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Stochastic Processes (1): 

Lecture 11: Initial Distribution and Probability Distribution  

(11-1) Initial Distribution and Probability Distribution: 

Let the stochastic vector:  𝑝(0) = [𝑝0
(0)

𝑝1
(0)

𝑝2
(0)

…  ] , with 

the state space  𝑆 = {0,1,2, … }, denote the initial probability 

distribution or the distribution when the process is begins, 

where: 

𝑃𝑟{𝑥0 = 𝑖} = 𝑝𝑖
(0)

  ;    𝑖 = 0,1,2, …  

Then, after the first 𝑛 steps we have: 

𝑝(𝑛) = [𝑝0
(𝑛)

𝑝1
(𝑛)

𝑝2
(𝑛)

… ] denote the 𝑛𝑡ℎ step probability 

distribution with: 

𝑃𝑟{𝑥𝑛 = 𝑖} = 𝑝𝑖
(𝑛)

  ;    𝑖 = 0,1,2, … , where: 

𝑝(𝑛) = 𝑝(𝑛−1). 𝑃  

        = [𝑝0
(𝑛−1)

𝑝1
(𝑛−1)

𝑝2
(𝑛−1)

… ] [
𝑝00   𝑝01    𝑝02    …
𝑝10   𝑝11    𝑝12    …
⋮        ⋮        ⋮         

]  
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Theorem (3): 

Let 𝑃 be the transition matrix of a M.C., and let  𝑝(0)  be 

the initial probability distribution of the process, then: 

𝑝(𝑛) = 𝑝(0)𝑃𝑛 , is the probability distribution of the process 

after 𝑛-steps. 

Proof:   

𝑝(𝑛) = 𝑝(𝑛−1)𝑃 , then: 

𝑝(1) = 𝑝(0)𝑃 ,                                            (prob. dist. after one-step) 

𝑝(2) = 𝑝(1)𝑃 = 𝑝(0)𝑃. 𝑃 = 𝑝(0)𝑃2,          (prob. dist. after two-steps) 

𝑝(3) = 𝑝(2)𝑃 = 𝑝(0)𝑃2. 𝑃 = 𝑝(0)𝑃3,      (prob. dist. after three-steps) 

𝑝(𝑛) = 𝑝(𝑛−1). 𝑃 = 𝑝(0)𝑃𝑛−1. 𝑃 = 𝑝(0)𝑃𝑛, (prob. dist. after n-steps) 

 

Example (11.1): 

 If we have a M.C. with state space 𝑆 = {𝐴, 𝐵, 𝐶} and the 

initial distribution of the system is: 𝑝(0) = [0   0   1] , with the 

transition matrix: 

𝑃 = [

0     1      0
0      0      1
1

2
      

1

2
     0

]  , find: 𝑝(1), 𝑝𝐴
(2)

, 𝑝𝐶
(2)

, 𝑃𝑟{𝑥3 = 𝐵} . 
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Solution: 

1) 𝑝(1) = 𝑝(0)𝑃 = [0   0   1] [

0     1      0
0      0      1
1

2
      

1

2
     0

] = [
1

2
      

1

2
     0]  

2) 𝑝(2) = 𝑝(1)𝑃 = [
1

2
      

1

2
     0] [

0     1      0
0      0      1
1

2
      

1

2
     0

] = [0    
1

2
     

1

2
 ] 

= [𝑝𝐴
(2)

𝑝𝐵
(2)

𝑝𝐶
(2)

]  , then:      𝑝𝐴
(2)

= 𝑃𝑟{𝑥2 = 𝐴} = 0 

3) 𝑝𝐶
(2)

=
1

2
 

4) 𝑝(3) = 𝑝(2)𝑃 = [0    
1

2
     

1

2
 ] [

0     1      0
0      0      1
1

2
      

1

2
     0

] = [
1

4
    

1

4
     

1

2
 ] 

= [𝑝𝐴
(3)

𝑝𝐵
(3)

𝑝𝐶
(3)

]  ,  then:   𝑃𝑟{𝑥3 = 𝐵} = 𝑝𝐵
(3)

=
1

4
 

Example (11.2): 

 Mouse found in one of four rooms shown in the figure 

below. It moving between rooms a day at a random and not 

remain in one place. Suppose that 𝑥𝑛 is the room operated by 

mouse. Find: 

1) The transition matrix and the state space. 

2) If mouse is seen in the second room one day, what is the 

probability that will be moves to the first room next step. 

3) 𝑃𝑟{𝑥2 = 1| 𝑥0 = 4} 
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4) If the initial location of mouse is in the room (1), find the 

probability distribution after two-steps (two days). 

Solution: 

1) The state space: 𝑆 = {1,2,3,4} 

𝑃 =

[
 
 
 
 

 

0     
1

2
      

1

2
    0 

1     0      0     0 
1

2
    0      0     

1

2
 

0     0      1     0 ]
 
 
 
 

  

2) 𝑃𝑟{𝑥1 = 1| 𝑥0 = 2} = 𝑝21 = 1 

3) 𝑃𝑟{𝑥2 = 1| 𝑥0 = 4} = 𝑝41
(2)

 

𝑃(2) = 𝑃2 = 𝑃. 𝑃 =

[
 
 
 
 
 0     

1

2
      

1

2
    0

1     0      0     0
1

2
    0      0     

1

2
0     0      1     0 ]

 
 
 
 
 

[
 
 
 
 
 0     

1

2
      

1

2
    0

1     0      0     0
1

2
    0      0     

1

2
0     0      1     0 ]

 
 
 
 
 

 

                                   =

[
 
 
 
 
 
3

4
     0      0     

1

4

0     
1

2
      

1

2
     0

0    
1

4
      

3

4
     0

1

2
     0      0     

1

2]
 
 
 
 
 

     , then:  𝑝41
(2)

=
1

2
  

4) Since the mouse is seen in the first room, then the initial 

distribution will be in the following: 𝑝(0) = [1   0   0   0]  

Then the probability distribution after two-steps (two 

days) is: 

 
1 

3 

2 

4 
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𝑝(2) = 𝑝(1)𝑃 = 𝑝(0)𝑃2 = [1   0   0   0]

[
 
 
 
 
 
3

4
     0      0     

1

4

0     
1

2
      

1

2
     0

0    
1

4
      

3

4
     0

1

2
     0      0     

1

2]
 
 
 
 
 

  

         = [
3

4
   0   0   

1

4
]  

 

Example (11.3): H.W 

If we have a M.C. with state space 𝑆 = {1,2,3}, and the 

following transition matrix: 

𝑃 = [

0     
1

2
      

1

2
1

2
      

1

2
      0

0      1      0

],      with the initial distribution:   

𝑝(0) = [
2

3
   0   

1

3
]  

 

Find: 𝑝(2), 𝑝13
(2)

, 𝑝3
(2)

, 𝑃𝑟{𝑥3 = 2}, 𝑝1
(4)

. 
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(11-2) Transition Diagram and Transition Tree: 

1) Transition Diagram: 

The transition probability of Markov Chain can be 

represented by a diagram call (Transition Diagram), where a 

probability 𝑝𝑖𝑗 is denoted by an arrow from state 𝑖 to state 𝑗, 

for example consider the following transition matrix: 

𝑃 = [
0          0.5      0.5
0.25    0.75       0
0          0.5     0.5

]  , 𝑆 = {𝑎, 𝑏, 𝑐} 

Then the transition diagram for this process is: 

 

 

2) Transition Tree: 

 We can use the transition tree to find the 𝑛-step transition 

from state 𝑖 to state 𝑗, for example consider the following 

transition matrix: 

𝑃 =

[
 
 
 
 0     

1

2
      

1

2
1

4
      

1

4
      

1

2
1

4
      

3

4
     0]

 
 
 
 

  , 𝑆 = {𝑎, 𝑏, 𝑐} 

Then find using transition tree:  

  

𝑎 

𝑏 𝑐 

0.5 0.5 

0.5 0.75 

0.5 

0.25 

𝑎 𝑏 

𝑎 

𝑐 

𝑏 

𝑏 

𝑎 

𝑐 

𝑎 

𝑏 

𝑎 

𝑐 

𝑐 

1

2
 

1

2
 

1

2
 

0 

0 

1

2
 

1

4
 

1

4
 

1

2
 

1

4
 

3

4
 

0 
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1- 𝑃𝑟{𝑥2 = 𝑏| 𝑥0 = 𝑎}: 

 𝑃𝑟{𝑥2 = 𝑏| 𝑥0 = 𝑎} = 𝑝𝑎𝑏
(2)

= (0 ×
1

2
) + (

1

2
×

1

4
) + (

1

2
×

1

4
) 

                                   = 0 +
1

8
+

1

8
=

1

4
  

2- 𝑃𝑟{𝑥2 = 𝑐| 𝑥0 = 𝑎} = 𝑝𝑎𝑐
(2)

= (0 ×
1

2
) + (

1

2
×

1

2
) + (

1

2
× 0) 

                     = 0 +
1

4
+ 0 =

1

4
 

3- 𝑃𝑟{𝑥2 = 𝑐| 𝑥0 = 𝑏} = 𝑝𝑏𝑐
(2)

  

                      = (
1

4
×

1

2
) + (

1

4
×

1

2
) + (

1

2
× 0) 

     =
1

8
+

1

8
+ 0 =

1

4
   

 

  

 

1

4
 

 

1

4
 

 

𝑏 𝑏 

𝑎 

𝑐 

𝑏 

𝑏 

𝑎 

𝑐 

𝑎 

𝑏 

𝑎 

𝑐 

𝑐 

1

4
 

1

2
 

1

2
 

1

4
 

 

0 

1

2
 

1

4
 

1

2
 

3

4
 

0 

 


