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Introduction T�dq�

1903 �A� A.K.Erlang ��A`�� d§ Yl� CA\t�¯� �wf} T§r\� 
�r�

�d� �y� ��Ah�� X� Yl� ­ w�wm�� �A� E¯� T�As� TF�Cd� �A� A�d`�

�CwV d�¤ ��Ah�� �A�K�¯ �Am�Akm�� �y��t� Tyn�z�� ��rtf��  A�§A�

�wf} T§r\� d`� Amy� �bOt� Ty�A��� Tym�A`�� 
r��� d`� �AF�Cd�� £@¡

�A��� T`ybW� w¡ CA\t�¯� ªwW�  wk�  � . «r�� �¶As� �mKt� CA\t�¯�

�l� ry�wt� T�Atm�� T�AW�� A� T�d� Yl� 	�AW�� «d`t§ A�dn� rh\� T�A�

��d��w�� ¢y� �O� ©@�� 
�w�A� Tqy� ­CwO� ¥bnt�� T�w`O�¤ T�d���

ÐA��� Tylm�  �� T�d��� �l� EA��¯ 
wlWm�� 
�w�� ¤� T�d��� 	lW�

Tylm� ¨¡ T�d��� EA��¯ �yh� ¨t�� T�AW�� C�dqm� �l`t� ¨t�� ��C�rq��

. Tb`}

Ty�d� T�AV ry�w� �d�  �¤ , ­d¶�E �y�Ak� ¨n`§ ­ry�� �A�d� ry�w�  �

r�¯ �y� �� A� d� Y�� �§wV CA\t�� X� �§wkt� 	bs§ �wF Ty�A�

¤� Ty�Amt�¯� Tf�Ak�� ¨� º�wF ¨��wn�� {`� ¨� AS§� �lk�  wk§ �@¡¤

. Cw�¯� �� A¡ry�¤ �ylVA`�� �yfZwm�� Tfl� ¤� �¶A�z��  �dq� Tfl�

Tflk��¤ T�d��� Tfl� �y�  E�w� �l� w¡ ry��wW�� T§r\n� ¨FAF¯� �dh��

.T�d��� �l� 	bs� CA\t�¯A� TWb�rm��

«d��� Ty�Ay��� �¯A�m�� ¨� T`F�¤ �AqybW� Ah� CA\t�¯� �wf} T§r\�

��Ð Yl� �A�� , Ty�d��� �¯A�m�� ¨¡ CA\t�¯� �wf} �AqybW� �¡�

�y`��rm��¤ T�d� z��r�  wl�m§ ªAbS��¤ �yfZwm�A� ��E�w��� ­r¶� 

�� ry�� Yl� �bWn§ �A��� Hf�¤ T�d�l� Tb�AW�� ��d��w��  wl�m§

Ahy� Ty�¤rtk�¯� �AFA��� ¨f� Ay�w�wnkt�� �A�� ¨� A�� . Ty�Ay��� Cw�¯�

T��A`m�� ­d�¤ �y� ¨� T�d�l� Tb�AW�� ­d��w�� rbt`� ­@fnm�� �Aylm`��  �

. T�d��� z�r� ��m� CPU T§z�rm��

Basic elements of the queuing model CA\t�¯� �wf} �Ðwm�¯ Tysy¶r�� r}An`��

Units arrive ��d�w�� �w}¤ .(1)

Y�� Tm\tn� ry� ¤� TmWtn� Tyn�E ��rt� �kJ Yl� �w}w��  wk§
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���w� Y�� �An�AK�� �w}¤ ��Ð Yl� �A�� , (��wn�) T�d��� z��r�

ºAnym�� Y�� �fs�� �w}¤ , ©CA�� z�r� Y�� �¶A�z�� �w� , �ym�t��

. �AqybWt�� �� A¡ry�¤

Service channels T�d��� (��wn�) z��r� .(2)

Tb�AW��) Tl}�w�� ��d��wl� T�d��� �§dqt� �wq� ¨t�� ��wm�� ¨¡

�Ð� . ºAnym�� , T§CA�t�� z��rm�� ¨� �y`¶Ab�� , ��Ð Yl� �A�� ( T�d�l�

T�d��� Yqlt� �wF ��d��w��  A� �w�K� ry� T�d��� z�r�  A�

­d�w��  A� T�w�K� T�d��� 
�A� �Ð� A�� , CA\t�¯�  ¤ ­rJAb�

T�d��� �§dq� �t§  � �y�� CA\t�¯� �} ¨� CA\t�¯� Ahyl� Tl}�w��

. �A\n�� C A�� �� ��¤ Ah�

Queue �O�� .(3)

T�d�l� Tb�AW��) T�d��� Yl� �wO�l� ­r\tnm�� ��d�w��  d� �qm§

. Ah� T�d��� �§dq� �t§ ¨t�� ­d�w�� �mSt§¯ �O��  �� Aml� . (

Characteristic of Queuing models CA\t�¯� �wf} �ÐAm� P¶AO�

�w}¤ ­d�A� ¤� Xm� ¢� dOq§ :Arrival distribution �w}w�� �§Ew� .(1)

¤� T§¤Ast� Tyn�E ��rt� �kJ Yl�  wk�  � �km� . �A\n�� Y�� ��d�w��

Yn`m� .¨¶�wK� �kK�  wk§ ��d�w�� �@¡ �w}¤  � �y�� T§¤Ast� ry�

��E  w� . �y`� Xm� ¤� Tny`� ­d�A� ¢� Hy� ��d�w�� �w}¤  � r��

Ty�Amt�¯� �A`§Ewt�� ��d�tF�  �� ¨¶�wK� �A\n�� Y�� ��d�w�� �w}¤

A��d�tF� �A`§Ewt�� r��� . T�A��� £@¡ ¨� ¨FAF� �w}w�� �d`��}w�

.λ �w}¤ �d`m�  wF�w� �§Ew� w¡

��d�w�� ­C A�� ­d�A� ¤� Xm� w¡ :Service distribution T�d��� �§Ew� .(2)

­rtf�� �� ­CAb� ¨¡ ¨t��¤ T�d��� 
�¤ 
�w�� Hf� ¨� ¨¡¤ �A\nl�

¤� Tt�A�  wk�  � A�� T�d��� £@¡ .�ty�Att� �yt�d� �y� Tyn�z��

T�d��� �§dq� �� ¨t�� ��d��w��  d� w¡ T�d��� �d`� rbt`§ .Ty¶�wK�

	s� Ay¶�wK� A`§Ew� �Ewt§ T�d��� 
�¤ Ab�A�¤ ��z�� ­d�¤ �®� Ah�

¨F¯� �§Ewt��

 � �km� CA\t�¯� �wf} Tm\�� Service channels : T�d��� ��wn� .(3)

Yqlt� �wF ­d��¤ ­d�¤  � ©� , d��¤ T�d� z�r� Yl� ©wt��

¨� A�� . 	ybV ­ Ay� ¨� Am� CA\t�¯� �} ¨� ��d�w�� ¨�A�¤ T�d���

Yqlt� ­d��¤ ­d�¤ �� r��� �An¡  A� ­ d`t� T�d� z��r� T�A�

. T·b`t�� �AW�� �A�m�� �ybF Yl� , z��rm��  �d�� 	s� T�d���

�� rm� ¨t�� , ­ d`tm�� z��rm�� �� TslF Yl� ©wt�� TmW�� �An¡¤

. A� �wtn� T�An} ¨� �A��� w¡ Ahn� ,­d�w�� Ah�®�
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CAyt�� Ahb�wm� �t§ ¨t�� ­d�Aq�� w¡ : Service discipline T�d��� �A\� .(4)

¨�A§ �� w¡ A�wyJ TmW�¯� r��� . Ah� T�d��� �dq� �wF ¨t�� ��d�w��

Yqlt� �wF ��d�w��  A� ­d�Aq�� £@¡ 	s� FCFS, ¯¤� �d�§ ¯¤�

T·b`t�� �AW�� ¨� �A��� w¡ Am� �w}w�� �AqybF� 	s� T�d���

LCFS ¯¤� �d�§ �ry�� ¨�A§ �� w¡ ¨�A��� �A\n��¤ . Tl��¯� �� A¡ry�¤

�¤�  wk� �wF 
l}¤ ­d�¤ r��  � Ð� ,  EA�m�� ¨� �A��� w¡ Am�

. Ty¶�wK� ¢y� �AyqbF¯�  A� ry�¯� �A\n�� A�� . T�d��� Yqlt� ­d�¤

 d� :Capacity of the system �A\n�� ¨� Ah� �wmsm�� ��d�w��  d� .(5)

��d�  � Tl}�w�� ��d�wl� �ms§ ¯ ©�  ¤d��  wk§  � A�� ��d�w��

�ms§¯ Ð�  EA�m�� ��Ð Yl� �A�� , �A\n�� T`F E¤A�� �A� ¨� �A\n��

 wk§ �A\n�� ¤�  z�ml� Ty�A`ytF¯� T�AW�� E¤A�t� ��d�¤ �§z�t�

. �wtf�

�Ð� , ��d�w�� ¢n� ¨��� ¨t�� CdOm�� ¢� dOq§¤ :Population �mt�m�� .(6)

 ¤d�� �mt�� Yms§ ��d�w�� �� �yl�  d� Yl� ©wt�§ CdOm��  A�

�ysm� �� r���) ��d�w�� �� ryb�  d� Yl� ©wt�§  A� �Ð� A��

. ¤d�� ry� �mt�� ¢yl� �lW§ (­d�¤

Encoding queuing system CA\t�¯� �A\� zy�r�

d§d��¤ TlkKm�� TF�C ¨� d�As� �wF Tq�As�� Tts�� �AfO�� d§d��  �

��mt§ �wF �ÐAmn�� �� �Ðwm� �k�  � �y� , �¶®m�� ¨RA§r�� �Ðwmn��

:¨�At�� Y�� ryK§ z�C ��  � �y�� (a/b/c) : (d/e/f) Ty�At�� Ew�r�A�

��d�w��  d� �§Ew� Y�� ryK� : Arrival distribution �w}w�� �§Ew� (a)

�w�� �§Ew� ¸�Ak� �kK� ¤� ��z�� ­d�¤ ¨� CA\t�¯� �} Y�� Tl}�w��

. Ahyl� ¨t�� ­d�w�� ¤ CA\t�¯� �} Y�� ­d�¤ ©� �w}¤ �y� �}�w��

��d�w��  d� �§Ew� Y�� ryK§ :Service distribution T�d��� �§Ew� (b)

�¤ �§Ew� ¸�Ak� �kK� ¤� ��z�� ­d�¤ ¨� CA\t�¯� �O� ­C A�m��

. T�d���

z��r�  d� Y�� ryK� :Number of service channels T�d��� ��wn�  d� (c)
c = 1, 2, · · · , n @�A�  � �km§¤ T§E�wtm�� T�d���

T�d�tsm�� T�d��� ­d�A� Y��ryK� :Service discipline T�d��� ­d�A� (d)
¯¤� �d�§ �ry�� ¨�A§ �� , FCFS ¯¤� �d�§ ¯¤� ¨�A§ �� : �S� ¨t��¤

.GD T�A`�� T�d��� ­d�A�¤ SIRO Ty¶�wK� T�d� ,LCFS
 A� �Ð� 	FAn�  d� ©� ��d�tF� �km� : System capacity �A\n�� T�A� (e)
z�r�� �d�ts� ­ ¤d�� ry� T�AV �A\nl�  A� �Ð� A�� ­ ¤d�� T�AV �A\nl�

. �wtf� �A\n�� ¢�� ¨n`§ �A\n�� ¨� (e) z�r�� r�Ð �d� .∞
 wk§  � �km§ �km§ ¨t��¤ ��d�w�� �mt�� ��� Yn`m� : 	lW�� CdO� (f)
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.∞  ¤d�� ry�¤ N  ¤d��

�A\�®�

 � T�A� ¨� ”M” : Ty�At�� Ew�r�A� Amh��dbtF� �km§ (a, b)  �z�r�� •
 �¤ Poisson  wF�w� �§Ew�  A`bt§ T�d��� ¤� �w}w�� �¯d`� �§Ew�

Exponential ¨F¯� �§Ewt��  A`bt§ T�d��� ¤� �w}w�� Tn�E�

�w}¤ �y� �}Af�� 
�w�� �Ab� ¤� T�d��� 
�¤ �Ab� ¨n`� : ”D” z�r�� •
. Ahyl� ¨t�� ­d�w��¤ CA\t�¯� �} Y�� ­d�¤ ©�

�y� �}Af�� 
�w�� �§Ew� ¤� T�d��� 
�¤ �§Ew�  A� ¨n`� : ”Ek” •
�n�r§� ¢§Ew� w¡ Ahyl� ¨t�� ­d�w��¤ CA\t�¯� �O� ­d�¤ ©� �w}¤

. Tb�w� k  wk� A�dn� A�A� �§Ew� �� T}A� T�A� w¡¤ Erlang

¨� CA\t�¯� �} Y�� Tl}�w�� ��d�w�� �§Ew� Ty�wm� Y�� ryK� :”GA” •
�w}¤ �y� �}Af�� 
�w�� �§Ew� Ty�wm� ¸�Ak� �kK� ¤� ��z�� ­d�¤

�§Ew� Ty�wm���@�¤ Ahyl� ¨t�� ­d�w��¤ CA\t�¯� �}¨� ­d�¤ ©�

. ­C A�m�� Tn�E�

	��¤ �A��

:Ty�At�� CA\t�¯� �wf} �ÐAmn� Af}¤ X��

(M/M/1) : (FcFs/N/∞)

(M/Ek/3) : (SIRO/20/∞).

Measures of effectiveness of queuing CA\t�¯� �wf} ­ºAf� Hy§Aq�

Yl� TF�Cd�� dy� CA\t�¯� �wfO� T}A��� �AF�Cd�� �S`� 
bO�� dq�

­ºAf� «d� �yyq� �t§ Ð� . TF�Cd�� dy� �A\n�A. Tyl�A� ¤� ­ºAf� «d� d§d��

Hy§Aqm�� £@¡ �� d��¤ �� ¨t��¤ ­ d`t� Hy§Aq� ��d�tFA� �A\n�� �@¡

�w� �Ay}wt� �¤r��� Y�� Ahlyl�� © ¥§¤ �A\nl� Tmhm�� £w�w�� d�¥§

º� � �yyq� ¨� T�d�tsm�� Hy§Aqm�� ¨l§ A� ¨� . TF�Cd�� dy� �A\n�� º� �

. CA\t�¯� �} �A\�
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�w}w� �E®�� 
�w�� �d`� ¢� dOq§ Arrival time rate�w}w�� 
�¤ �d`�

Tl}�w�� ��d�w��  d�  � AnRr� �Ð� . CA\t�¯� �} Y�� ­d��¤ ­d�¤

 A� λ w¡ ��z�� ­d�¤ ¨�

ū =
1

λ
, λ > 0

. �y�} Hk`��¤ CA\t�¯� �} �wV �� ū Tmy� � �E A� ��  � �y�

­d�¤ T�d�� �E¯� 
�w�� ¢� dOq§ Service time rate T�d��� 
�¤ �d`�

¨� �y�¤d�m��  d� ��m� µ  � AnRr� �Ð� . ��z�� ­d�¤ ¨� ­d��¤

 �� ��z�� ­d�¤

ȳ =
1

µ
, µ > 0

CA\t�¯� �} �wV  �E ¤ �y�¤d�m��  d� �� ȳ Tmy� � �E A� �� .

. �y�} Hk`��¤ �A\n�� ­ºAf� �ylq� Y�� © ¥§ Am�

¨¡¤ T�d��� T�A�� A�Ay�� ¢yl� �lW§ Traffic intensity C¤rm�� T�A��

 d� �d`� Y�� CA\t�¯� �} Y�� Tl��d�� ��d�w��  d� �d`� Tbs�

T�d��� 
�¤ �d`� Tbs� ¤� . ��z�� �� ­d�¤ �®� �§C A�m�� ��d�w��

. ��z�� ­d�¤ �®� �w}w�� 
�¤ �d`� Y��

ρ =
λ

µ
; 0 < ρ < 1

¤�

ρ =
ȳ

ū
=
λ

µ
; 0 < ρ < 1.

�} ¨� ��d�w��  d� ��m§ Length of the queue Lq CA\t�¯� �} �wV

(�y`� 
�¤ ¨� CA\t�¯� �} ¨� ��d�wl� ��wtm��  d`��) CA\t�¯�

¨�Amt�¯� �§Ewt�� T�r`� �®� �� ­ A� CA\t�¯� �} �wV xCd§¤

xAyq� T�d�tsm�� Hy§Aqm�� �¡� �� d`§ Ð� . C�rqtF¯� T�A� ¨� ¢�

. �A\n�� ­ºAf� �q� CA\t�¯� �} �wV ­ A§z� ¢�¯ �A\n�� ­ºAf�

��m§ Length of the queue in the system Ls �A\n�� ¨� CA\t�¯� �} �wV

A�AS� CA\t�¯� �} ¨� ­ w�wm�� ��d�w�� ) �A\n�� ¨� ��d�w��  d�

Ab�A� Ð� . (�y`� 
�¤ ¨� T�d��� ­An� ¨� ­ w�wm�� ��d�w��  d� Ahy��

 A�  �¤ Yt� T�d���  wqlt§ �§@�� ��d�w�� ��  d� �An¡  wk§ A�

�A\n�� ­ºAf� �q� �y� . �A\n�� r��t§ ��@�¤ A�CA� CA\t�¯� �}

�®� �� AS§� xCd§¤ T�d��� ¨� ­ w�wm�� ��d�w��  d� ­ A§z�

. AS§� C�rqtF¯� T�A� dn� ¢� ¨�Amt�¯� �§Ewt��

Mean waiting time in the queue Wq CA\t�¯� �} ¨� CA\t�¯� 
�¤ �d`�

Yn�ts� CA\t�¯� �} ��� ­d��¤ ­d�¤ CA\t�¯ ��wtm�� 
�w�� w¡
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CA\t�¯� 
�¤ ¤ (T�d��� 
�¤) T�d��� ­An� ��� �r�tsm�� 
�w�� ¢n�

�t�  � Y�� CA\t�¯� �} ¨� ��d�w�� �b� �� �¤@bm�� 
�w�� ��m§

­ºAf� �� �lq§ CA\t�¯� 
�¤ ­ A§E . ��d�w�� �ym�� T�d��� Tylm�

. �A\n��

w¡ Mean waiting time in the system Ws �A\n�� ¨� CA\t�¯� 
�¤ �d`�

¢y�� A�AS� CA\t�¯� �} ��� ­d��¤ ­d�¤ CA\t�¯ ��wtm�� 
�w��

Tmy� �yl�� �®� �� �km§ . T�d��� ­An� ��� �r�tsm�� 
�w��

TWys� �A�®� ��d�tFA� �A\n�� º� ¯ �AFAy� Yl� �wO��� XFwtm��

�d`�¤ CA\t�¯� 
�¤ �d`� �y� X�r� T�®� ¨¡¤ Little �t� Tfy} ��

CA\t�¯� �} �wV

Ls = λWs

XFwt� �� CA\t�¯� �} ¨� ��d�w��  d� XFwt� �y� X�r� ��@�

CA\t�¯� �} ¨� CA\t�¯� ��E

Lq = λWq.

��wtm�� 
�w�� ©¤As§ �A\n�� ¨� CA\t�®� ��wtm�� 
�w��  � Am�

) T�d��� ¨� ��wtm�� 
�w�� ¢y�� A�AO� CA\t�¯� �} ¨� CA\t�®�

(T�d��� 
�¤ �d`�

Ws = Wq +
1

µ
∗ λ

λWs = λWq +
λ

µ

 �� Wq ¤ Lq ,Ws , Ls �yty� T�y} TWF�w�

Ls = Lq + ρ

T�r`�  � Ð� .{`b�� AmhS`� X�r§ £®�� T`�C¯� �yO�� �� ^�®�

�yty� T�y} ��d�tFA� «r�¯� �yq��  A�§� Y�� Y�� © ¥§ Am¡�d�� Tmy�

.

­rt� d`� �A\n�� ¨� ��d�w��  d� w¡ State of the system �A\n�� T�A�

��d�w�� �� n  w�¤ �Amt�� ��m� Pn(t)  A� �Ð� ®�� . Tny`� Tny�E

�A\n�� ¨� ­d�¤ ©�  w�¤ �d� �Amt�� ��m� P0(t)  A� t ��z�� dn�

CA\t�¯� �}  A� �Ð� C�rftF¯� T�A� ¨�  wk§ �A\n��¤ t ��z�� dn�

z�r§ �@� t ��z�� Yl� dmt`�¯ Pn(t)  � ©A.t ��z�� ��A`� r��t� ry�

A�dn� C�rqtF¯� T�A� ¨� �A\n��  wk§¤ Pn z�r�A� Ah�

Pn = lim
t→∞

Pn(t)

©¤As�¤ ��z�� �� ºz� ¨� T�w�K� T�d���  � ¨¡ �A\n�� T`fn�  �¤

. 1− P0
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ry��wW�� T§r\� ¨� T�d�tsm�� Ty�Amt�¯� �A`§Ewt�� {`�

Some of the probability distributions used in Queueing theory

�A`§Ewt�� Yl� Ayl� � Amt�� CA\t�¯� �wf} ¨� TyRA§r�� �ÐAmn�� dmt`�

Ty¶AO�¯� ��CAbt�¯� º�r�� |r�� T�d���¤ �w}w�� �¯d`m� Ty�Amt�¯�

: �A`§Ewt�� £@¡ �� . �A`§Ewt�� �l� T� T�r`�¤

Poisson distribution  wF�w� �§Ew�

λ Tml`m�A�  wF�w� �§Ew� �bt§ X �Wqtm�� ¨¶�wK`�� ry�tml� �Aq§

	tk� Ty�Amt�¯� Tltk�� T�� �kJ  A� �Ð� X ∼ P (λ) 	tk§ �CAOt��¤

: Ty�¯� T�yO�A§

f(x) =
e−λλx

x!
; 0, 1, 2, · · · ; λ > 0

 �� e−λ ∈ [0, 1],∀λ ≥ 0 An§d� ��Ð  A¡rb�
∑
∀x f(x) = 1  � �y��

∞∑
x=0

f(x) =
∞∑
x=0

e−λλx

x!
= eλ

∞∑
x=0

λx

x!

An§d� Taylor Series Cwl§A� Cwl§A� �s�®F TWF�w�

∞∑
x=0

λx

x!
' e−λ

 �� ¢yl�
∞∑
x=0

f(x) ' e−λeλ ' e0 ' 1.

: w¡  wF�w� �§Ewt� Mean & Variance �§Abt��¤ XFwtm��  �¤

E[X] =
∑
∀x

xf(x) =
∞∑
x=0

x
e−λλx

x!
= e−λ

∞∑
x=0

xλx

x(x− 1)!

��@�

E[X] = e−λ
∞∑
x=0

λx−1

(x− 1)!
= e−λλeλ = λ.

 �¤

V ar(X) = E[X2]− (E[X])2 =
∞∑
x0

x2f(x)− λ2 = λ

: 	��¤
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Exponential distribution ¨F±� �§Ewt��

�CAOt��¤ θ Tml`m�A� ¨F¯� �§Ewt�� �bt§X rmtsm�� ¨¶�wK`�� ry�tml� �Aq§

T�yO�A§ 	tk� Ty�Amt�¯� T�A�k�� T�� �kJ  A� �Ð� X ∼ EXP (θ) 	tk§

:Ty�¯�

f(x) = θe−θx, ∀x > 0

¨¡ Tym��rt�� �§Ewt�� T��  �¤

F (x) =

∫ x

0

θe−θtdt = 1− e−θx.

 �� x→∞ A�dn�

lim
x→∞

= 1− e−θ∞ = 1− e−∞ = 1.

: w¡ ¨F¯� �§Ewtl� Mean & Variance �§Abt��¤ XFwtm��  �¤

E[X] =

∫ ∞

0

xf(x)dx =

∫ ∞

0

θxe−θxdy

¨�At�A� u = x  � |r�� :¨�At�� Yl� �O�� , T¶z�t�A� ��Akt�� ��d�tFA�

 � |r��¤ ,du = dx  ��

du = θe−θx

Y�� © ¥§

v = −e−θx

¢yl�¤

E[X] = −xe−θx|∞0 +

∫ ∞

0

e−θxdx

 �� ¢yl� x → 0 A�dn� x �b� rfO�� �� 
rtq§ e−θx C�dqm��  � �wl`�

C�dqm��

−xe−θx|∞0 = 0

w¡ ��wt��  A� ¢yl�¤

E[X] =

∫ ∞

0

e−θxdx = −θ−1e−θx|∞0 = θ−1

�§Abt��¤

V ar(X) = θ−2.
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