9. Correlation
The correlation of two continuous functions f(x) and g(x) denoted by
f (x) o g(x) is defined by the relation :

f(x)og(x)= T f(a)g(x+a)da

This form is similar to convolution the only difference being that the
function g(x) is not folded about the origin. Thus to perform correlation we
simply slide g(x) by f(x) and integrate the product from —« to « for each
value of displacement x.

Example : find the correlation of the following functions:

f(x) g(x)
A A
1
1/2
0 > 0 >
1 X 1 X
Solution:

1 0<x<1 1/2 0<x<1
f(x) = . g(x) = .
0 otherwise 0 otherwise

f(0)°9() = [ f(@)g(x+a)da

- graphically
stepl: change the axis
f(a) 9(a)
A A
1
1/2
0 > 0 >
1 a 1 a
Step2: displacing the function by x to give g(x+« )
g(x+a)
A
............. 1/2

X x+1 0 o



Step3: Sliding , for any given value of x , we multiply f(«) by the
corresponding g(x+« ) and integrate the product from - t0 oo.

when:

x+1

jf(a)g(xm)da

X+1
= J‘l_lda = la = X_+1
0 2 0 2
when :
1<x+1<2
0<x<1
1 1
2 2 |, 2 2
ii} -1<x<0
2
F(x)ogx) =it 0<x<1
2 2
0 otherwise

fla)g(x+a)
A
-1<x<0
1
X 0 x+t1 1 a
fla)g(x+a)
A
0<xx<1
1
1/2
0 X 1 x+1 a:
4 f(X) o g(x)
1/2
x+1 1. x
-1 0 1 X



- mathematically
f(0)°9() = [ f(@)g(x+a)da 0<a<1l for f(a)

0<a<l for g(«)

0<a<l
X< Tk
X+1 X+1 X+1
J-f(a)g(x+a)da = Il.lda = 1a = X_+1
0 0 2 2 0 2
1 1
J.l.lda = la = l_i
2 2 | 2 2
4 f(X)o g(x)
X+l -1<x<0
2
1 x
F(x)eg()=15-7 0<x<1 12
é i herwi x+1 1 x
otherwise 5 5

The discrete equivalent of convolution eq. is defined as :
M -1
fo(x) 0 g.(x) = D f,(m)g, (x +m)
m=0

for x=0,1,2, .... , M-1. The correlation function is a discrete, periodic
array of length M , with the values x=0,1,2 , ... , M-1 describing a full
period of fe(X)o ge(X).

Example: Find the correlation function of the following functions:

f={3,25,1,05}
g={2,5,7,9}

solution:

f contains 4 elements

g contains 4 elements
M=A+B-1=4+4-1=7 theinterval 0...6



) = 1,00 8,00 = 3 £,(m)g, (x+m)

he(0) = 1e(0)-0e(0) + fe(1)-Ge(1) + fe(2).9e(2) + 1e(3).9(3)
+1(4).9¢(4) + 1e(5).9(5) + 1e(6).9(6)
=3*2+25*5+1*7+05*9=6+125+7+45=30

he(1) = f6(0).9e(1) + fe(1).96(2) + fe(2).9¢(3) + fe(3).0¢(4)
+ 1:(4).9e(5) + fe(5).0¢(6) + o(6).9¢(0)
=3*54+25*7+1*9+05*0=15+175+9=415

he(2) = 1e(0).9e(2) + o(1).9¢(3) + fe(2).0e(4) + 1e(3).9e(5)
+ 16(4).0¢(6) + 16(5).9¢(0) + fe(6).0e(1)
=3*7+25*9+1*0=21+225=435

he(3) = 1e(0).9e(3) + fe(1)-Ge(4) + Te(2).9e(5) + 1e(3).9¢(6)
+16(4).0e(0) + e(5).Ge(1) + 1e(6).9¢(2)
=3*9+25*0+1*0+0.5*0+0%2 + 0*5 + 0*7 = 27

he(4) = 1e(0)-Ge(4) + e(1)-Ge(5) + fe(2)-9¢(6) + 1e(3).9(0)
+ fe(4).0¢(1) + 1e(5).96(2) + 1e(6).9¢(3)
=3*0+25*0+1*0+05*2+0*5+0*7+0*9 = 1.0

he(5) = f¢(0).9e(5) + fe(1).9e(6) + fe(2).9¢(0) + fe(3).09e(1)
+ 1e(4).9e(2) + £e(5).0e(3) + fe(6).0e(4)
=3*04+25*0+1*2+05*5+0*7+0*9=2+25=45

he(6) = f¢(0).9e(6) + fe(1).9¢(0) + fe(2).9e(1) + fe(3).96(2)
+ 1e(4).9e(3) + fe(5).0e(4) + e(6).9e(5)
=3*0+25*2+1*5+05*7+0*9 =50+5+35=135

-discrete correlation by matrix

0:(0) 0e(1) 0e(2) oY) J——

ge(l)/ 3:(2) e ge(B)/ Ge(d) o 9:(0)

0e(2) 0:(3) 0e(4) (s () [ ge(1)

ge(g) ge(4) ge(5) ge(6) ................... ge(Z)
geéM'l) ge;(o) geil) ge;(z) """""""""" gezM-Z)/



- solution by matrix:

A=4

he(0)
he(1)
he(2)
he(3)
he(4)
he(5)
he(6)

= Je(1) 9e(2) 9e(3) 9e(4) 9e(5) 9e(6) 9e(0)

B=4 then M=A+B-1=7

/ge(O) e(1) Ge(2) Ge(3) Ge(4) e(5) ge(G)\

9e(2) 9e(3) Ge(4) 9e(5) Ye(6) e(0) ge(1)
9e(3) 9e(4) 9e(5) 9e(6) 9e(0) Te(1) 9e(2)
9e(4) 9e(d) 9e(6) 9e(0) Ge(1) e(2) 9e(3)
9e(5) 9e(6) 9e(0) 9e(1) Ge(2) Qe(3) 9e(4)

Qe«s) 0e(0) ge(1) 9e(2) 9e(3) Qe(4) ge(5)/

o
/
N
J
N
J
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41.5
— 43.5
27
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fe(0)
fe(1)
fe(2)
fe(3)
fe(4)
fe(5)
fe(6)




