 ∑ Yi) 

          = V (
1

n
Y1 +

1

n
Y2 + … +

1

n
Yn ) 

          =
1

n2
V(Y1) +  

1

n2
V(Y2) +  … +

1

n2
V(Yn)   = ∑

1

n2
V(Y)  

This is because the variance is homogeneous. 

Where V(Y1) = V(Y2) = ⋯ =  V(Yn) = 𝜎̂2 

           = ∑
1

n2
V(Y) 𝜎̂2 =

n

n2
𝜎̂2 

⟹ V(Y) =
𝜎̂2

n
 

⟹ V(β̂0) = V(Y) + (X)
2
V(β̂1) − 2X cov (Y, β̂1) 

                   = 
𝜎̂2

n
+ (X)

2 𝜎̂2

Sxx
− 2X cov(Y, β̂1) 

Now cov(Y, β̂1) = ? 

Let a = a1 y1 + a2 y2 +  … +  an yn =  ∑ ai yi 

And c = c1 y1 + c2 y2 +  … +  cn yn =  ∑ ci yi 

We have yi uncorrected with 𝑦𝑖,   i ≠ 𝑖 , and V(Y1) = V(Y2) = ⋯ =  V(Yn) =  𝜎̂2 

cov (a, c) = a1 c1v(y1) + a2 c2v(y2) +  … +  an cnv(yn) = (a1 c1 + a2 c2 + ⋯ + an cn)𝜎̂2 

= (∑ ai ci ) 𝜎̂2 

Y =  ∑
1

n
Yi ⟶ ai =  

1

n
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β̂1 = ∑
Xi − X

Sxx
Yi  ⟶ ci

Xi − X

Sxx
  

cov(a, c) = cov(Y, β̂1) = (∑ ai ci) 𝜎̂2 

∴ cov(Y, β̂1) = (∑
1

n
 .

Xi − X

Sxx
 ) 𝜎̂2 

                        = 𝜎̂2 [
1

nSxx
 ∑(Xi − X)] =  صفر

∴ v(β̂0) = (
1

n
+

X
2

Sxx
) 𝜎̂2    = [

Sxx+nX
2

 

nSxx
] 𝜎̂2    = [

∑ Xi
2−nX

2
+nX

2
 

nSxx
] 𝜎̂2 

v(β̂0) = [
∑ Xi

2 

nSxx
] 𝜎̂2 

2. Variance of average response 𝐘̂𝟎 

v(Ŷ0) = v[y + β̂1(X0 − X )] 

V(Ŷ0) = V(y) + V[ β̂1(X0 − X )] + 2cov[y , β̂1(X0 − X )] 

            = v(y) + (X0 − X )
2
 V(β̂1) + 2(X0 − X )Cov( y , β̂1) 

            =
𝜎̂2

n
+ (X0 − X )

2
×

𝜎̂2

Sxx
  

            = 𝜎̂2 [
1

n
+  

(X0−X )
2

Sxx
] 

3. Covariance Between Mean and Intercept Parameter 𝐜𝐨𝐯( 𝐲 , 𝛃̂𝟎) 

Cov( y , β̂0) = Cov( y , y − Xβ̂1) 

cov(A, B − aD) = cov(A, B) − a cov(A, D) 

                             = cov(y, y) − x cov(y, β̂1) 

                             = v(y) − صفر =  v(y) =
𝜎̂2

n
 

cov( y , β̂0) = v( y ) =
𝜎̂2

n
 

 

Zero 
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4. Covariance Between Regression Parameter and Intercept Parameter 

𝐜𝐨𝐯( 𝛃̂𝟏 , 𝛃̂𝟎) 

Cov( β̂1, β̂0) = cov( β̂1 , y − Xβ̂1) 

                        = Cov( y , β̂1) − XCov( β̂1, β̂1) 

                        = صفر − X V(β̂1) =  − X
𝜎̂2

Sxx
  

Example (1): The following data represents the quantity supplied (Y) of a certain commodity 

and the price of one unit of it (X). Find the following: 

a) Calculate the equation of the regression line 𝑌 X⁄          

b) Find the expected value of the variable Y if you know that X=11 

c) Verify each of the following: 

1. ∑ ei = 0      
2. The sum of the weighted residuals with corresponding Xi values equals 

zero 

3. The sum of the weighted residuals with corresponding Yi values equals 

the sum of the squares of the errors. 

4. The sum of the weighted residuals with corresponding Ŷ ̂ values equals 

zero 

5. Ŷ = Y       

6. The standard deviation of the regression 𝑌 X⁄  

Solution:  

X Y 𝐗𝐢 𝐘𝐢  𝐗𝟐
𝐢  𝐘𝟐

𝐢 𝐘̂𝐢 𝐞𝐢 = 𝐘𝐢 − 𝐘̂𝐢 𝐞𝐢𝐗𝐢 
2 3 6 4 9 1.9796 1.02040 2.0408 
4 1 4 16 1 3.6694 -2.6694 -10.6776 
6 7 42 36 49 5.3599 1.6408 9.8448 
8 5 40 64 25 7.049 -2.049 -16.392 
10 9 90 100 81 8.7388 0.2612 2.612 
7 8 56 49 64 6.2041 1.7959 12.571 

37 33 238 269 229 33.0001 0.0001 ≅ 0 −0.0007 ≅ 0 
 

1. Ŷi = β̂0 + β̂1Xi 

β̂1 =
Sxy

Sxx
⟹ Sxy = ∑ Xi Yi  –

(∑ Xi)(∑ Yi)

n
 

= 238 −
(37)(33)

6
= 34.5 

Sxx = ∑ Xi
2 − 

(∑ Xi)
2

n
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= 269 −
(37)2

6
= 40.8449 

∴ β̂1 =
34.5

40.8449
= 0.8449 

β̂0 = Y − β̂1X  ⟹  Y =
∑ Yi

n
=

33

6
= 5.5 

X =
∑ Xi

n
=

37

6
= 6.1667 

β̂0 = 5.5 − 0.8449(6.1667) = 0.2898 

Ŷ1 = 0.2898 + 0.8449(Xi) 

Ŷi = 0.2898 + 0.8449(11) = 9.5837 
 

∑ ei = 0 

 

∑ ei xi = 0 

 

𝐞𝐢𝐲𝐢 𝐞𝐢
𝟐 𝐞𝐢𝐲̂ 

3.0612 1.0412 2.01998 
-2.6694 7.1257 -9.79509 
11.4856 2.6922 8.79337 
-10.245 4.1984 -14.4434 
2.3508 0.0682 2.28257 
14.3672 3.2252 11.1419 
18.35 18.35 −0.0006 ≅ 0 

 

SSe = Syy − β̂1Sxy 

Syy = ∑ Yi
2 −  

(∑ Yi)
2

n
 

= 229 −
(33)2

6
= 47.5 

∴ SSe = 47.5 − 0.8449(34.5) = 18.35 

Or from the tables     ∑ ei yi = SSe = ∑ e2
i 

∑ ei Ŷi = 0   clear from the table 

Y =  
∑ Yi

n
=  

33

6
= 5.5 

Ŷ =  
∑ Ŷi

n
=  

33.0001

6
= 5.5 

v(Ŷi) =
SSe

n−2
=

18.35

6−2
= 4.58        then      S(Ŷi) = √4.58 = 2.14 

𝑌̂ = 𝑌 
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Example (2): if you know that  ∑(Yi − Y)(Xi − X) = 141        ∑(Xi − X)2  

                                                       ∑ Y2
i = 35   , X = 21    , Y = 3.2 

Find the equation of the regression line for this information and then verify that the point 

Xi = 5 lie on the regression line 

Note: If the equation properties are required to be applied, we must take at least four places 

after the comma.  

Example (3):  If you have the following data (information): 

                         n = 11 , Y = 20 , X = 4 , ∑ Xi
2 = 210 , ∑ Xi Yi = 920, ∑ Yi

2 = 4800 

Find the following:  

1. Variance and standard deviation of β1 and β0 
2. Variance of Y 

3. Covariance cov (β̂1, β̂0) 

4. Variance of mean response Ŷ0 when X0 = 12 
5. Response when X0 = 2 and 7 
6. Plot the equation of the regression line 

 
Solution : 

𝜎̂2 =
Syy − β̂1

2Sxx

n − 2
 

β̂1 =
Sxy

Sxx
 

Sxy = ∑ Xi Yi −
∑ Xi  ∑ Yi

n
  = 920 −

(44)(220)

11
= 40 

Where ∑ Xi = nx = 11(4) = 44 

∑ Yi = ny = 11(20) = 220 

Sxx = ∑ Xi
2 −

∑ Xi
2
 

n
= 210 −

(44)2

11
= 34 

Syy = ∑ Yi
2 −

∑ Yi
2
 

n
= 4800 −

(220)2

11
= 400 

∴ β̂1 =
40

34
= 1.176 

β̂0 = Y − β̂1X = 20 − (1.176)(4) = 15.296 
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∴ Ŷi = 15.269 + 1.176(Xi) 

∴ 𝜎̂2 =
400 − (1.179)2(34)

11 − 2
= 39.22 

S2(β̂1) =
39.22

34
= 1.153 

∴ S(β̂1) = √1.153 = 1.07 

S2(β̂0) = 𝜎̂2 [
∑ Xi

2

nSxx
]=𝜎̂2 [

1

n
−  

X
2

Sxx
] = 39.22 [

1

11
+

16

34
] = 22.02 

∴ S(β̂0) = √22.02 = 4.69 

V(y) =  
𝜎̂2

n
=  

39.22

11
= 3.56 

S(y) = √3.56 = 1.88679 ≅ 1.887 

cov (β̂0, β̂1) = −X
𝜎̂2

Sxx
=  −X. V(β̂1) =  −4(1.153) =  −4.614 

X0 = 12 

v(Ŷ0) = 𝜎̂2 [
1

n
+

(X0 − X)
2

Sxx
] = 39.22 [

1

11
+

(12 − 4)2

34
] 

         = 39.22[0.090 + 1.882] = 76.92 

Ŷi = 15.269 + 1.176(2) = 17.64 

Ŷi = 15.269 + 1.176(7) = 23.528 

 

 

 


