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Stochastic Processes (1):

Lecture 11: Initial Distribution and Probability Distribution

(11-1) Initial Distribution and Probability Distribution:
Let the stochastic vector: p(® = [pg")pf’)pgo) . ] , With

the state space S ={0,1,2, ...}, denote the initial probability
distribution or the distribution when the process.is. begins,

where:
Pi{x, =i} = p(o) 0 1=01,2, ..
Then, after the first n steps we have:

p™ = lp(()n mpm ] denote the nt" step probability

distribution with:

Pix, =i} = p( ), 5.1 =0,1,2, ..., where:

p(n) —_ p(n_l). P

Poo Po1 Doz -
1 1 1
= [p&" Y. ][ ]
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Theorem (3):

Let P be the transition matrix of a M.C., and let p(©® be

the initial probability distribution of the process, then:

p = p@Ppn js the probability distribution of the process

after n-steps.

Proof:

p = pM=Dp then:

p(l) = p(O)P , (prob. dist. after one-step)
p(z) = p(l)P = p(O)P. P = p(o)Pz, (prob. dist. after two-steps)
p(?’) = p(z)P = p(O)PZ.P = p(O)PS, (prob. dist. after three-steps)

pM = p=1) p = p@pn-1p = nOP" (ron. dist. after n-steps)

Example (11:1):

If we have a M.C. with state space S = {4, B, C} and the
initial distribution of the system is: p(® = [0 0 1], with the

transition matrix:

0O 1 O
P = (1) (1) 3 , find: p(l),pgz),pgz),Pr{x3 = B}.
2 2
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Solution:

0 1 0
1 1
yp® =p@p=[0 0 1]{0 O ; =3 q
2 2

0 1 0
1 1
2) p(Z) = p(l)P = lz 5 0] (1) (1) (])~ = lO E —]
2 2
= [pPpPp] Sthen:  pP = Py =AY =0
1
3) Péz) =3
0 1.0
1 1 1 1 1
op@=p@p=lo o 0% N=[F 1 3
2 2
3 3 3 1
= [pfl )pé )pé) , then: 'P.{x3 = B} = pg) =

Example (11.2):
Mouse found in one of four rooms shown in the figure
below. It-moving between rooms a day at a random and not

remain. in-one place. Suppose that x,, is the room operated by
mouse. Find:

1) The transition matrix and the state space.
2) If mouse is seen in the second room one day, what is the

probability that will be moves to the first room next step.
3)Pr{x2 — 1| Xo = 4}
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4) If the initial location of mouse is in the room (1), find the

probability distribution after two-steps (two days).

Solution:
Y [
1) The state space: S = {1,2,3,4}
_O l l 0_
2 2 3 4
1 0 0 O
P =
19 o 1
2 2
-0 0 1 O0-
2) PAxy = 1| xg = 2} = py1 = 1
3) Bixy =1 xg = 4} = pﬁ)
'0 1.1 O“O 1 1 0'
2072 2 2
(2) — p2 — _|4,.0° 0 O|f1 0 0 O
’ ce A 0 O | 0 O =
2 2112 2
.0 0 1 o4t0o 0 1 O
_E O O l_
4 4
1 1
0 - - 0
2 2 co,2) 1
= , then: p,%" ==
o 1 2 o 41 7
4 4
1 0 o 1
_2 2_

4) Since the mouse is seen in the first room, then the initial

distribution will be in the following: p® =[1 0 0 0]
Then the probability distribution after two-steps (two
days) is:
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Example (11.3): HW

If we have a M.C. with state space ' S'="{1,2,3}, and the

following transition matrix:

—_NIR N

-
2
ol with the initial distribution:
0.

Iol\JlP—\ ol

o0

Rind:p®, p2, p$?, P.{x; = 2}, p\®.
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(11-2) Transition Diagram and Transition Tree:
1) Transition Diagram:

The transition probability of Markov Chain can be
represented by a diagram call (Transition Diagram), where a

probability p;; is denoted by an arrow from state i to state j,

for example consider the following transition matrix:

0 0.5 0.5
P =10.25 0.75 O] , S ={a,b,c}
0 0.5 0.5

Then the transition diagram for this.process Is:

2) Transition Tree: 0.75 0.5

We can use the transition tree to find the n-step transition

from state.i.to state j, for example consider the follow@g

transition.matrix: =
- 1 17 : °
9t 2 2 ™0
P:% i % , S =1{a,b,c} /%/@
F <@

©

Then find using transition tree:

N OVAV N N |

OO

o

k1
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1- P{x, = b| xo, = a}:

1 1 1 1 1
Pr{x2=b|x0=a}=pc(l?:<Ox§)+(—x—>+(—x—>

=04-+-=
8 8

1
4

2- P{x, =c x0=a}=pézc)=(0x%)+(%xl)+(lx0)

3-P{x; =c|xo = b} = Py




