Mathematical Statistics II - Spring 2024
Lecture 09
Prepared by: Dr. Zaid T. Al-Khaledi

Bivariate Transformations:

Theorem 9.1: Let X and Y be two continuous random variables with joint density
fxy(z,y). Let U =¢1(X,Y) and V = ¢5(X,Y) be functions of X and Y. If g;(z,y)
and go(x,y) are invertible functions such that x and y can be written as x = hy(u, v)

and y = hs(u,v), then the joint density of U and V is given by:

fU,V(u7v) = fX,Y<h1(u7U)a h2(uvv)) |‘]‘

where

J = det % % :%@_@%
dy Ay ou Ov Ov Ou

ou Ov

Steps of the bivariate transformation approach:
1. Find the support of U and V.

2. Solve for the inverse of the transformations; i.e., find x = hy(u,v) and y =

ho(u,v).
3. Obtain 22, 2z 9% 4n( %.

ou’ v’ Ou’

4. Calculate

_ o ov |  Or Oy Ox Oy
J = det oy oy | Ou Ov Ov Ou

ou Ov

5. The joint PDF of U and V is

foyv(u,v) = fX,Yl(hl(% v), ha(u,v))[J|



Example 9.1: Let X and Y be two independent random variables both follows

Gammal(a, ). If U = V = X +4Y, find the joint PDF of U and V. Then find

X+Y’

the marginal PDF of U.
Solution: Since X and Y are independent random variables both from Gamma(a, §),

then the joint PDF of X and Y is

fxv(x,y) = fx(x)fv(y)

_ 52@ (l’ )a—le—ﬁ(x—i—y)
T(a)l(a)

for x,y > 0, and o, 8 > 0.
Now we need to find the support of U and V. We have v = x + vy, and z,y > 0,
therefore v > 0. We also have u = + ,and x,y > 0, therefore 0 < u <1

Now we need to find the inverse of U and V. That is

W= = r=uv ... (2)
r+y
substitute 2 in 1, we get
Y =10 —uv
Thus & = v, %2 = ¢, % = —y, and = 1 — u. Therefore

ou v ™ du



(83@ ox

ou Ov
dy 9y

ou Ov

(v

\—fu 1—u

= [v(1 —u) = (u(=v))|

=|v—uv—w|=wv

J = det

therefor the joint PDF of U and V' is

foy(u,v) = fxy(u,v)|J]|

— 62& a—1_—p(uwv+v—uv)

= o)) (uv(v —uw))* ‘e (v)
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Hence
( 2a
Form V™ (w1 —w) e for 0 <w <1, and v >0
fU,V(uav) — <

\ 0 otherwise

to find the marginal PDF of U

fU(U) _ /Ooo %UQQ—l(u(l _ u))a—le—ﬂvdv

_6—2(1 ull = u a—1 Oov2a—1€—ﬂv v
= Fagr .



Notice that v?* e~ is the kernel of Gamma(2a, 3) distribution. Therefore

o I'(2
/ v2a—1€—ﬁvdv — ( Oé)
0

62@
so that
i) = %wu - u))a*%
F(Qa) a—1 a—1
= T’ 7Y

for 0 < u < 1. Notice that U has a Beta(a, o) distribution.

Definition 9.1 (Convergence in Distribution): Suppose X is a random variable
with cumulative density function F'(z) and the sequence X, X5, X3, ... of random
variables with cumulative density functions Fi(x), Fy(x), F3(z), ..., respectively. The
sequence X, converges in distribution to X, denoted X, Boxif

lim F,,(x) = F(x)

n—oo

for all values = at which F(z) is continuous. The distribution of X is called the
limiting distribution of X,.

Example 9.1: Let X5, X3, X4, ... be a sequence of random variable such that

1—(1—%)”‘% for x > 0

0 otherwise

Show that X, converges in distribution to Expo(1).



Solution:

1 nr
lim Fx, (z) = lim 1 — (1 — —)

n—o0 n—r00 n
1 nx
=1-— lim (1 — —)
n—00 n
=1—e"

the later is the CDF of exponential distribution with rate A = 1. Hence X, Bx ,
and X ~ Ezpo(1).

Theorem 9.2 (Central Limit Theorem CLT): Let X;, Xs, ..., X,, be a random
sample of size n from a distribution with mean p and variance 0? < oo, then the
limiting distribution of Z,, = f/;\/% is N(0,1). That is, Z,, converges in distribution
to Z, where Z ~ N(0,1).

Example 9.2 (simulation example): Let z1,x9,...,2, be a random sample of

size n = 1000 from Expo()), for A = 0.5. Use R to show that X, A Y, where

>~

~]

X, = Zlex, and Y ~ N(2,4). Also show that Z, A Z, where Z, =

S

Z ~ N(0,1).
Solution: First, we need to generate a random sample of size 1000 from Expo(0.5)

and plot the histogram of the generated sample

set.seed(3)
x <- rexp(1000, rate = 0.5)

hist (x)
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Then, we need to generate m samples from Ezpo(0.5), such that m is relatively large
(say m = 1000) and compute all means (71, T, ..., T,). Then, we plot the histogram
for (Z1,Z9, ..., Tp) with a N(2,4) curve overlaid, and plot another histogram for the

(21, 22, ..., Zm) With a N(0,1) curve overlaid.

set.seed(3)
xbar <- 0
z.xbar <- 0
for (i in 1:1000){
x <- rexp(1000, rate = 0.5)
xbar[i] <- mean(x)
z.xbar[i] <- (xbar[i] - 2)/(2/sqrt(1000))

}

par (mfrow = c(1, 2))

hist(xbar, freq = F, breaks 10)

curve(dnorm(x, mean = 2, sd = 2/sqrt(1000)), add = T, col = "red", 1lwd = 3)

hist(z.xbar, freq = F, breaks = 10)

curve(dnorm(x), add = T, col = "red", 1lwd = 3)
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Application of the CLT in Hypothesis Tests and Confidence Interval: CLT
forms the basis for constructing confidence intervals, performing hypothesis tests,
and applying various statistical techniques that rely on the assumption of a normal

distribution. Here are some statistical tests that relies on the CLT:

e Suppose X1, Xo, ..., X, are a random sample from a Bernoulli distribution with
P(X;=1)=1-P(X; =0) = p, so that F[X;] = p and Var(X;) = p(1 — p).

By the CLT,

has an approximate standard normal distribution if n is large. Notice that X
is considered an estimate of p. Therefore, we can calculate the above statistic
under the null hypothesis, where p = py, about the population proportion
p. The CLT allows us to evaluate the test statistic using the standard normal

distribution. In addition, we may construct (1 —«)% confidence intervals about



p. That is,

1 — 7%
7k s p(1 —p)
n
e In linear regression, the quantity
BB
S(B)

follows a t-distribution. We may assume that 81 = S = 0 under the null
hypothesis about. Therefore, for a sufficiently large n, the ¢ statistic defined

above converges in distribution to the standard normal distribution.



