Mathematical Statistics II - Spring 2024
Lecture 08
Prepared by: Dr. Zaid T. Al-Khaledi

Steps of the change-of-variable approach:

1. Show that Y = ¢g(X) is a monotone function. The function g(X) is increasing

if £g(z) >0, and is decreasing if Lg(z) < 0.
2. Find the support of Y.
3. Solve for the inverse of the transformation; i.e., find z = g~ (y).
4. Obtain %.

5. The pdf of Y is fy(y) = fx(97' () | & |-

Example 8.1: Let X be a random variable with the following PDF

428 for0<z <1
fx(z) =

0 otherwise

consider random variable Y = —In X. Use the change-of-variable approach to find
the distribution of Y.

Solution: Here are the steps of the above algorithm:

1. We have Lg(z) = —1 < 0 because  is positive. Therefore, g(-) is a decreasing

function.
2. The support of Y = —In X is (0,00).
3. f y=—1Inx then z = e™Y.

4. | Z—z |=| —e Y |=eY.



5. Thus the PDF of Y is

hence Y ~ Expo(4).

Example 8.2 (Homework): Let X be a random variable with the following PDF

2xe~*"  for 0 <x < oo
fx(z) =

0 otherwise

consider random variable Y = X?2. Use the change-of-variable approach to find the

PDF of Y.

3- The moment generating function method: This method is mainly used
to find the distribution of the sum of independent random variables. That is, if
X1, X9, ..., X} are k independent random variables, then we can use the moment
generating function method to find the distribution of ¥ = Z§:1 X;. Notice that if

X1, Xo, ..., X} are k independent random variables, then

My)(t) = E [e"]

[et(X1+Xz+---+Xk)]

I
& & M

[etxl] E [etXﬂ R ) [etX’f] by independence

[
=

(Xl)(t)M(X2)<t) e M(Xk)(t>

Therefore, if we know the MGFs of X1, Xo, ..., X, we can find the MGF of Y =

Z?Zl X, and hence the distribution of Y.
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Example 8.3 (Homework): (Additive property of Bernoulli distribution) Let
X1, Xo, ..., X, be n independent Bernoulli trials. Use the MGF method to find
the distribution of Y =377, Xj.
Example 8.4: (Additive property of Binomial distribution)

Let Y1 ~ Binomial(ny,p), and Ys ~ Binomial(nsg, p) be two independent random
variables. Use the MGF method to show that Y ~ Binomial(n,p), where n =
ni + no.

Solution: Since Y; ~ Binomial(ny,p), and Yo ~ Binomial(ns, p), then
My, (t) = (pe' + (1 —p))" and My, (t) = (pe’ + (1 —p))"™
Further, since Y7 and Y5 are independent, we have

Miy)(t) = My, (t) My, (t)
= (pe' + (1 —p))" (pe' + (1 —p))"™

= (pe' + (1 —p))""™ = (pe' + (1 —p))"

that is, Y ~ Binomial(n,p). Hence the density function of Y = Y] + Y5 is given by

"pY(1 —p)nY fory=0,1,....n
fr(y) = (y)

0 otherwise
Example 8.5 (Homework): Let Y} ~ Binomial(3,0.6), Yo ~ Binomial(8,0.6),
and Y3 ~ Binomial(6,0.6) be three independent random variables. Use the MGF
method to find the distribution of ¥ = 2?21 Y;.
Example 8.6: (Additive property of Poisson distribution) Let Xy ~ Poisson(A)
and Xy ~ Poisson()\2) be two independent random variables. Use the MGF method

to find the distribution of Y = X; + Xo.
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Solution: Since X; ~ Poisson(A) and Xy ~ Poisson(Aq), then
My, (t) = eM(=D) and My, (t) = e
Further, since X; and X, are independent, we have

My)(t) = Mx, (t) Mx,(t)

— 6)\1(6t—1)6)\2(€t—1)

_ 6)\1(€t71)+)\2(6t71)

— e(A1+>\1)(6t71)

that is, Y ~ Poisson(A\ + A\g). Hence the density function of Y = X7 + X5 is given

by

e—(/\1+/\2;§)\1—|—)\2)y for y=0,1,2, ...
fr(y) =

0 otherwise

Example 8.7 (Homework): Let Xj, X5, and X3 be three independent random
variables from Poisson distribution with A; = j, for j = 1,2, 3. Find the distribution
of (W =X14+X5,(2) Y =X1+Xo+ X3, and (3) Z = X5 + Xs.

Example 8.8: Let X1, Xy, ..., X} be k independent random variables from N (1;, 0']2-),

for j =1,2,..., k. Find the distribution of Y = 25:1 X;.

Solution: Since X; ~ N(u;,07), then

My (t) = eltitat’s]

J



Further, since X7, X, ..., X} are independent, we have

My)(t) = Mx, (t)Mx, (t) - - - Mx, (1)

My
k
H ( tuj+§t2o—]2.>

Jj=1

142 2 14,2 2 1,2 2
_ (etu1+2t 01) (et,ug+2t 02> L (etuk+2t ak)

— etu1+%t20f—|—tu2—|—%tzag—k---—kt,uk—k%ﬂai

k 1 k
— €t Zj:l Nﬂ’itz Zj:l ‘7;2'

that is, Y ~ N(uy,o0%), where puy = Z§:1 1, and o3 = Zf , 05 Hence the density

function of Y = Zle X is given by

—py 2
fy(y) = 1 e_E(YUY )
2moy

Properties of the linear transformation of normal random variables:

1. If X ~ N(p,0?), then Y = aX + b follows a N(uy,o%), where uy = au + b,

and 0% = a’0?.

2. If X1, Xy, ..., X, are n independent random variables with X; ~ N(u;,0 J) for
j=1,2,..,n Then Y =377  a;X; has a N(py,0%), where puy = D i1 Gjhy,

2 _ n 22
andO-Y_Zj 1 j

Example 8.9 (Homework): Let X, Xo, ..., X; be k independent random variables
from N(u,0?). Find the distribution of Y = 2?:1 X

Example 8.10: Let X1, X5, ..., X, be n independent random variables from N (u, 0?).
Show that the distribution of X = 157" | X is N(p, %2)

Solution: Since X; ~ N(u,c?), then

Mx . (t) = et’”%tz"z, for j =1,2,...,n

J



Further, since X1, Xo, ..., X,, are independent, we have

M)(t) = E etX]

o5

-efL(X1+X2+'~+Xn)}

Example 8.11 (Homework): Let X ~ N(u,0?). Use the change-of-variable
technique and the MGF method to find the distribution of Y = aX + b, where a
and b are real numbers.

Example 8.12 (Homework): Let X ~ N(u,0?). Use the MGF method to find
the distribution of Z = %

Example 8.13: Let X ~ Uniform(0,1). Find the distribution of Y = —2X using

2

the MGF method.



Solution:

that is, Y ~ Expo(2).

Example 8.14: (Additive property of Exponential distribution) Let X; ~ Expo(\),
for j = 1,2,...,k, are k independent random variables. Find the distribution of
Y = Z?Zl X; using the MGF method.

Solution:

My (t) = Ele"]
— E |:€t(X1+X2++Xk):|
5 [etXleth N eth}

= B[] B[] - B [e!]

(55 (%) ()

that is, Y ~ Gamma(k, \).



Example 8.15: (Additive property of Gamma distribution) Let X; ~ Gamma(a, 3),
for j = 1,2,...,k, are k independent random variables. Find the distribution of
Y = ij:l X; using the MGF method.

Solution:

|:et(X1+X2+"'+Xk)j|

X1 X2 eth]

that is, Y ~ Gamma(ka, 3).



