Mathematical Statistics II - Spring 2024
Lecture 01
Prepared by: Dr. Haifa Abdul-Jawad & Dr. Zaid T. Al-Khaledi

Probability distributions: A probability distribution is a mathemat-
ical function that describes the probability of different possible values of
a variable. Probability distributions are often depicted using graphs or
probability tables.

Discrete probability distributions: A random variable X is said to
have a discrete distribution if the sample space of X is countable.
Discrete uniform distribution: A random variable X is said to have
a discrete uniform(k) distribution, denoted by X ~ Uniform(N), if its

PMF has the following form:

flz) =

0  otherwise
\

where N is a specified positive integer, and it is called the parameter of
the distribution. This distribution puts equal mass on each of the possible

outcomes 1,2, ..., N.

Mean and variance: By definition of the mean and variance, we have
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Var(X) = E[X? — E[X]
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Moment generating function:




notice that for any r # 1 the following geometric series can be written as:
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Cumulative distribution function: The CDF of a discrete uniform

random variable is given by
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hence

F(z)= 41 x> N

0 otherwise

\

Example 1.1 (Homework): Let X ~ uniform(N). Use the MGF of
X to find the mean and variance of X.

Example 1.2 (Homework): Let X ~ uniform(5)

1- Write down the PMF of X.

2- Find the mean, the variance, the CDF', and the MGF of X.

3- Find P(2 < X < 4).

Example 1.3: If X ~ Uniform(N), find the value of N, such that

P(X < E[X]) = 0.65.



Solution: We have E[X] = £XL Hence
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We also have F'(z) = «, so that
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therefore

P(X < E[X]) = 0.65
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Find N such that F(z) < 5 (Homework).

Bernoulli distribution: A random variable X is said to have a Bernoulli(p)

distribution, denoted by X ~ Bernoulli(p), if its PMF has the following



form:
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0 otherwise

\
where p is called the probability of success (1 —p here is called the probabil-
ity of failure). This distribution is used with the experiments that have only
two possible outcomes. If X = 1, then the experiment turned a “success”.

While it X = 0, then the experiment turned a “failure”.

Mean and variance: By definition of the mean and variance, we have
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notice that the rth moment about the origin is E[X"| = p, forr = 1,2, 3, ...



Moment generating function:
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Find the characteristic function of X ~ Bernoulli(p) (Homework)
Example 1.4: Let X; and X5 have the following joint probability func-

tion:
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0 otherwise

\
1- Show that fx, x,(x1,22) is a joint PMF.
2- Find the marginal PMFs.

3- Find the conditional PMFs, and check if X; and X5 are dependent or

not.



Solution: 1- Show that fx, x,(x1,x2) is a joint PMF
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therefore fx, x,(z1,x2) is a joint PMF.

2- The marginals
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so that X1 ~ Bernoulli(p)
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show that Xy ~ Bernoulli(p) (Homework).

3- The conditional PMF's:
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0 otherwise

similarly (Homework)
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we can say that X; and Xy are independent. Notice that we can prove



that X; and X, are independent by

fx1.5, (21, 22) = fx (1) fxp(22)

Example 1.5: Let X ~ Bernoulli(0.97).
1- Find the mean, the variance, and the MGF of Y = 2X + 3.
2- Then find P(Y < 4)

Solution:

E[Y] = E2X + 3]

— 2E[X]+3=2(0.97) + 3 = 4.94

Var(Y') = Var(2X + 3)
= 4Var(X)

= 4(0.97)(1 — 0.97) = 0.1164



Myy(t) = Ele" ]
_ E[et(2X+3)]
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find P(Y < 4)

P(Y < 4) = P(2X +3 < 4)
- P(X <70
— P(X < 1/2)
— P(X =0)

= 0.97°(1 - 0.97)' 7" = 0.03

Binomial distribution: A random variable Y is said to have a Bino-

mial(n, p) distribution, denoted by Y ~ Binomial(n, p), if its PMF has
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the following form:

)
(Z)py(l —p)" Y y=0,1,...,nand 0 < p <1
fly) =

0 otherwise

\
where p is called the probability of success (1 — p here is called the proba-
bility of failure), and n is a positive integer represents the total number of
trials. Here Y represents the number of successes out of n inde-
pendent Bernoulli trials. That is, if Xy, X, ..., X,, are n independent
Bernoulli random variables (or Bernoulli trials), each takes the values 0 or
1, then Y = Z?Zl X has a binomial distribution with parameters n and
.
The binomial expansion: For any two real numbers a and b, the
polynomial (a 4 b)" can be written as:

no_ Y ypn—y
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now if a = p and b =1 — p, then
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Mean and variance: By definition of the mean and variance, we have
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y=1
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let k=y—1 = y =k + 1, then k takes the values 0,1,2,....n — 1.

Then

—np(p+(1—p))"", by the binomial expansion
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Now to find E[Y?], we calculate E[Y(Y —1)] = E[Y?] — E[Y], then E[Y?] =
E[Y (Y —1)] + E[Y]

y=0
- n
=St (1)
y=0 4
- Z yly—1) (n) p?(1 —p)"Y, because the first two terms are zeros
Y

2 - n—2 y—2 n—y
= n(n—1)p ; e _(2)!(n)_ g (1-p)
= n(n —1)p? Z (Z B ;)Z)y—?(l p)Y

let k =y —2 = y =k + 2, then k takes the values 0,1,2,...,n — 2.

Then

B =) ==ty (")
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)

—n(n—1p* (p+ (1 —p))"?, by the binomial expansion

= n(n — 1)p* = n’p* — np*

E[Y? =E[Y(Y —1)] + E[Y]
= n2p2 — np2 + np
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Var(Y) = E[Y? — E[Y]
= n2p2 — an +np — n2p2

=np(1l —p)
Moment generating function:

My (t) = Ele"]
= % e (Z) p’(1—p)"™

= (pe' + (1 — p))n , by the binomial expansion

Example 1.6: Let Y be a discrete random variable with the following

MGEF:
My (t) = (0.6¢" 4 0.4)°

1- What is the distribution of Y7 Write down the PMF of Y.

2- Use the MGF to find the mean and variance of Y. Then find the mean

and variance of W = %

3- Find the MGF of W.

Solution:
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1- The distribution of Y is binomial with n = 3 and p = 0.6; That is, Y

has the following PMF

)
(2)0.690.43_9 y=0,1,2,3
fy) =1
\O otherwise
FIX] = S Myt
T
— i(o Ge' + 0.4)°
dt" R P
= 3(0.6¢" 4+ 0.4)*(0.6¢")|,_,
= 1.8¢°(0.6€" + 0.4)?
= 1.8
2 d2
E[X"] = — Mx(t)
dt> 0
d t t 2
— —1.8¢(0.6e' + 0.4)
dt 0

= 1.8¢/(2(0.6¢" 4 0.4)(0.6¢")) + 1.8¢(0.6¢" 4+ 0.4)°|,_,
— 1.8¢°(2(0.6€” 4 0.4)(0.6€")) + 1.8€°(0.6€" + 0.4)*

= 1.8(2(0.6)) + 1.8 = 3.96

Var(X) = E[X?] — E[X]?

—3.96 — (1.8)* =0.72
15



Y - E[Y]
Var(Y)

Now the mean and variance of W =

Var (1.8))

(0.7240) =1

.O
|
(N
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MGF of W

1.8¢
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Example 1.7: Write down the prbability functions and MGF's of each of
the following distributions:

1- X ~ Uniform(5)
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2- X ~ Bernoulli(0.7)

,
0.7°0.3'"* 2z =0,1
flz) =1

0 otherwise

Myx(t) = 0.7¢" + 0.3

3- Y ~ Binomial(5,0.8)

,
())0.870.27 y=0,1,....5
flz) = <

0 otherwise

\

My (t) = (0.8¢' +0.2)°
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