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(µ/µ/1) : (FcFs/∞/∞) T�d��� © A�� CA\t�� �A\�

Tylm� 	s� © A�� T�d� �A\� Y�� A�Ab�  ¤d�w§ ��d�w��  � |r��

 �¤ . �A\n�� ¨� d��¤ T�d� �dq�  w�¤ r�� Yn`m� ©� λ �d`m�  wF�w�

¨F¯� �§Ewt�� �bt� Ty¶�wK� ��ry�t� ¨¡ �yb�A`t� �y�w}¤ �y� �A�¤¯�

Ah� Ty¶�wK� ��ry`t� rbt`� Tb�A`tm�� T�d��� �A�¤� A�� .
1
λ XFwt� Ah�¤

­An� ¤Ð © A�� T�d� �A\n� �A`�� �kK�� .
1
µ £C�dq� XFwtm� ¨F� �§Ew�

: ¨�At�� �kK�A� ¢�yRw� �km§ ­d��¤ T�d�

T�d��� © A�� CA\t�¯� �A\� �Af}

�§Ew�  �¤ λ Tml`m�A�  wF�w� �§Ew� �bt§ �w}w�� �¯d`� �§Ew� .(1)

¨F¯� �§Ewt�� �bt§ r��¤ �w}¤ �y� Tyn�z�� �}�wf��¤ �w}w�� Tn�E�

. λ Tml`m�A�


�¤  �¤ µ Tml`m�A�  wF�w� �§Ew� �bt§ T�d��� �¯d`� �§Ew�  � .(2)

.µ Tml`m�A� ¨F¯� �§Ewt�� �bt§ T�d���

.d��¤ ©¤As§ T�d��� ��wn�  d� .(3)

.FcFs ¯¤� �d�§ ¯¤� ¨�A§ �� ¨¡ TqbWm�� T�d��� ­d�A� .(4)

. ∞ ­ ¤d�� ry� ( �A\n�� T`F) �A\n�� T�AV .(5)

. ∞  ¤d�� ry� T�d��� Yl� 	lW�� �d`� .(6)
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Steady state of the distribution C�rqtF¯� T�A� �§Ew�

Y�� �w}w�� Y�� �A\n�A� © ¥§ ©@�� �wls�� w¡ C�rqtF¯� T�A�� dOq§

 � �Aq§ Ð� . ��z�� �� TbFAn�¤ Tl§wV ­rtf� �m� d`� ��Ð¤  �z�¯� T�A�

: Ty�At�� T§A��� 
qq�� �Ð� C�rqtF� T�A� ¨� �A\n��

Pn = lim
t→∞

Pn(t).

Ty�Amt�¯� T�A�k�� T�� �®� �� ¯�  �z�¯� ¤� C�rqtF¯� �@¡ �q�t§ ¯¤

T\�®� �� Service and arrival time density T�d��� 
�¤ ¤ �w}w�� 
�w�

T��  � �y�� . TyF� ��¤ �¡¤ �ylqts� T�d��� 
�¤ �w}w�� 
�¤  �

T�yO�A� Ahn� rb`§ �w}w�� 
�w� Ty�Amt�¯� T�A�k��

f(t) = λe−λt; t > 0

¨¡ T�d��� 
�w� Ty�Amt�¯� T�A�k�� T��  �¤

g(t) = µe−µt; t > 0

. ��z�� ­d�¤ ¨� ��d�w�� �w}¤ �d`� ¨¡ λ :  � �y�

. ��z�� ­d�¤ ¨� T�d��� �� �§C A�m�� �d`� ¨¡ µ

 �¤ �ytb�A`t� �y�d�¤ �w}¤ �y� �}Af�� 
�w�� �d`� w¡ 1/λ  � �l`�� ��

C�rqtF¯� T�A� CAbt�± . ­d��¤ ­d�¤ T�d�� �E¯� 
�w�� XFwt� w¡ 1/µ
 �� �w}w�� ��

lim
t→∞

f(t) = λe−∞ = 0 = Pn

­C A�m�� dn� ��@�¤

lim
t→∞

g(t) = µe−∞ = 0 = qn

. rqts� �A\n��  �� ¢yl�

(M/M/1) CA\t�¯� �A\n� ¨�Amt�¯� �§Ewt��

d§d�� 	�§ (M/M/1) CA\t�¯� �A\n� ¨�Amt�¯� �§Ewt�� 
As� |r��

�A\n�� �@h� TylRAft�� �¯ A`m�� Yl� �wO��� ��� �� TyFAF¯� �AyRrf��

: ¨¡¤

λ∆t+O(∆t). w¡ ∆t ­rtf�� �wV Yl� ­d��¤ ­d�¤ �w}¤ �Amt�� .(1)

O(∆t). w¡ ∆t ��z�� dn� ­d��¤ ­d�¤ �� r��� �w}¤ �Amt�� .(2)

µ∆t + O(∆t). w¡ ∆t ��z�� dn� ­d��¤ ­d�¤ T�d� �Am�� �Amt�� .(3)

. �CA� ry� �A\n��  � |�rt�� Yl�
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Yl� O(∆t). w¡ ∆t ��z�� dn� ­d��¤ ­d�¤ �� r��� T�d� �Amt�� .(4)

. �CA� ry� �A\n��  � |�rt��

¨¡ ∆t  �¤ d`� Amy� �mh� �wF �d� ­ry�} Tmy� ��m� O(∆t)  � �y�

dn� Pn(t) ¨�Amt�¯� �§Ewt��  A�§� �t§ . t Tyn�z�� ­rtf�� ¨� ­ A§z�� C�dq�

 � ¯¤�  d�§ Ð� . �A\n�� �@h� Ty�rf�� �¯ A`m�� Yl�  Amt�¯A� .t ��z��

(t+ ∆t) Tyn�z�� ­rtf�� �®� En T�A��� dn� �db§ �A\n��

:n ≥ 1 T�A� ¨�

©¤As§ (t+ ∆t) ��z�� dn� En T�A��� dn� �A\n��  � �Amt��

dn� �w}¤ ©� d�w§¯¤ t 
�w�� dn� En T�A��� dn� �A\n��  � �Amt�� •
¤� ∆t 
�w�� �� T�d� d�w§¯ ¤ ∆t 
�w��

­d��¤ ­d�¤ d�w§¤ t 
�w�� dn� En T�A��� dn� �A\n��  � �Amt�� •
¤� ∆t ��z�� dn� T�d��� Yqlt� ­d��¤ ­d�¤ ¤ ∆t 
�w�� dn� Tl}�¤

�w}¤ ©� d�w§¯¤ t ��z�� dn� En+1 T�A��� dn� �A\n��  � �Amt�� •
¤� ∆t ��z�� dn� T�d��� Yqlt� ­d��¤ ­d�¤ d�w§¤ ∆t ��z�� dn�

Tl}�¤ ­d��¤ ­d�¤ d�w§¤ t ��z�� dn� En−1 T�A��� �A\n��  � �Amt�� •
∆t ��z�� dn� T�d��� Yqlt� ­d�¤ ©� d�w§¯¤ ∆t ��z�� dn�

: ¨�¯A� TyRA§r�� T�yO�A� Ahn� ryb`t�� �km§

Pn(t+ ∆t) =Pn(t).P r{A}.P r{B}+ Pn(t).P r{C}.P r{D}
+Pn+1(t).P r{E}.P r{A}
+Pn−1(t).P r{C}.P t{F}+O(∆t); n ≥ 1

: ��m� Ty�At�� ��d�¯�  � �y�

.∆t ��z�� dn� ­d�¤ ©� �w}¤ �d� (A)
.∆t ��z�� dn� T�d�  w�¤ �d� (B)

.∆t ��z�� dn� ­d��¤ ­d�¤ �w}¤ (C)
.∆t ��z�� dn� T�¤d�� ­d��¤ ­d�¤ (D)

.∆t ��z�� dn� T�d��� Ah� 
lm�� ­d��¤ ­d�¤ (E)
.∆t ��z�� dn� T�d��� Ah� 
lm�� ­d�¤ T§� d�w§¯ (F )

Ty�Amt�� �y� T�®`�� Yl�  Amt�¯A�¤ £®�� �AyRrf�� Yl�  Amt�¯A�

Yl� �Kf��¤ �A�n�� Ty�Amt�� ��m� q ¤ p  � �y� p = 1− q �A�n��¤ �Kf��
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: ¨�At�A� £®�� T� A`m�� T�At� �km§ ¢yl� , ¨��wt��

Pn(t+ ∆t) =Pn(t)[1− λ∆t−O(∆t)][1− µ∆t−O(∆t)]

+Pn(t)[λ∆t+O(∆t)][µ∆t+O(∆t)]

+Pn+1(t)[µ∆t+O(∆t)][1− λ∆t−O(∆t)]

+Pn−1(t)[λ∆t+O(∆t)][1− µ∆t−O(∆t)]

+O(t)

Tmy� ��� Ah�w� �mh� �wF O2(∆t)  �� Aml� £®�� T� A`ml� Xysbt�� d`�

: ¨l§ Am� £®�� T� A`m�� �bO� �@h�¤ .O(∆t) ��

Pn(t+∆t) = Pn(t)[1−λ∆t−µ∆t]+Pn+1(t)[µ∆t]+Pn−1(t)[λ∆t]+O(∆t); n ≥ 1


�A� �Ð� . (t + ∆t) 
�w�� ¨� E0 T�A��� dn� �A\n��  � ¨n`§ n = 0 A�dn�

 � ¨n`§ ∆t ­rtf�� �®� �w}¤ ©� �An¡ �k§ ��¤ t ��z�� dn� T�A���

dn�  wk§ �A\n��  � ¤� �CA�  wk§ �A\n��  � 	bs� Tly�ts�  wk� T�d���

¨� Ah�Am�� �t§ ­d��¤ T�d�  �¤ �w}¤ d�w§¯¤ t ��z�� dn� E1 T�A���

. ∆t 
�w��

w¡ (t+ ∆t) ­rtf�� �®� ­d�¤ ©� �w}¤ �d� �Amt��  �� ¢yl�¤

P0(t+ ∆t) =P0(t)[1− λ∆t−O(∆t)] + P1(t)[1− λ∆t−O(∆t)][µ∆t

+O(∆t)] +O(∆t)

=P0(t)[1− λ∆t] + P1(t)[1− λ∆t][µ∆t] +O(∆t)

 �� £®�� ­rqf�� ¨� A�r�Ð Am� E1 T�A��� dn� �w}¤ d�w§¯ ¢�� Am�

C�dqm��

P1(t)[1− λ∆t][µ∆t] = P1(t)µ∆t

Ty�rf�� �¯ A`m��  �� ¢yl�w.E1 T�A� ¨� λ = 0 �yl}�w��  d�  �  w�

 wk� �wF �A\nl�

Pn(t+ ∆t) =Pn(t)[1− λ∆t− µ∆t] + µ∆tPn+1(t) + λ∆tPn−1(t) +O(∆t)

P0(t+ ∆t) =P0(t)[1− λ∆t] + µ∆tP1(t) +O(∆t)

Ty�At�� T�yO�A� £®�� �¯ A`m�� T�At� �km§

Pn(t+ ∆t)− Pn(t) =− (λ+ µ)∆tPn(t) + µ∆tPn+1(t) + λ∆tPn−1(t) +O(∆t)

P0(t+ ∆t)− P0(t) =− λ∆tP0(t) + µ∆tP1(t) +O(∆t)
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Yl� �O�� ∆t→ 0 A�dn� £®�� �¯ A`ml� T§A��� @��¤ ∆t Yl� Tmsq�A�

lim
∆t→0

Pn(t+ ∆t)− Pn(t)
∆t

= P ′n(t) =− (λ+ µ)Pn(t) + µPn+1(t) + λPn−1(t); n ≥ 1

lim
∆t→0

P0(t+ ∆t)− P0(t)

∆t
= P ′0(t) =λP0(t) + µP1(t); n = 0.

�q�t§¯¤ C�rqtF¯� T�A� ¨� �A\n��  wk§  � 	�§ �¯ A`m�� �� |r��

.n �y� �ym�� P ′n(t) = 0  �� ¢yl�¤ t→∞ A�dn� ¯� ��Ð

0 =− (λ+ µ)Pn + µPn+1 + λPn−1; n ≥ 1

0 =λP0 + µP1; n = 0.

Yl� �O�� µ Yl� Tmsq�A�

0 =− (λ+ µ)

µ
Pn + Pn+1 +

λ

µ
Pn−1; n ≥ 1

0 =
λ

µ
P0 + P1; n = 0.

:  �� ¢yl�¤

Pn+1 =
(λ+ µ)

µ
Pn −

λ

µ
Pn−1; n ≥ 1

P1 =
λ

µ
P0; n = 0.

¤�

Pn+1 =(ρ+ 1)Pn − ρPn−1; n ≥ 1

P1 =ρP0; n = 0.

.ρ = λ
µ C¤rm�� T�A�� A�dn�
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